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Coordinate Definitions 
for Trig Functions 


sing = 4 cos6 =~ 


le ales 
escO= 7 secO=~ 


Degree/Radian Equivalences for Selected Angles 
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All Functions Positive 


Sine and Cosecant Positive 


HH 
Tangent and Cotangent Positive 


lV 
Cosine and Secant Positive 


Formulas Worth Knowing 
Circumference of circle: C= 2nr= nd 
Laws of Sines 
and Cosines 


Law of sines: 


Area of circle: A= mr’ 
Area of triangle: A= 7 bh or 


A= x besinA or A= SacsinB or A= x absin C 


Pythagorean theorem: a’+ b’= c’ 
Distance formula: d= /(x,— X2) + (yi- y2) 


Law of cosines: 


Midpoint formula: M= (25%, ae 

a’= b’+ c’—2becosA 
b’= a’+ c’-2accosB 
c’= a+ b’—2abcosC 


Slope formula: m= 32 
Equation of circle: (x—h) + (y—k 


e° 


Degree/radian equivalence: 


Psa 
Arc length: s= 0" r Copyright © 2005 Wiley Publishing, Inc. 


All rights reserved. 
Item 6903-1. 


For more information about Wiley Publishing, 
call 1-800-762-2974. 


For Dummies: Bestselling Book Series for Beginners 


Wiley, the Wiley Publishing logo, For Dummies, the Dummies Man logo, the For Dummies Bestselling Book Series logo and all related trade dress are 
trademarks or registered trademarks of John Wiley & Sons, Inc, and/or its affiliates. All other trademarks are property of their respective owners. 


Trigonometry 


DUMMIES 


by Mary Jane Sterling 


CHICAGO PUBLIC LIBRARY 
LINCOLN PARK BRANCH 


sy 


“150 W. 3) AVE. 50614 


WILEY 


Wiley Publishing, Inc. 


TAN - - 9NN7 


Trigonometry For Dummies® 


Published by 

Wiley Publishing, Inc. 
111 River St. 

Hoboken, NJ 07030-5774 
www.wWiley.com 


Copyright © 2005 by Wiley Publishing, Inc., Indianapolis, Indiana 
Published by Wiley Publishing, Inc., Indianapolis, Indiana 
Published simultaneously in Canada 


No part of this publication may be reproduced, stored in a retrieval system, or transmitted in any form or 
by any means, electronic, mechanical, photocopying, recording, scanning, or otherwise, except as permitted 
under Sections 107 or 108 of the 1976 United States Copyright Act, without either the prior written permis- 
sion of the Publisher, or authorization through payment of the appropriate per-copy fee to the Copyright 
Clearance Center, 222 Rosewood Drive, Danvers, MA 01923, 978-750-8400, fax 978-646-8600. Requests to the 
Publisher for permission should be addressed to the Legal Department, Wiley Publishing, Inc., 10475 
Crosspoint Blvd., Indianapolis, IN 46256, 317-572-3447, fax 317-572-4355, e-mail: brandrevi ew@wi ley.com. 


Trademarks: Wiley, the Wiley Publishing logo, For Dummies, the Dummies Man logo, A Reference for the 
Rest of Us!, The Dummies Way, Dummies Daily, The Fun and Easy Way, Dummies.com and related trade 
dress are trademarks or registered trademarks of John Wiley & Sons, Inc. and/or its affiliates in the United 
States and other countries, and may not be used without written permission. All other trademarks are the 
property of their respective owners. Wiley Publishing, Inc., is not associated with any product or vendor 
mentioned in this book. 


LIMIT OF LIABILITY/DISCLAIMER OF WARRANTY: THE PUBLISHER AND THE AUTHOR MAKE NO REP- 
RESENTATIONS OR WARRANTIES WITH RESPECT TO THE ACCURACY OR COMPLETENESS OF THE 
CONTENTS OF THIS WORK AND SPECIFICALLY DISCLAIM ALL WARRANTIES, INCLUDING WITHOUT 
LIMITATION WARRANTIES OF FITNESS FOR A PARTICULAR PURPOSE. NO WARRANTY MAY BE CRE- 
ATED OR EXTENDED BY SALES OR PROMOTIONAL MATERIALS. THE ADVICE AND STRATEGIES CON- 
TAINED HEREIN MAY NOT BE SUITABLE FOR EVERY SITUATION. THIS WORK IS SOLD WITH THE 
UNDERSTANDING THAT THE PUBLISHER IS NOT ENGAGED IN RENDERING LEGAL, ACCOUNTING, OR 
OTHER PROFESSIONAL SERVICES. IF PROFESSIONAL ASSISTANCE IS REQUIRED, THE SERVICES OF A 
COMPETENT PROFESSIONAL PERSON SHOULD BE SOUGHT. NEITHER THE PUBLISHER NOR THE 
AUTHOR SHALL BE LIABLE FOR DAMAGES ARISING HEREFROM. THE FACT THAT AN ORGANIZATION 
OR WEBSITE IS REFERRED TO IN THIS WORK AS A CITATION AND/OR A POTENTIAL SOURCE OF FUR- 
THER INFORMATION DOES NOT MEAN THAT THE AUTHOR OR THE PUBLISHER ENDORSES THE 
INFORMATION THE ORGANIZATION OR WEBSITE MAY PROVIDE OR RECOMMENDATIONS IT MAY 
MAKE. FURTHER, READERS SHOULD BE AWARE THAT INTERNET WEBSITES LISTED IN THIS WORK 
MAY HAVE CHANGED OR DISAPPEARED BETWEEN WHEN THIS WORK WAS WRITTEN AND WHEN IT 
IS READ. 


For general information on our other products and services, please contact our Customer Care 
Department within the U.S. at 800-762-2974, outside the U.S. at 317-572-3993, or fax 317-572-4002. 
For technical support, please visit www.wiley.com/techsupport. 


Wiley also publishes its books in a variety of electronic formats. Some content that appears in print may 
not be available in electronic books. 


Library of Congress Control Number: 2004116322 
ISBN: 0-7645-6903-1 

Manufactured in the United States of America 
10c3 85% 65 4°3 

1B/RV/QW/QW/IN 


®) 


WILEY 


RO408929757? 


| L\C LIBRARY 
_INCOLI i BRANCH 


About the Author "150 W. EULLERTON AVE. 60614 


Mary Jane Sterling is also the author of Algebra For Dummies, Algebra I 
CliffStudySolver and Algebra II CliffStudySolver. She taught junior high school 
and high school math for many years before beginning her current twenty- 
five-years-and-counting tenure at Bradley University in Peoria, Illinois. 

Mary Jane especially enjoys working with future teachers and trying out new 
technology. She keeps busy with Kiwanis and other volunteer activities — 
when not studying or writing about mathematics. She and her husband, Ted, 
are enjoying being empty-nesters, although the kids still know where they 
live. 


a 


Digitized by the Internet Archive 
in 2021 with funding from 
Kahle/Austin Foundation 


https://archive.org/details/trigonometryford0000ster 


Dedication 


The author would like to dedicate Trigonometry For Dummies to all the men 
and women serving in the United States armed services, both at home and 
abroad. The appreciation we have for their dedication and sacrifice can never 
be adequately measured. 


Publisher’s Acknowledgments 


We’re proud of this book; please send us your comments through our Dummies online registration 
form located at www.dummies.com/register/. 


Some of the people who helped bring this book to market include the following: 


Acquisitions, Editorial, and Composition 
Media Development Project Coordinator: Adrienne Martinez 
Senior Project Editor: Tim Gallan Layout and Graphics: Andrea Dahl, 
Acquisitions Editor: Kathy Cox Lauren Goddard, Denny Hager, 
rene, fe . Joyce Haughey, Jacque Roth, 
Copy Editor: Kristin DeMint Mary Gillot Virgin 


pope era. seststang Cur eonen Proofreaders: Leeann Harney, Carl Pierce, 
Technical Editor: David Herzog Kathy Simpson, Charles Spencer 
Editorial Manager: Christine Meloy Beck Indexer: Steve Rath 


Editorial Assistants: Hanna Scott, 
Melissa S. Bennett, Nadine Bell 


Cover Photo: © Getty Images/Photodisc Blue 


Cartoons: Rich Tennant, www. the5thwave.com 


Publishing and Editorial for Consumer Dummies 
Diane Graves Steele, Vice President and Publisher, Consumer Dummies 
Joyce Pepple, Acquisitions Director, Consumer Dummies 
Kristin A. Cocks, Product Development Director, Consumer Dummies 
Michael Spring, Vice President and Publisher, Travel 
Brice Gosnell, Associate Publisher, Travel 
Kelly Regan, Editorial Director, Travel 
Publishing for Technology Dummies 
Andy Cummings, Vice President and Publisher, Dummies Technology/General User 
Composition Services 
Gerry Fahey, Vice President of Production Services 


Debbie Stailey, Director of Composition Services 


Contents at a Glance 


GRO AOC OT sci ncccc1 MMe: << cnecaacos tae cccass.. 


ANE I AENESASIES <22pso-iievcscnaascacecaces ttt iaccasceciecccacece 7 


Chapter | iinommetng: Trig NEGHIMIGAIILIES .,<..:5....::4...+0-5-c. sere eas vo csccveee-cvdecwesstesevene 9 
Chapter 2: Coordinating Your Efforts with Cartesian Coordinates..........ccccceeee 29 
AS I APU Tas a EPECCULCILITN GS) WE brett creel etches ccaiascsasvousiseoeocavasuscsereetntemnereeueh retrnssisessenenoncsd 47 
Glitters GeLeiny VOUT Wegner e255 ies cis ssracis acs arasuesccsedpaenerenomvengetnvene tureensa suo tea ay 
iyo ope 3. Dishing OMe Ene tale NAC ANS stpaenevicries:ace0s0is.saeoseusececavauazememmmertnene veces 69 
Cliaprer 6: Getting MW Right With [YtaM GIES scrc...+..02.-<..0>.ceseensnesnoatanssensenvaasesiestacasnsteenarse 83 


Part I]: Trigonometric Functions.....cccccccccsssccsccseccsseceaeee 3 


Chapremt ors i gie DY. PIS PUMCHOMNS 22:....0.0:0+ce0csescsceoccsasssosceseeeetyrevsiséecsessessncsanzee 95 
Chapter 8: Trading Triangles for Circles: Circular Functions ...............::ccceseseeseeees 111 
Chaprer o-Applying YOUTSElf TO Hig FUMEHOMNS 0... -:secsoscess<seesea-ccnsecseceseettadaxssucnececteas 135 
PtP PIA CHEIEICS «21 saccsaesedenectis<00<q0sdsatiavasse.svasiaiced 1 OD 
CiieretevO: PRIS aSIC ICGMUITIES .,. -..0eh-c.scereueseneny¢sdeesssusazane soc eserAinisasasapsceseusdunaneecuctece 157 
Chapter Ll Operating OmlASntles.......caeserr-ce-s.0s0202ecea0<e.scecassesvedscesasnsoectesctesaaaersaiyee 171 
Relies pe Ueali2 eGo INO VEL RLEIE NGS coe cee taceccacysecectserdeccsetsceecs saves bsesnsezaceacesvesouqasadaseaeacoandéessery 187 


Part IV: Equations and Applications ......ccccccccccscseeseeeee 2 13 


Chapter 13: Investigating Inverse Trig FUMCtIONG.............s.scccsssssoesrssssenacssessiseasescssntos ais 
fetta pier r 4: SOMING MRIS EQUALONS....<<s<.:cc.ccsccroaracsacaxeseecescedaresassancenseesenceceaedaeiasoresasns 231 
feriapter 15; OPSViMG tNEILAWS ........:c-asesessecenssersestascconsnstneesrostvacsastévnsacassaccunsesanenteacrestss Zoe 
Part V: The Graphs of Trig Functions .....ccccccsccccceeceeee 200 
Chapter 16: Graphing Sine and Cosine ............scccsessscssessssescecesensneesssssesenensnssaaseacneness 219 
Chapter 17: Graphing Tangent and Cotangent ...........scssssesessseenssesseessereneneneneeeenens 295 
Chapter 18: Graphing Other Trig FUNCTIONS ............ssssesesecssesenssessscneeeseeeeearenenesenenes 307 
Chapter 19: Topping Off Trig Graph.............:ecesesenesssssersenenensesseneseessseserssetneenenenentaes oa 
PATE ICE ATERU, TENS eepetete sec anscqccceaseseseaccccaccnsssats 7 
Chapter 20: Ten Basic Identities . . . PlUS OME ...........ssesessesssesessesseeneenentensneenensensncens Bot 


Chapter 21: Ten Not-So-Basic Identities ..............-ecscsesssseseeserseeeseeeenensenensensneenesceneaens 341 


Vi i / Trigonometry For Dummies 


Chapterz2: Ten Ways to Find the Areavol a Trial ricer ccgccsscereccaceeeeyeticysaeveccaesscerers 345 
Chapter 23: Ten Sine Curves Representing Monthly Temperatures........................ 349 


Appendix: Trig Functions Table .......cccccccccssseccecsssseeeees 3 DD 


Vip i oan esc ccccaaistttiecanasecscsssdttttteddiaas<4itleeeere 


Table of Contents 


RECO ET ee ee 
PREYGOUIEU ES; OOK oe teteet ccs oecsenacoiesouce. cede MMMM a escsésoncscvoeeecescevscceses 1 
CONVETIMORS USEC MIS BOOK crececcssoacscessocecet tte casdéssccsedoesccelescceccosees 2 
JPOC HSL 73 TTT 08 (0) 1S) ne eatery ee, 2 
WV ireitey OUTS NOE tea AG csossese ayes sss0s...-...0-0sescee MMMM ee ac vecs scessucesvorseseaseck 5 
Owais BOOK Ps Wr ani Zed ete ci....c..scossscccreeee ment assestoesessetessosctectns 5 

Lelie GMa tet Bie ec aa os as et 2 Sel a 3 
Pare le Wrigonometrie PunCtiOns).....ic.coiseresscocstyeoctsasassteseveateenensteee 3 
Bear ORE alae Cat ies te gecere eee cges cfc ccvca cnssivesvvcsecazeversestevincacaesees Menem es 4 
Part IV: Equations and Applications ..0......c.c.cccccccssscscscseccecsesseeteeseeeesees 4 
FartiV: Grants Of Trig HOnetiOns <......seiccsasstexseseesseste-ccessscosoosst tetera 4 
Pare Eyeliner th Of Ve rasr epee oa cc cc unsescaccteerecceecdeccenecsecessssceieaca ee Cee 4 
rts USeel erry RTs OOK ote pre ecto oases sass veahesekensctnas sacesacacnbakoukcasscciaced ae 4 
Nodors omioyd Ste age) 1018 gla ge asaey aye Ch eee ee ME 5 


APE T= WRCUBASIOS esac sssceeeee eee otis ockacacaacddbltdeiecisesacaaclet, 


Chapter 1: Trouncing Trig Technicalities .....................0005 9 
Valeimeptinta fora Feigheavy iat. Dr igAl si ce ciscsyeeaz-c-cxecsseeecvececsiassseessaseceeeepeteescaaeee 9 
SOU TeNSAU ID ENE AS HO MAUS cere cas coieseveincesacavensnsnieeteansoscounpicnesvavescuvestereese 9 
SIMEON UL Oa PHOS ELON eres cca oussias snuna unde suas uceecten sossssaceuatemetesesas+caseueeeee | 
SDetar ees Ok ATTN VAT a[ SO SUCA IN es «2 scene a-cdacuvdessveaescstecectenecse-esssvecveresbanees 13 
REE COMBED EEELES Wi AAU NN Soo ecto os sobs 1 Uses ac ee es coc casa e deer aceancaseasericcteeeeke 14 
Ravel ett AN CHURT Se USS SERA ces s5 stu sence.cnscenucstuacdseiacsctansPoicseceascasssanssacsaecsneskeenees 18 
eve ENB Uba ctu Uta Sgt UN NCMECO UNS oe: Acree ocaecaatdyexecetsensatacitexts genta ctacdeacescaesasssvessumeas 19 
BU ATMA EY SS AUER EG piectd LG c8ESS oo cscs sasaasscecsexscasensrcstacneveaxnaneecarte ties soncotvevesesauceteiers 21 
FESCCP nc AIA NES eA CLUDES eet ro ice oh vs acssda eases ouncvieedstuendaksesanaesesesssécssoooncssttoers 23 
ERA UTNE WRU Ca CO REN serene cece: oss csoigscincceseatyusadauseaticeceadeacchadicosesadeateesanneanse 25 
eS eii teesira PMN OE Se AVES: «55ic24ss0ssess0eccaaenaeoseccuoneceesasitseossanesaucsarouenaes 25 
RRECORMI TUNG WASTE QE ANS cessesnveicetdosssocriucsesssssscsuscacseaseorecsasessshsnsetunssres 25 

Chapter 2: Coordinating Your Efforts with Cartesian 
[SOOT ses Sie cr | ae cere 29 
SOME oe toi PIe® PIOERIIIG) POLIS ...2253che css cscscsiscvesstantersercecenersosuaestseceee 29 
PES ee AVE ll Fell OWiMovesscsscsactscceseecctonuscarnsssstessesececenavaroosacerviasses 30 
Pye tee Wena Aa OIG OF MANE ccss5s.ccansnnnnscsvesesese+ncsaovanaecncsseronsasense 30 
BEM ORON Mcp ea RG LS Vcore te ees greets seer Saaakeescoceadssiueedastdasesnovneeacanceeeanateee 31 


GesChin Gin AE ITIL OMOUE, [DALES ececssexassceoseysieissscsecesddncnacascncecenesnsenee ol 


Trigonometry For Dummies 


From Here to There: Calculating Distances .........c.ssseseernenreeeseeessnrenseens oo 
Counting on vertical and horizontal distances ............scseeseeeeeeees 33 
Another slant: Diagonal Gistances ............s.cccscssesssceresersrsessssenseeenees 34 
Using exact values or estimating distances .............:esesseeseeeesenes 36 

Getting to the Center Of It All.........cesesssessescseretseserenssssrsessetseneneseseseessrtes 36 
Finding the midpoint of a line SEGMENLE ............:ccseseeeeseneensesessseeens ot 
Locating the center Of a CIFClE ............sscrssscsecssscesescesssssesvecoreeroneesenees on 
Partitioning line segments further ..................ccccsersecsscssesscsscsnssecsorers Bhs) 
Pinpointing the center of a triangle ...............csccssersesersessssserseresseoss 41 

Racing Down tiie SIG pee. ic, <sssvecsvassssssensvoseasmtebenrrrencsesnraspevarseserysshasbrsncssaarecnts 43 
Slaloming slope formula ., jigecc.,..---sacstaeivaecsss.-tern-ceevevententswervacenre.s-eemtee 43 
Recognizing parallel and perpendicular lines ..............:ssseeceeeereeeees 44 

Defining Circles witht Numb Crs u.c22cr-.yssessscsazscter eee tee asesnesstpenacnntsunsevecsxaetaee 45 
Centeringi@ircles at the Origin ....::<caveccatsts-scescesstes-accns-stesseeteaver rs 45 
WaniG@erlin@ @enters. .....cs2:s-sssene vsssareeeenteeeseeestesessveosne ess taceriy eoeereeeagieres 46 

Chapter 3: Functionimg Well :522 2.2525... commen n=. «cae oes oe 4] 

Relations Versus FUMCUIONS -2i--.5: cascexsqccos <ceestec-e teeta ecco cuas rots sseee eee 47 
Function junction, what's your funCton? 22ers scerrs,-,-----creueesereess 48 
Using fumetion motation ...c/ce-accescessyaresececnccncey ener er cement 48 
Determining domain and range «..0.0:c,csgecceseeraccccecescee-cncnensenseerseeeeerents 49 

In-Verse Functions; Rhyme Or REaSOM? «...:.cscesccsseceoc+<cosscceeconassetestorsssceeettee 50 
Which functions have inversS€S ?sc.s2csccscs..sccsesescexccnscduesenssnescsesseseesreneee 50 
Finding ani inverse function... icssccccecssesesseczecseccpncnessseeuteeaeas Caveceaneree oe 

Transforming PUMCtOMS 5 ieg a ie2<ccescs.cestgcconasaresseestaassusss seccsenneenreeseertae Coenen 93 
Translating a fUm Chines sccsessvs cava centers cecesssssancccvusessseeeteceneeteeeecoeeesa steer 53 
Reflecting like a Mirror .s,.:ccctssereers ces swsssaveece conaceeteecweex (tenn tee score eee aD 

Chapter 4: Getting Your Degree ................ 0c cee eee eee eee eee 57 

Angles, Angles Everywhere: Measuring in Degrees ..............ssscsessseceereoenes of 
Slicing a coordinate plane cece ce recssscecsscocsetecccaeesee ere teeeeereee cesses 58 
Looking elsewhere for degree mieasures jraciarsucewesss ener ene 59 

Graphing Angles in Standard’ POSiMOMi jee ersese neces cree ee 62 
Positioning initial and termimaliSiGe@s jy ..ccciticcsetserssecssescsecoses severe 62 
Measuring by quadrants .:.c fiers ucexrcessccescescecss eee cess. on eee 62 

What’s Your Angle? Labeling in Various Ways.............:..ccccssssscsssssserereesees 64 
Using negative angle measures cst :e...cscseecseerce-c-sssncesee cave eee ee 64 
Co-mingling with coterminal angles................sscccscsscscsssssssesstesseessnees 65 
Renaming angles: So many aliases«.......caeemenr eee oe 66 

Chapter 5: Dishing Out the Pi: Radians .....................0005: 69 

What's in a Radiant? <:.c5 cdc cee ener ee eee eee rere ease 69 
Relating tava circle:...2.:2.eeeee rete reece ee 70 
Converting degrees and radiansSan dee ee 70 


Highlighting favorites 2.251, sc ceccsces<zset teencs --s<s 2 eee 74 


A s—“‘“CCs‘“($YNNNNNNNNNNNNNNN __ Tas le: of Cornett xl 


WOE at gre) & LS VERO 60 (Oy ene 74 

Takis CHUNKS Ot OF Cineles cee yiiesos.s--sex/ i eeeseeeece0e.----........, 75 

EOE POITL GS FVAINC Steed ca os cos csnas cece PREM ea fats os sec oes lieatecenesoe.-.., 78 

OCUR OMI Ol i. ne 19 

Chapter 6: Getting It Right with Triangles ........................ 83 

JP COT Toa) bg 1075) |S ee rrr 83 

Whats SOTigitamolt tHeMm?............. etme cacccscoscvdssecaecscesvcessoes 83 

Tie anatonmgofia right triangle............. eee eeccc.--.0ssccscesesceeesesosseens 84 
Pythagoras Schmythagoras: Demystifying the Pythagorean 

TT SSOLCS) CORR 2h CR ee ir} 86 

BCE ke Vt POLCAMLEIPIE..,..2,:.....0..c0srpmere earn eetenetas chssscvesecodsoees 87 

Sol Ving Grete SSI PEM PED c2..52.........0scaccreqonnscs sees cossséseseses eves 88 

In a League of Their Own: Special Right Triangles ...........c.ccccccscscseseseeeeeee 91 

DOGO ea i PRAM ICS freee cssccsusassesnaccseseastetresvinc een eee ees 91 

PSO SCCl Setter rm e ACS cp sss nc silk cocsuccocteeeeinscscsccst eee 92 


Part Il: Trigonometric Functions ...cccccccccccscceccescesceaceeeeee93 


Chapter 7: Doing Right by Trig Functions .....................0045 95 
SohCahToa to the Rescue: How Trig Functions Work ............sccccsesseseeees 95 
The name game: A right triangle’s three Side@S ..............:cccssesceseeres 96 

The six ratios: Relating the three Sid€S «......22:.....0.-csscssessesesssessereeese 96 

The sine function: Opposite over hypotenuse ................cccecceeeseees 97 

The cosine function: Adjacent over hypotenuse ................c:ceesee 98 

The tangent function: Opposite over adjacent..............ccsesceseereeeees 99 

All together, now: Using one function to solve for another.......... 100 
Socking the rules away: The legend of SohCahToa.....................0.5 101 
Dakine ar step Further: RECiprocal PUNCHIONS .sssecscsescsesstsessoccsvegvactsescons 101 
The cosecant function: Sine flipped upside down. .................cc00 102 

ie secant function: Cosme Om itS Gad oo. .cexcccocshiscccseceesecenseserere 103 

The cotangent function: Tangent, tails side UP ............csceeeeeneeeee 103 
SEVERED ATTACHE NRK COUR: F AV OGMUCS cee eee cen chant eeeresc eects csp ss<aoanteasaysocubetzarecedeseonys 105 
lGSHbnans te Most POPUlar ANGIES iiacc.c.. cs -.scsctessssescennsereessonsecsous 105 
Determining the exact values of fUNCtIONS..............-scsssssssserseeserenee 106 
Chapter 8: Trading Triangles for Circles: Circular Functions ...... 111 
Geli a ACO MAl red witht ie UMIt CIPClS vi ccssccccsecssassssscseasesasuacisaseassncestinns 111 
Vea iene pyCre acs GoTAMC MEN MEING CLEGG cc catet ercnctusssoueceacuspisensezconenscereeaeae M2 
FeSCUINNS er Ss SUN OO GMAT cscerariaevescoss-0ssscunsssesdsusevosscuanettencsavennses 114 
rT a Ale he ee NNN NES args cr us ascseesrspyarevatnncas-nesearenesstcaeseqsbacdaancese 116 
BS EeUy UES NO SIU pero eee a oerat inet eseescecysd terse s-csvaeneorsascinreneasutancaenses 116 
Being negative or multiplying your angles.............:.csesceeeereenees 116 


Locating and computing reference angles. .............csssssseesesessesses 117 


xl { Trigonometry ForDummies 


Defining Trig Functions for All Angle.........secsseesssseesessenseeecesnenesenecenens 121 
Putting reference angles tO USE .......cscssecsseeeseesesencsssnsrsersseeeeenenseeees 122 
Labeling the optimists and pessimists ............:sccseesesseeeeseereeeenesee 122 
Combining all the rulles.............-cc-cccccoesacssssosesssenrcencnsnensssnecoarsorsnsenose 123 

Using Coordinates of Circles to Solve for Trig Functions ............-s0+ 125 
Calculating with coordinates on the unit Circle .............cceeereeees 127 
Calculating with coordinates on any circle at the origin .............. 128 

Defining Domains and Ranges of Trig FUNCtiOMS .............:.cscsseerseeseestees 130 
Friendly functions: Sime and COSINE ...........-..ssssscsescssscsesesanererssconse 131 
Close cousins of their reciprocals: Cosecant and secant.............. 132 
Brothers out on their own: Tangent and cotangentt..............:000+ 133 

Chapter 9: Applying Yourself to Trig Functions .................. 135 

First Things First: Elevating and Depressing.....................0-sssssssssetseseesenne 135 
AGES OMA LOIN cues se rece cc csnssetvseces ccoee teem e erates ececuadacetee cece cenessnantars 136 
ANGIE GP MEPLESSION.. «:.c0ssacssanceteectyestorenssesrsesesssaaiesesnesastes sarees aeui<acceuas 137 

Measuring Tall Buildings with a Single BOunG ................scccsesseeeeesrereeereees 137 
Rescuitegra damsel from) & COW Ssvcsssenconcteccnereoasevsnsseacscsseosegueneieeaane 137 
Determinmg the height Of a thee scsc.iccceetev tsar oceutessenacesaertaver eee 139 
Measuring the distance between buildings ...............ssceseseeeseeees 140 

Measuring Slope esse cacissccscecausuxas saneisopusnseueeeeenaeese rest ieee tease eee 142 

The: Sky’s (NOt) MiG Wimit «.::siscassnanasasgeveatenseatcsnnmeeesarvesscaserseteresatestessses seston 143 
Spotting‘a balloon. ...:Sec0eahcwenies. asta eee eee 144 
"TraGkin@ a-ToCKet.......disceeseeecseceecscces ones ce- cts cceetee essen s coscsemnenst eee 146 
Measuring the view of satellite Cameras ..................sccssssscecsssseeceeees 148 

Calculating Odd Shapes and Maneuvering Corners. ...............::.s+eeeeeeees 149 
Finding the area of a triangular piece of land uu... ee eeneeseeees 149 
Moving an object around & COnMGE ny. ccacescaesiiess-.cscvesunteseecneerreet 151 


Pare lil: (dentities inc a 


Chapter 10: Trig’s Basic Identities .................... cece anes 157 
Flipping Functions on Their Backs: Reciprocal Identities ...................... 157 
Function to: Function: Ratio Idemgivles :2:..:.::1.c:sscssces eee recente eceeeaee 159 
Opposites Attract: Opposite-Angle Identitiés ...............ccccesessseesteeeseeseees 159 
Revisiting the Classic Theorem: Pythagorean Identities ...................0008 162 

The mother of all Pythagoreanjidemuties 3, y1r-- cee ee 163 
Extending to tangent and Se@cant-s--nsscecee rere tre er ees 164 
Finishing up with cotangent and COSECAN ............ccscesceeseeeeeereeeee 165 
Rearranging the Pythagorean identities ..................scsccssssesseersseeeees 165 
Combining the Identities: ciercnacposucicss cases eens cee a: 167 


The many faces of sine 
Working out the Versions 222, scc coer ersscscsceteettete ssc ae aie 168 


ee hh Tableot Contents xi i 


Chapter 11: Operating on Identities .................000.... 000s 171 
VUECREIRUEN SNA) DD -,, ee (5.55. tee neet RRR boca cuca ccs MMi ce seco es sceceeee. 7a 
Overcoming the Differences .............dememmemeeecers.iaccsstssssstbasdotessneseoses. 17> 
Domini VOUT MOC yap: -xsa....-..ssc1cer eee ese cosscassnsecnenasatevessesotossoens 179 

One plus one equials two Sines ..........ccsessresscerscossessssecessosoesssnsascovenes 179 
TUT SEG CS. oe or ee 180 
LETS EVEN) YOU? (7 terrestrial 2,5 5syeccs ee Gd vs nsanensoeessorch 182 
Joe o] CU eV aed d Te) ae eer en oe rr 183 
Holbatangentis double the fun.........ctemem eet tescscsssesecessocesses. 183 
RU Siig AMATI SMO NG CMIEITIOS J. ses.ssccescscceaseseseeeettettett rons <aeveoscasasacnsyesueee 184 

Chapter 12: Proving Identities ............ 0.0.0... ccc cece eee 187 
Lining Up the Players................000 RaSGi Sh Csinsasvavcedeceeeeet oa stee amEE Meteo: Faas rokeet 187 
|S ETT S08 Coke eer peer eee ac 2 189 
VV GOR ITEL OMNES Old SICIES \,, oe eee oe sss... -n0écaasianrsunccosdours tear toitte pammemtens 2 
COIs BACK UO SolbATe OMG. geeereseeetes ces tesccssuccesavecsonsennayaadssaceessosnzaanere ete 194 

CHramgingeo SINGS And! COSIMES «....4csscciacsscecsddatubtetinvasctsadesssencucssensteen 194 
[SESS 10) oT ay ceo 3s 8 Ope 197, 
MUS rare eMC TLS) BIG Ote DOU rye etter ecco secassecnnsescqsnucnacestesnaiydateseoavvsiveccinenes 198 
FieAG C UMBEE ra E ete G1 DUS creases eee 2c ves c covcncout¥acasesae coe tesa scecuche?snteuee eee 200 
SURES IT TSy MM Oa Ga 67 0 8 eee enero eR 200 
Fire aC Omit My A CMOMMM AON «,..<.:c0ss+000csancnecseyetev-s-anedeeeescetmensenen’ 202 
Wri ge hrie lis cyte ey 1 li at merece esc ccccre caer searanerasecsunesssseees cian ducescntaee 203 
Wher nme hy" COM WO AUG 2.5 csccsacvasseonreteerenesenesesteeccctvetetanscassbectsesess 204 
SGT UNIT OT UMN | CLES Perens nace co cvisiss sis san eaetnaas uytovaacendt acsdesacause<sahcaaes 206 
ene Ribi evar VWILE) tne ©) petal Means 2p sree c ee oe tete sc ee tases casas cedaseasasosouncustuat 207 
PEA GHIEN SaIL UNIS 3, ay eccacsute seca tetera seser evr orcas seek ones cance ek lossy cvassaeeceaesuseaeeme 207 
Witab dittenence COGS it WAKE? ...c40.cco-c0c<lesesttssvrsevetocessecssoassenenoaens 208 
PV PUU GE NEA oy UMN PUI. anche eee eter cee arenas ou ccte chutes al oss sacoaussnndustendsaseens 210 
Flea Hin TM WAS) VOU WOT OCU on, 5 cece cccteretenta gecsecd erates scvueeaneadserss 211 


Part IV: Equations and Applications ....ccccccccssscceseseeee 213 


Chapter 13: Investigating Inverse Trig Functions ................ 215 
IW Seite ede UM Ces ees ve PeeeE ce cas cvv ss ex nace cassivereceessereactotereaeesuvescesaiesovsnestotrnradas 215 
Ret cet 1 Lk AE ee cence acre vansdcetcantsaecacsssenexesatccceasnsset-oesteseee 216 
Distinguishing between the few and MANY ...........sscsseeerseeceeeee Paley 
Determining Domain and Range of Inverse Trig Functions.................... 219 
Upp Foss ea UT COUNN I, See e ceencce sc ocye¢ -<e0esecai ash vexadeiecs nat <soasoosesssdssesenavenaas 220 
PTC tG SILI LUNES OL ON sree gate estat covasaces -cneseosdenatossmaevecaidysssseonesauwess 220 
PAV EP se CaN@CMt POMCEOM c.5so.e-c2-ce-2 ss .cosnsesrcsncrvsntacessarecsodvecestaaeecesezace 220 
Inverse Cotangent FUNCTION ..............ccscecescseestesceeneescsstonestaesesseenenes 220 

| PINT EEASES SCE TITAS ROTI aco cee ee eee Rene eee eee 221 
PACS CONSE all UNEEIINC LD Ogee arrcte ace co sizzcass...seccrenecceeenessveceseonssnvanense Zon 


Summarizing domain and range..........ercecesesseseserersecsseresssssseceseeees 221 


xl WH Trigonometry For Dummies 


Working with INVerses ............csssssssssecsesssrssessessssneseseresnseesnessessesersasessenneates 223 
Getting Friendly with Your Calculator. .............sccscssesesrseeseeeeseeeessensssseneees 224 
Changing the mOC@ x. jcrser-ssssscsssetsetgateer ste acssccucvecosayecuetsupaancsnerserentareae 224 
Interpreting notation on the Calculator.............scssscsecerserenceseennceere 220 
Multiplying the Impurt oie tsis.s...scs.arsveeeesmntenastveresssenysns excereneen ener taden-Sararce 227 
Solving Some Mixed PrOplems ..........scecssmavstersssssssnsersevssssucencrdascvererscavesers 228 
Chapter 14: Solving Trig Equations ..................eceeeeeeaee 231 
Generating Simpler ations .c..ccccececes sive: aetrte eae overs cusencexecesyarenccsrserseereunr? 232 
Factoring liv thie S@umtiOnis <c:s,-0ccneccess asenets epee ter ntea cae fasresssseencasdencn eens naueseeees 230 
Finding a7greatest COMMON LACtOR verrceea ete easec nance eee ees weeneeeceeees 234 
Factoring GUase all C5 ccieivissesacccacensaesentneettee trensarcccaateattocsvacs vecaceuerauene 235 
Increasing the degrees: in fACtOTING joceecsetcsceceeenccsecseaceseescevseoncrssesases Zon 

Fact oringalay erOupim goccisscc coasters tte tee ere es Se eak conse ose 239 
Using the Quadratic Formula. .cccccicesecccccearresecereser careneaeteet tress ssexesesscccncees 241 
[NCOP POFALH ee MUTISS oo. ss cicesscedeasnatennesacadseeeacesanseansecaserseererersictscsseeceereeed 242 
Finding Multiple Angle SOMMi On Se cecaceeesessssavrsctetsetvdeuccescce-savenvasssnceeees 245 
Squaring BOCMSIGSS  ..scsscicviidhaieeteaperee cso eeeeennee sents ee een sc, overtone 247 
Multiplying: PAT Ourglh)...:.sscssrvcacencertereerscorarteeemere eto cesecaensterah vacansonntuseiesvoeeeees 249 
solving with a Graphing Calculator. &. .ccesceeeasns.csoareseraseecrateesestey=<ss-<seeeees 249 
Chapter 15: Obeying the Laws ............... 00... cece eee eee 253 
Describing the Parts of Triangles =... :..ssesccce-sccstmecreeere es ene teras ss eeac eee 200 
Standardizing the Parts:s.c.):..ssssscsacsadeneeerene sees eee eee ee 254 
Determining a triangle <i. cc.sccccssnsccssceeremetieretencas-aseassanseecsseeteeeee eee 254 
Following the Law of Sines :.c.:.c,.ctcerr.: teers eens cece eee ee 256 
Continuing with the Law of Cosines ..-2e..-ocar to ecee tee ee 260 
Defining the law of cosines: y;cacccresenres ctetcesess-cs sneer ce ee 260 

Law of Cosines for SAS). «. sccsicsccseeaeseseseee ete snee eet eck c casey eee eee 261 

Law Of: COSINES FORBSSS: cissssassscecceteetttectartes eeesecrecacereeessee ec cceresste see 263 
Being ambiguous 2.02..ccstsssecsetecaecsts sate come eee 265 
Including the Law of Tamgenits .2s:;i...c..cc<0vesoavsecee resents pam ete oe 268 
Finding the Areas of friangles:.,.....ccccssassccaccsseststtcnesscrteeas ss 270 
Finding area witht base@ and IeGighit .c...cccc2-c-ce-secos-cetcccoeeeee enero 27 
Finding aréa with: three side@se.,.21.2..:..:5..ccass-cceseeteetenes eee 213 
Fincntg arGa WIth GAS icc, eceveytesvs se sevacsusescaccaeeesnezastee were eee ee 274 
Finding area with: ASA. is:ccss:2ics..yctacssceseteeeee eee ee 209 


Part V: The Graphs of Trig Functions ...cccccccccsccccececceceee 200 


Chapter 16: Graphing Sine and Cosine .......................-- 279 
The ABCs of Graphing ‘....cG2eeeeecseacvessers eee nee 279 
Waving at the Sime ui. s.:c0.0.cicuaeseveceseessssecctetee ets eae 280 

Deseribing amplitude and peériod:...............c eee ee 280 
Formalizing the sine equation .................cccsccssseccosesessececeseoseceesecseeees 282 


Translating the sine. e229 20s7-..1 ee 283 


OC‘ CSTbile of Contents = vp 


METeeV 0) 98 (COE econ oo ee rrr 285 
COMP arin COSIME EO SINE)... 2 ooss.ocas0sssoeeiaveecsoescuceosseseose. 286 
Using properties to graph COSiIMC........c.cccsssccsecssssssscsesecessesesesseecesces 287 

Applying the Sines of te  Tmes........ meee s.+.-...00cecsssttetescsvsessceee 288 
SEMEN: VOUTS Ci teeta ctt ss .-n.0as0sscsset AEM iasbaessno-onens-vscsenereeenere 288 
ERAS COTMPUCHACIING «-.........0505.00595:c eRe ences ce esecosascsteteee 290 
SPAMS VOUT COMIDSEALULC:<...........02c.s eee meet tieciacsssenetssesoscasesseseens 251 
IU ca teh (A ek Ute ees cs spxcnnsusyace MOMMA ca casas aai iacasiseénsebes 292 
Mheorizing wath) Dion ys: .....:...ccacememememene ssc. sence eds daveessbass 292 

Chapter 17: Graphing Tangent and Cotangent ................... 295 

J TLCS TOPS Q TTL e115 9 | ee 295 
PPCLST INURL BPN POTIO 62222, becsssssessosensses seam eee men ey eda sovseceeee 296 
ASSMAN TUM AS VEN PTOLCS Ge.¢, ssssasssncoveocesceseesesast toe weerseaernenetatirenee: 296 

Fecha Nigga Vora bet Le Med CNME cases coy es eacasiesaaciave-evasscasscuscacsessavertearteensa tesredeteeeie: 299 
IVI TEEL DO yin EIS LARGO yep csccncaseverecee-acssscsduegaceiaccccsesecctecssscavegsecsessese 299 
DURE TEA} yeh Utter Se teeta cscs. 5. aves caree apmenteasrasshcsatascedencesavtettone 299 
pata lel aveg kon ic 1702) 211 | Pee eccea nc 4 32 300 

\Ofo) etisalat a teas d pie) Cs che 6222) tne Ne te Rr nt eR 304 

Chapter 18: Graphing Other Trig Functions ...................... 307 

BOGUS Cle © OSECANTION WMAU UL 1Sicsn.cassescsssusssscosoccosaacteeeestasesecserocuasesseosanes 307 
FPS HUGTEV AREAS VANE OUES coves cass cocvaccancesahusutacessiydeceatestceetsenett avast 307 
POS ao M I SUDLMAID Hteteee excuse scsseccscacacccdcasssdeceoteetestonssvosesesszenteonssed+ave 308 
Ick lanl SOLAN CO SCC AR Verte ste sons tive cnnsasnvvaccverss sateen eatanewessansuaantesuseces 310 

|W eST TTEER d aYSpe t=) OFT 9 Oe ney cate Gh ee A 312 
Determining (ie ASVMAPtOces coi.csicsecosusvssecenssetaceaseeettensesonsssecoucysanciae ol2 
SRELCIig tie GFAP MOL SECAMML 2..,....-.0senteuneeeeserttestins: vucesoccsvad avons 312 
Perohiing AOU WIth) SOCAN. c..05.cceassvciscaceveansccccsdsasaacsoasdsonevacssesssausyas 2) 

Peeve tO ba Ne MaVeNSe PUNCUONS xcx.s0--scrsusuccusdssecsactessgovevszestvececaucducaseeseoss 315 
GPAD IMME AMVENSE SINE AMC COSINE soir oncssscsssessecgrenedescoaservecssteeeseonteee 316 
laking onknverse tangent and COLQNGENL «,occster---+<0c0052ecesa0-0ss00e0-- 317 
Crafting Inverse secant andl COSECANES oyacse:cx-cegrt<nsseacacseaccensesoucaseses 318 

Chapter 19: Topping Off Trig Graphs ............... 0. cece eee eee 321 

Pees aS Fei MSM CTU AULONAS o2-ce: reree eee catye aa ssascnsdishe-onssnecceeanessastarsecesnrcusiuae 321 
EDP vested MOPIZOM tell WC cece ccccnssstnaecanescnsaseacpsnconntecseescnosesasaeete Bae 
InPeRPKeliNng Te SQUAH ON ooieseeesscccccessenceecssscornesseesesneaasssesnscasaassoenees 323 

Graphing with the General FOrnn.............:sscccssssesscssssessesacsorssssssssconssannesees ozo 

Adding and Subtracting FUnctionss ..............ccssscsssscssesssssasseseorsecereseoreeees 328 

Applying Yourself to the Task...........ccsssssssssecssesesercesssresenssecensssesssenseseeves 330 
PICA SUM ING LNG TICS o..0,-5.c:0ssdivecnoaeessucacacevetesacssesaceassnrsnaconses=seennsauenssnrs 330 
Tracking the deer population ...............crsccssssssssosserscssseensccscserenoesees 332 


Measuring the movement of an object on a Spring ...............00 332 


KV / Trigonometry For Dummies 


Part UIs The Patt of Tens scczcccsccsaenes ss 


Chapter 20: Ten Basic Identities...Plus One ..............-..-- 337 
Reciprocal Identities sieges; :c-0s<-.ssnsqceceunsdevetmereass<ceeccaescsonsesi-sirysereeteteemstaea? 337 
Ratio ICeMtitiGS ys cisccceree teas css occcaseces ae eeeeMmen ec coeeesseeratebetisss=cnecentemeereaes 338 
Pythagorean [enit ites ra sc.ccsncss.soscertenmmetieres veasv avec erastsossseans caoavemmeeer: 338 
Opposite-Angle [GG Ghites iivi..+-..:en---+0ssseacouietressecoessarsessusesexenceerneoneesennentne 338 

Chapter 21: Ten Not-So-Basic Identities ..................00000 341 
Product=to-Suml@entities: <2. ccccccscssteeeree ee ee 341 
Sum-to-Productaldentiticsiec. ce reerrrre eee eee neers 342 
Reduction: Forint atc cr.crecessssasscestseressensstaxeseaprte meee tease teen cose vtoeceeare 343 
Moll weide'SsEQUations 5; cycasscsssseocetocssececteasemmeencortneeeertea areata: nesses ugepeeaeer 343 

Chapter 22: Ten Ways to Find the Area of a Triangle ............. 345 
Using the Base'and: Height ....cccccecececeocz ccs eons ous etmemPeeme Nee pace sede ctasacueecsanese 346 
Acquainting Yourself with Heron. iccvecceessscere ee eee eres eeeeeeee y= 346 
Applying Trig (The Whole Point of This Book)................:.ccsssssssssssssesosees 346 

Side-angle-sicie Formulas ..scsusesizessccccenaansces-saessnapaennencseecaeeeatesans sexeeoee 347 
Angle-side angle fOriiulas s.cccccceceaseceevestvssssnccnteeeneee tes eeenee dete eee 347 
Going Back to Algebra: Using Determinant...................sscssccseccsecessersceees 347 

Chapter 23: Ten Sine Curves Representing Monthly 

TQ RPO rates frie wk cfc 0's w eseaie aya aiasnhe tayo. dncapn apa ee 349 
Beston, Massachusetts yc. cc.ccco eee ee ee ee 349 
Chicago; MMMOlS 3: .522izc:.s3ecaaeee re eee eee eee eee 350 
Denver, Colorad 0: técssicceisdcccateomeene eine eee eee eee ee 350 
Fairbanks; Alaskaies)ctsc..cateceses tence ee 350 
Galveston, Tex asia .: saussscsalis\testssivectuvscssetevsasesncsectiavieeinen tis ee 350 
Homolulul, Hawealtiiccsccdeccavcuhsscutvacyuececxcessvaxcuseteeceuecet atteeccoe sce eee 350 
Miami. FOP iG ah ctcssescvcstescsenasceacasece copenescereearses teens vieeeseene crave oe eee 351 
San Diego; Califorma:...ccscciscsszccateeecesteetertes ts ecco 351 
San Juan, Puerto Rico..............00.- asd Guine dug e gees panacea be esntenee ec ae O51 
Sault Ste. Marie; Michi gamraccsscccceccc- ee Jol 


Appendix: Trig Functions Table ......cccccccscccsceseeecceceseecer 3.93 


nd eR Sicssigeakesin Bi oicaceiicaccg eT. 


Introduction 


So of the more-practical accomplishments of early humankind were 
made possible by trigonometry. Even before mathematicians formalized 
trigonometry into a particular area of study or used it to solve problems, 
trigonometry helped people sail across large bodies of water, build struc- 
tures, plot out land, and measure heights and distances. 


People still use trigonometry for all these reasons and more. If you’re going 
to get your pilot’s license, you need trigonometry. This subject is also the 
basis for many courses in mathematics, including calculus. Trig is all over 
the place because it’s a very versatile subject. It brings in the best from the 
worlds of algebra and geometry and makes for some interesting reading and 
doing. 


You can get as deeply into this book as you want — you can even wade 
through it — and you'll still come out of it thinking, “Gee. I didn’t realize that 
was trigonometry! Wasn’t that just loads of fun!” Well, /oads may be a bit of an 
exaggeration. 


Whether you’re pursuing trigonometry so that you can go on to study calcu- 
lus, prepare for architecture or drafting, or become a world-traversing pilot, 
you'll find all that you need to know in Trigonometry For Dummies. You can 
get as technical as you want, skipping over the stuff you don’t need. Welcome 
to the mathematical adventure that humankind embarked on many years 

ago — without even knowing it! 


About This Book 


You may be wondering what in the world a book on trigonometry will have to 
ring your bell, tickle your fancy, or just make you pretty happy. Oh, where to 
begin? 


If you’re really excited about triangles and how you can use them to your 
advantage, this book is for you. What if you’re looking for angles? Dear reader, 
you've come to the right place. I show you how to find angles of all shapes 
and sizes: big ones and little ones, all named depending on their situation, 
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and measured in degrees or radians. “What’s a radian?” you ask. You can 

find out in this book, that’s for sure. If you are analytically minded, you'll find 
plenty to discover about identities and equation solving. And if art is your 
bag, this book has simple trig graphs, complicated trig graphs, and every- 
thing in between. 


Conventions Used in This Book 


To help you navigate through this book, I’ve set up a few conventions. 


Because the words in math are very precise, I point them out with italics 
so you realize that you’ve stumbled onto an important term or idea. If 
you simply want to look up a term and don’t want to search through the 
chapters for a definition, flip on over to the glossary. 


| use all the usual math symbols for addition, subtraction, multiplication, 
division, and roots. All the symbols are pretty standard — nothing too 
jazzy. 


| provide lots and lots of examples, formatted step-by-step with explana- 
tions along the way. 


Foolish Assumptions 


What kind of fool am J to assume that you’re reading Trigonometry For Dummies 
because it looks more interesting than the latest bestseller? I’m not that fool- 
ish! To be honest, trig wouldn’t be my first choice for a fun read. I’m just 
going to assume that you really want to do this. While writing this book, I 
made a few other assumptions about you as well: 


You have a goal in mind: You want to conquer some of the topics in this 
book so you’re prepared for a course of study that you have in mind. 


™ You have a pretty solid grasp on algebra and can solve a simple alge- 
braic equation without falling completely apart. 


You're planning on being on a quiz show such as Who Wants to Be a 
Millionaire? or Jeopardy! and need to bone up on the possible trig 
questions. 
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What Vou’re Not to Read 


Unlike literature books, you don’t have to read this book from cover to cover. 
The chapters pretty much stand by themselves, so you don’t have to do a lot 
of review. I try to explain the concepts as clearly as possible, putting stuff 
into down-to-earth terms so that it’s fun and instructive. By the way, the text 
in gray boxes (also known as sidebars in the Dummies universe) is completely 
optional reading. Sometimes I go off on a tangent, and sidebars are good for 
that sort of thing. 


How This Book Is Organized 


This book really is organized. The different topics are grouped together, and 
they follow a logical flow. 


Part 1: The Basics 


This part has all the geometry, especially triangles, that you need if you want 
to review. You'll find the different shapes, forms, and constructions of tri- 
angles that are most helpful in trigonometry — but the rest of geometry, I 
leave out. I show you the many ways to measure an angle and, as a refresher, 
zone in on the big difference between a degree and a radian. Because trig is 
all about functions, | provide a primer on functions in general. And as you 
probably expected, this book has lots of equations and graphs, complete 
with discussion so you're not left in the dark. 


Part I: Trigonometric Functions 


This part introduces the ways that the six trig functions came to be — first, I 
show you by using right triangles and then, the unit circle. The right triangles 
are easier to grasp, and Pythagoras (remember him from algebra?) is involved. 
The unit circle is necessary because you want to be able to work outside the 
box — oops, triangle. The right-triangle definitions lend themselves to some 
nice applications, which are also in this part. 
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Part Ill: Identities 


Here, you get to the heart of trigonometry as you discover how the different 
functions are interrelated. I introduce the identities in groupings that help 
you remember them and figure out when to apply them. And for you curious 
types who simply must know where everything came from, | include a whole 
chapter on solving these identities to show how they came to be and how 
you can use them. 


Part IU: Equations and Applications 


This part starts out with the inverse trig functions, which are quite handy 
when you're solving equations with trig functions in them. You discover 
many different techniques for solving these different types of trig equations, 
and I give lots of examples to get you started on the right foot. Then I intro- 
duce the law of sines and the law of cosines, which flow naturally into differ- 
ent ways to find the area of a triangle. 


Part V: Graphs of Trig Functions 


The title of this part tells all. You find each of the graphs of the six basic func- 
tions, along with the graphs of the six inverse trig functions. To round out 
these chapters, I show you how to perform different variations on these 
graphs. 


Part V1: The Part of Tens 


Four lists in this part provide, in a quick-reference format, all the identities 
and equations you need to solve trig problems (and then some). Flip to these 
lists of 10 (one is actually a list of 11) to find the basic trig identities, some 
obscure identities, ways to determine the area of a triangle — especially 
when it’s really big or inconvenient to measure with a ruler — and, lastly, 
some neat trig equations you can use to predict weather, with at least the 
accuracy of that weatherperson on TV. 


Icons Used in This Book 


The icons, which point out particular kinds of information that may be of use 
to you, are easy to spot. The ones you find in this book are as follows: 


Introduction 


Remember icons either give you a heads-up on an important trig concept or 
refer to information that I think you may already know from previous math 
courses. | point out those concepts so that the new stuff makes sense. 


A tip is just what you think: a bit of advice for understanding a concept or 
solving a problem. 


Of course, trig rules! Aside from that reminder, this icon points out particular 
equations, expressions, formulas, identities — what have you — that you 
should pay attention to. They’re important. 


In any area of mathematics, you always come across concepts that are tricky 
or confusing or problems that practically beg you to make an error. This icon 
is here to alert you, helping you avoid a mathematical pitfall. 


Where to Go from Here 


Back when I was in college, my friend Judy Christopher once consoled me 
with the saying, “Life is like a sine curve; it has its ups and downs. If you’re 
feeling really down, then just remember that you'll be going up that same 
amount someday soon.” So maybe you want to start with the graphs of the 
sine curves and other trig curves. Make of them what you will. 


Or maybe, like me, you’re a puzzle buff. Nothing gives you more sheer joy 
than gathering bits and pieces of information and making them all fit into a 
logical pattern. If that idea strikes your fancy, then go to the chapters on 
proving identities and solving equations. This book provides a great chal- 
lenge for a rainy Sunday afternoon’s pleasure. 


Are you into angles, directions, and plans? You may want to start with the 
many ways you can measure angles and how they all fit together in the big 
picture of everyday life. The basics are always a good place to start when 
you're investigating a topic. 


No matter where you start in this book, be ready to flip the pages front to 
back or back to front. Think of it as an adventure that can take you to many 
interesting places. Enjoy! 
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In this part... 


i rigonometry is closely tied to geometry — with a 


smattering of algebra thrown in. These chapters get 
you started with the geometry of triangles and the basics 
of measuring angles in both degrees and radians. Top it off 
with some graphs and formulas, and you're good to go. 


Chapter 1 
_ ‘Trouncing Trig Technicalities 


In This Chapter 


»» Understanding what trigonometry is 
Speaking the language of trig 

Putting it all into equations 
Graphing for understanding 


H. ow did Columbus find his way across the Atlantic Ocean? How did the 
Egyptians build the pyramids? How did early astronomers measure the 
distance to the moon? No, Columbus didn’t follow a yellow brick road. No, the 
Egyptians didn’t have Legos instructions. And, no, there isn’t a tape measure 
long enough to get to the moon. The common answer here is trigonometry. 


Trigonometry is the study of angles and triangles and the wonderful things that 
you can do with them. For centuries, humans have been able to measure dis- 
tances that they can’t reach because of the power of this mathematical subject. 


Taking Trig for a Ride: What Trig Is 


“What’s your angle?” That question isn’t a come-on such as “What’s your 
astrological sign?” In trigonometry, you measure angles in both degrees and 
radians. You can shove them into triangles and circles and make them do 
special things. Actually, angles drive trigonometry. Sure, you have to consider 
algebra and other math. But you can’t have trigonometry without angles. Put 
an angle into a trig function, and out pops a special, unique number. What do 
you do with that number? Read on, because that’s what trig is all about. 


Sizing up the basic figures 


Segments, rays, and lines are some of the basic forms in geometry, and they’re 
almost as important in trigonometry. As I explain in the following sections, 
you use those segments, rays, and lines to form angles. 
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Drawing segments, rays, and lines 


A segment is a straight figure drawn between two endpoints. You usually name 
it by its endpoints, which you indicate by capital letters. Sometimes, a single 
letter names a segment, but a lowercase letter usually refers to an angle oppo- 
site that segment. 


A ray is another straight figure that has an endpoint on one end, and then it 
just keeps going forever in some specified direction. You name rays by their 
endpoint first and then by any other point that lies on the ray. 


A line is a straight figure that goes forever and ever in either direction. You 
only need two points to determine a particular line — and only one line can 
go through both of those points. You can name a line by any two points that 
lie on it. 


Figure 1-1 shows a segment, ray, and line. 


Intersecting lines 


When two lines intersect — if they do intersect — they can only do so at one 
point. They can’t double back and cross one another again. Some curious 
things happen when two lines intersect. The angles that form between those 
two lines are related to one another. Any two angles that are next to one 
another and share a side are called adjacent angles. In Figure 1-2, the lines 
AB and CD intersect at point E. The two angles below the line CD Mumbered 
1 and 2) are adjacent to one another. So are the two angles to the right of line 
AB (numbered 2 and 3), the angles to the left of line AB (numbered | and 4), 
and the angles above line CD (numbered 3 and 4). So this intersection has 
four different pairs of adjacent angles. 


The angles that are opposite one another when two lines intersect also have 
a special name. Mathematicians call these angles vertical angles. They don’t 
have a side in common. You can find two pairs of vertical angles in Figure 1-2, 
the pair of angles to the left and right (mumbered 1 and 3), and the pair above 
and below (numbered 2 and 4). 
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Why are these different angles so special? They’re different because of how 
they interact with one another. The adjacent angles here are called supple- 
mentary angles. The sides that they don’t share form a straight line, which 
has a measure of 180 degrees. The vertical angles are always equal in measure. 


Angling for position 


When two lines, segments, or rays touch or cross one another, they form an 
angle. In the case of two intersecting lines, the result is four different angles. 
When two segments intersect, they can form one, two, or four angles, depend- 
ing on how they touch, as you can see in Figure 1-3. The same goes for two 
rays. 


These examples are just some of the ways that you can form angles. Geometry, 
for example, describes an angle as being created when two rays have a 
common endpoint. In practical terms, you can form an angle in many ways, 
from many figures. The business with the two rays means that you can 
extend the two sides of an angle out farther to help with measurements, cal- 
culations, and practical problems. 


You refer to the parts of all angles in the same way. The place where the lines, 
segments, or rays cross is called the vertex of the angle. From the vertex, two 
sides extend. 


Naming angles by size 
You can name or categorize angles based on their size or measurement in 
degrees (see Figure 1-4): 

Acute: An angle measuring between 0 and 90 degrees 

 Obtuse: An angle measuring between 90 and 180 degrees 

Right: An angle measuring exactly 90 degrees 

Straight: An angle measuring exactly 180 degrees (a straight line) 
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Naming angles by letters 


How do you name an angle? Why does it even need a name? In most cases, 
you want to be able to distinguish a particular angle from all the others in 

a picture. When you look at a photo in a newspaper, you want to know the 
names of the different people and be able to point them out. With angles, you 
should feel the same way. 
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You can name an angle in one of three different ways: 


_ By its vertex alone: Often, you name an angle by its vertex alone because 
such a label is efficient, neat, and easy to read. In Figure 1-5, you can call 
the angle A. 


By a point on one side, followed by the vertex, and then a point on 
the other side: For example, you can call the angle in Figure 1-5 angle 
BAC or angle CAB. This naming method is helpful if someone may be 
confused as to which angle you’re referring to in a picture. Remember: 
Make sure you always name the vertex in the middle. 


' & By a letter or number written inside the angle: Usually, that letter is 

' Greek; in Figure 1-5, however, the angle has the letter w. Often, you use a 
number for simplicity if you’re not into Greek letters or if you're going to 
compare different angles later. 


——— 
Figure 1-5: A 
Naming an 

angle. 
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Triangulating your position 


All on their own, angles are certainly very exciting. But put them into a tri- 
angle, and you’ve got icing on the cake. Triangles are one of the most fre- 
quently studied geometric figures. The angles that make up the triangle give 
them many of their characteristics. 


Angles in triangles 

A triangle always has three angles. The angles in a triangle have measures 
that always add up to 180 degrees — no more, no less. A triangle named ABC 
has angles A, B, and C, and you can name the sides AB, BC, and AC, depend- 
ing on which two angles the side is between. The angles themselves can be 
acute, obtuse, or right. If the triangle has either an obtuse or right angle, then 
the other two angles have to be acute. 
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Naming triangles by their shape 
Triangles have special names based on their angles and sides. They can also 


have more than one name — a triangle can be both acute and isosceles, for 
example. Here are their descriptions, and check out Figure 1-6 for the pictures: 
. & Acute triangle: A triangle where all three angles are acute 

Right triangle: A triangle with a right angle (the other two must be acute) 


 Obtuse triangle: A triangle with an obtuse angle (the other two must be 
acute) 


 Isosceles triangle: A triangle with two angles that have the same mea- 
sure; the lengths of the sides opposite those angles are equal, too 


 Equilateral triangle: A triangle where all three angles measure 60 
degrees; all the lengths of the sides are equal, too 


'  Scalene triangle: A triangle with no angles or sides of the same measure 


DP aot 


Acute and Scalene Acute and Isoceles Obtuse and Isosceles 
Right and Scalene Right and Isoceles Equilateral 


Circling the wagons 


A circle is a geometric figure that needs only two parts to identify it and clas- 
sify it by size: its center (or middle) and its radius (the distance from the center 
to any point on the circle). Technically, the center isn’t a part of the circle, it’s 
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just a sort of anchor or reference point. The circle consists only of all those 
points that are the same distance from the center. 


Radius, diameter, circumference, and area 


After you've chosen a point to be the center of a circle and know how far that 
point is from all the points that lie on the circle, you can draw a fairly decent 
picture. With the measure of the radius, you can tell a lot about the circle: its 
diameter (the distance from one side to the other, passing through the center), 
its circumference (how far around it is), and its area (how many square inches, 
feet, yards, meters — what have you — fit into it). Figure 1-7 shows these 
features. 


Diameter & fe) 
\ms/ | 


Circumference 


Ancient mathematicians figured out that the circumference of a circle is always 
a little more than three times the diameter of a circle. Since then, they nar- 
rowed that “little more than three times” to a value called pi (pronounced 
“pie”), designated by the Greek letter x. The decimal value of pi isn’t exact — 
it goes on forever and ever, but most of the time, people refer to it as being 


approximately 3.14 or 22 whichever form works best in specific computations. 


The formula for figuring out the circumference of a circle is tied to x and the 
diameter. 


Circumference of a circle: C= nd = 2nr 


The d represents the measure of the diameter, and r represents the measure 
of the radius. The diameter is always twice the radius, so either form of the 
equation works. 


Similarly, the formula for the area of a circle is tied to x and the radius. 


Area of a circle: A =r’ 


This formula reads, “Area equals pi are squared.” And all this time, I thought 
that pies are round. 
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Don't give me that jiva 


The ancient Greek mathematician Ptolemy was _ha/f a chord and ha/fthe angle to try to figure 
born some time at the end of the first century. out these relationships. Drawing a radius from 
Ptolemy based his version of trigonometry on ‘the center of a circle through the middle of a 


the relationships between the chords of circles _ chord (halving it) forms a right angle, which is 
and the corresponding central angles of those important in the definitions of the trig functions. 
chords. Ptolemy came up with atheoreminvolv- These half-measures were the beginning of the 
ing four-sided figures that you can construct _ sine function in trigonometry. In fact, the word 
with the chords. In the meantime, mathemati- sine actually comes from the Hindu name jiva. 
cians in India decided to use the measure of 


Example: Find the radius, circumference, and area of a circle if its diameter is 
equal to 10 feet in length. 


If the diameter (d) is equal to 10, you write this value as d = 10. The radius 
is half the diameter, so the radius is 5 feet, or r= 5. You can find the circum- 
ference by using the formula C= 1nd=1: 10 =~ 3.14: 10=31.4. So the circum- 
ference is about 31% feet around. You find the area by using the formula 
A=nr’=n:5°=1: 25 = 3.14: 25 = 78.50, so the area is about 78% square feet. 


Chord versus tangent 


You show the diameter and radius of a circle by drawing segments from a 
point on the circle either to or through the center of the circle. But two other 
straight figures have a place on a circle. One of these figures is called a chord, 
and the other figure is a tangent. 


Chords of a circle 


A chord of a circle is a segment that you draw from one point on the circle to 
another point on the circle (see Figure 1-8). This segment always stays inside 
the circle. The largest chord possible is the diameter — you can’t get any 
longer than that segment. 


Tangents to a circle 


A tangent to a circle is a line, ray, or segment that touches the outside of the 
circle in exactly one point, as in Figure 1-9. It never crosses into the circle. 
A tangent can’t be a chord, because a chord touches a circle in two points, 
crossing through the inside of the circle. 
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Sectioning sectors 

A sector of a circle is a section of the circle between two radii (plural for 
radius). You can consider this part like a piece of pie cut from a circular pie 
plate (see Figure 1-10). 


You can find the area of a sector of a circle if you know the angle between the 
two radii. A circle has a total of 360 degrees all the way around the center, so 
if a sector has an angle measure of 60 degrees between the two radii, the 
sector takes up 60/360, or %, of the degrees all the way around. In that case, 
the sector has % the area of the whole circle. 
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Figure 1-10: 
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Example: Find the area of a sector of a circle if the angle between the two radii 
forming the sector is 80 degrees and the diameter of the circle is 9 inches. 


1. Find the area of the circle. 


The area of the whole circle is A= nr?= m-(4.5) = 3.14 20.25 = 63.585, 
or about 63% square inches. 


2. Find the portion of the circle that the sector represents. 


The sector takes up only 80 degrees of the circle. Divide 80 by 360 to get 
180) 2 
360 79 ~ 0.222 

3. Calculate the area of the sector. 
Multiply the fraction or decimal from Step 2 by the total area to get the 
area of the sector: 0.222 - 63.585 ~ 14.116. The whole circle has an area 


of almost 64 square inches, but the sector has an area of just over 14 
square inches. 


Understanding Trig Speak 


Any math or science topic has its own unique vocabulary. Some very nice 
everyday words have special meanings when used in the context of that sub- 
ject. Trigonometry is no exception. 


NABER 
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Defining trig functions 


Every triangle has six parts: three sides and three angles. If you measure the 
sides and then pair up those measurements (taking two at a time), you have 
three different pairings. Do division problems with the pairings — changing 
the order in each pair — and you have six different answers. These six differ- 
ent answers represent the six trig functions. For example, if your triangle has 
sides measuring 3, 4, and 5, then the six divisions are 3/4, 4/3, 3/5, 5/3, 4/5, 
and 5/4. In Chapter 7, you find out how all these fractions work in the world 
of trig functions by using the different sides of a right triangle. And then, in 
Chapter 8, you take a whole different approach as you discover how to define 
the trig functions with a circle. 


The six trig functions are named sine, cosine, tangent, cotangent, secant, and 
cosecant. Many people confuse the spoken word sine with sign — you can’t 
really tell the difference when you hear it unless you’re careful with the con- 
text. You can “go off on a tangent” in some personal dealings, but that phrase 
has a whole different meaning in trig. Cosigning a loan isn’t what trig has in 
mind, either. The other three ratios are special to trig speak. You can’t con- 
fuse them with anything else. 


Interpreting trig abbreviations 


Even though the word sine isn’t all that long, you have a three-letter abbrevia- 
tion for this trig function and all the others. Mathematicians find using abbre- 
viations easier, and those versions fit better on calculator keys. The functions 
and their abbreviations are 


M sine > sin 
M cosine — cos 
. & tangent — tan 
M cotangent — cot 
° ™ secant > sec 
M cosecant — csc 


As you can see, the first three letters in the full name make up the abbrevia- 
tions, except for cosecant’s. 


Noting notation 

Angles are the main focus in trigonometry, and you often don’t know their 
measure. Many angles and their angle measures have general rules that apply 
to them. You can name angles by one letter, three letters, or a number, but to 
do trig problems and computations, mathematicians commonly refer to the 
angle measures with Greek letters. 
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The most commonly used letters for angle measures are @ (alpha), B (beta), 
Y (gamma), and @ (theta). Also, many equations use the variable x to repre- 
sent an angle measure. 


Algebra has conventional notation involving superscripts, such as the 2 in x 
In trigonometry, superscripts have the same rules and characteristics as in 
other mathematics. But trig superscripts often look very different. Table 1-1 
presents a listing of many of the ways that trig uses superscripts. 


Table 1-1 How You Use Superscripts in Trig 
How to Write in Trig Notation What the Superscript Means 
sin’ 0 (sin 0)? 

sin! @ arcsin 0 


The first entry in Table 1-1 shows how you can save having to write parenthe- 
ses every time you want to raise a trig function to a power. This notation is 
neat and efficient, but it can be confusing if you don’t know the “code.” The 
second entry shows you how to write the reciprocal of a trig function. It means 
you should take the value of the function and divide it into the number 1. The 
last entry in Table 1-1 shows how you write the inverse sine function. Using 
the -1 superscript right after sine means that you’re talking about inverse 
sine (or arcsin), not the reciprocal of the function. In Chapter 13, I cover the 
inverse trig functions in great detail, making this business about the notation 
for an inverse trig function even more clear. 


Functioning with angles 


The functions in algebra use many operations and symbols that are different 
from the add, subtract, multiply, and divide signs in arithmetic. For example, 
take a look at the square-root operation, 25 = 5. Putting 25 under the radical 
(square-root symbol) produces an answer of 5. Other operations in algebra, 
such as absolute value, factorial, and step-function, are used in trigonometry, 
too. But the world of trig expands the horizon, introducing even more differ- 
ent processes. When working with trig functions, you have a whole new set of 
values to learn or find. For instance, putting 25 into the sine function looks 
like this: sin 25. The answer that pops out is either 0.423 or -0.132, depending 
on whether you’re using degrees or radians (for more on those two important 
trig concepts, head on over to Chapters 4 and 5). You can’t usually determine 
or memorize the values that you get by putting angle measures into trig func- 
tions very easily. So you need trig tables of values or scientific calculators to 
study trigonometry. 
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In general, when you apply a trig function to an angle measure, you get some 
real number. Some angles and trig functions have nice values, but most don’t. 
Table 1-2 shows the trig functions for a 30-degree angle. 


Table 1-2 The Trig Functions for a 30-Degree Angle 
Trig Function Value Rounded to Three Decimal Places 

sin 30° 0.500 

cos 30° 0.866 

tan 30° 0.577 

cot 30° 1.732 

sec 30° re [aks 

csc 30° 2.000 


Some characteristics that the entries in Table 1-2 confirm are that the sine 
and cosine functions always have values that are between and including -1 
and 1. Also, the secant and cosecant functions always have values that are 
equal to or greater than 1 or equal to or less than -1. I discuss these proper- 
ties in more detail in Chapter 7. 


Using the table in the Appendix, you can find more values of trig functions for 
particular angle measures (in degrees): 


tan 45° = 1 
csc 90° = 1 
sec 60° = 2 


I chose these sample values so the answers look nice and whole. Remember 
that most angles and most functions look much messier than these examples. 


Taming the radicals 


A radical is a mathematical symbol that means, “Find the number that multi- 

plies itself by itself one or more times to give you the number under the radi- 

cal.” You can see why you use a symbol such as HE rather than all those words. 
Radicals represent functions that are used a lot in trigonometry. In cane Se 
I define the trig functions by using a right triangle. To solve for the lengths of 
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a right triangle’s sides by using the Pythagorean theorem, you have to com- 
pute some square roots, which use radicals. Some basic answers to radical 


expressions are /16 = 4, /121 = le /8 =2,7656)=9. 


These examples are all perfect squares, perfect cubes, or perfect fourth roots, 
which means that the answer is a number that ends — the decimal doesn’t go 
on forever. The following section discusses a way to simplify radicals that 
aren’t perfect roots. 


Simplifying radical forms 

Simplifying a radical form means to rewrite it with a smaller number under 
the radical — if possible. You can simplify this form only if the number under 
the radical has a perfect square or perfect cube (or perfect whatever factor) 
that you can factor out. 


Example: Simplify /80. 


The number 80 isn’t a perfect square, but one of its factors, 16, is. You can write 
the number 80 as the product of 16 and 5, write the two radicals separately, 
and then evaluate each radical. The resulting product is the simplified form: 


V80 = /16"5 =y 16/5 =475 
Example: Simplify 7250. 


The number 250 isn’t a perfect cube, but one of its factors, 125, is. Write 250 as 
the product of 125 and 2; separate, evaluate, and write the simplified product: 


3/250 = 3/125: 2 = 1257/2 =5 7/2 


Approximating answers 


As wonderful as a simplified radical is, and as useful as it is when you’re doing 
further computations in math, sometimes you just need to know about how 
much the value’s worth. 


Approximating an answer means to shorten the actual value in terms of the 
number of decimal places. You may find approximating especially useful when 
the decimal value of a number goes on forever without ending or repeating. 
When you approximate an answer, you round it to a certain number of deci- 
mal places, letting the rest of the decimal values drop off. Before doing that, 
though, you need to consider how big a value you’re dropping off. If the num- 
bers that you’re dropping off start with a 5 or greater, then bump up the last 
digit that you leave on by 1. If what you’re dropping off begins with a 4 or less, 
then just leave the last remaining digit alone. 


Chapter 1: Trouncing Trig Technicalities 23 


ee 
They called this simpler? 


Some ancient mathematicians didn’t like to write the fraction %? They wrote 4 + % instead 
write fractions unless they had a numerator of 1. (because 4 + %is equal to %). What a pain to 
They only liked the fractions 4, 4, %,%, andso have to write 4+ K+ Yorather than %. Or maybe 
on. So what did they do when they needed to you prefer this approach, too? 
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Example: Round the number 3.141592654 to four decimal places, three deci- 
mal places, and two decimal places. 


™ Four decimal places: This rounding value means that the 3.1415 stays. 
Because you get to drop off the 92654, and 9 is the first digit of those 
dropped numbers, bump up the last digit that you're keeping (the 5) to 
6. Rounded to four places, 3.141592654 rounds to 3.1416. 


Three decimal places: The 3.141 stays. Because you drop off the 592654, 
and 5 is the first digit of those numbers, bump up the last digit that you’re 
keeping (the 1) to 2. Rounded to three places, 3.141592654 rounds to 
3.142. 


Two decimal places: The 3.14 stays. Because the 1592654 drops off, and 
1 is the first digit of those numbers, then the last digit that you’re keep- 
ing (the 4) stays the same. Rounded to two places, 3.141592654 rounds 
to 3.14. 


Use this technique when approximating radical values. Using a calculator, the 
decimal value of /80 is about 8.94427191. Depending on what you're using 
this value for, you may want to round it to two, three, four, or more decimal 
places. Rounded to three decimal places, this number is 8.944. 


Equating and Identifying 


Trigonometry has the answers to so many questions in engineering, naviga- 
tion, and science. The ancient astronomers, engineers, farmers, and sailors 
didn’t have the current systems of symbolic algebra and trigonometry to 
solve their problems, but they did well and set the scene for later mathemati- 
cal developments. People today benefit big-time by having ways to solve 
equations in trigonometry that are quick and efficient, including special tech- 
niques and trig identities to fool around with that mathematicians in days of 
old have already worked out. 
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The methods that you use for solving equations in algebra take a completely 
different turn when you use trig identities (in short, equivalences that you can 
substitute into equations in order to simplify them). To make matters easier 
(or, some say, to complicate them), the different trig functions can have many 
different identities. They almost have split personalities. When you're solving 
trig equations and trig identities, you’re sort of like a detective working your 
way through to substitute, simplify, and solve. What answer should you 
expect when solving the equations? Why, angles, of course! 


Take, for example, one trigonometric equation: sin @ + cos’ @ = 1. 


The point of the problem is to figure out what angle or angles should replace 


the @ to make the equation true. In this case, if @ is 0 degrees, 90 degrees, or 
180 degrees, for example, the equation is true. 


If you replace 6 by 0 degrees in the equation, then you get 
sin0°+(cos0°) = 1 


0+(1) =1 
1 =1 


If you replace @ by 90 degrees in the equation, then you get 
’ 
sin 90°+ (cos90°) =1 


1+(0) =1 
1=1 


Something similar happens with 180 degrees and all the other angle measures 
that work in this equation. But remember that not just any angle will work 
here. | carefully chose the angles that are solutions, which are the angles that 
make the equation true. In order to solve trig equations like this one, you have 
to use inverse trig functions, trig identities, and algebra techniques. You can 
find all the details on how to use these processes in Chapters 10 through 13. 
And when you've got those parts figured out, dive into Chapter 14, where the 


equation-solving comes in. 


In this particular case, you use an identity to solve the equation for all its 
answers. You replace the cos*@ by 1 — sin’@ so that all the terms have a sine 
in them — or just a number. You actually have other ways to change the 
identity of cos’ @, too. I chose 1 — sin’@, but other choices include —— and 
Lives Discover how to actually solve equations like this one in Chapter 14. 
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This example just shows you that the identity of the trig functions can 
change an expression significantly — according to some very strict rules. 


Graphing for Gold 


The trig functions have distinctive graphs that you can use to help understand 
their values over certain intervals and in particular applications. In this sec- 
tion, I describe the axes and show you six basic graphs. 


Describing graphing scales 


You use the coordinate plane for graphing in algebra, geometry, and other 
mathematical topics. The x-axis goes left and right, and the y-axis goes up and 
down. You can also use the coordinate plane in trigonometry, with a little 
added twist. 


The x-axis in a trig sketch has tick marks that can represent both numbers 
(either positive or negative) and angle measures (either in degrees or radians). 
You usually want the horizontal and vertical tick marks to have the same dis- 
tance between them. To make equivalent marks on the x-axis in degrees, figure 
that every 90 degrees is about 1.6 units (the same units that you’re using on 
the vertical axis). These units represent numbers in the real-number system. 
This conversion method works because of the relationship between degree 
measure and radian measure. Check out the method used to do the computa- 
tion for this conversion in Chapter 5. 


Recognizing basic graphs 


The graphs of the trig functions have many similarities and many differences. 
The graphs of the sine and cosine look very much alike, as do the tangent 
and cotangent, and then the secant and cosecant. But those three groupings 
look different from one another. The one characteristic that ties them all 
together is the fact that they’re periodic, meaning they repeat the same curve 
or pattern over and over again, in either direction along the x-axis. Check out 
Figures 1-11 through 1-16 to see for yourself. 


I say a lot more in this book about the trig-function graphs, and you can find 
that discussion in Chapters 16, 17, 18, and 19. 
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Figure 1-11: 
The graph of 
y=sin x. 
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Figure 1-12: 
The graph of 
y=COS xX. 
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——S———— 
Figure 1-13: 
The graph of 
y =tan x. 
| 


—ae! 
Figure 1-14: 
The graph of 
y=cotx. 
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Figure 1-15: 
The graph of 
y=sec x. 
af 


| 
Figure 1-16: 
The graph of 
y=Csc x. 
te 


Chapter 2 


Coordinating Your Efforts with 
Cartesian Coordinates 


In This Chapter 


}» Marking points on a graph 
Finding the distance between two points 
Locating midpoints 

» Defining the slope of a line 

» Determining equations of circles 


A picture is worth a thousand words. Drawing pictures or graphs of func- 
tions and equations in math helps you understand what’s going on with 
them. In trigonometry, you often draw angles and triangles, in addition to the 
curves that represent the trig functions (sine, cosine, tangent, cotangent, 
secant, and cosecant). The standard Cartesian coordinate system, which you 
use when drawing graphs in algebra and other math topics, works best here. 
If you’re looking for a refresher on this point-plotting system, you can find it 
in this chapter. In short, everything reads from left to right and from bottom 
to top, running through the negative to the positive numbers. 


Starting Out Simple: Plotting Points 


Plotting points on a mathematical graph means finding the correct position 
for a dot that represents an ordered pair of numbers, such as (2,3), (-1,4), or 
(0,0). This ordered pair is called the Cartesian coordinates of the point. You 
start with two intersecting lines called axes. 
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Figure 2-1: 
The 
coordinate 
axes with 
the origin 
labeled. 
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Axes, axes, we all fall down 


Plotting points and drawing graphs requires two axes and a defined distance 
or scale on them. The two intersecting, perpendicular lines that make up a 
graph are called the horizontal and vertical axes (or coordinate axes). These 
lines extend left and right, up and down, without end. The horizontal axis is 
traditionally known as the x-axis, although in trigonometry the horizontal 
axis is often labeled the @ axis. The vertical axis is the y-axis. Figure 2-1 shows 
the two axes intersecting at the origin, labeled O. The part of the x-axis going 
to the right stands for positive numerical values, and you use it as the start- 
ing place or initial side when drawing angles in the standard position. 


Determining the origin of it all 


The point where the two axes cross is called the origin. You label it with an 
O or with its ordered pair of numbers, also called its Cartesian coordinates, 
(0,0). The origin is the starting point for counting off the distances when 
graphing all other points. It’s also the endpoint of the rays (lines that extend 
infinitely in one direction) that you use when drawing angles in the standard 
position on the coordinate axes. 
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Putting da cart before da horse 


Rene Descartes was considered to be amover in these mathematical subjects. The x- and 


and shaker in the 17th-century scientific com- _ y-coordinates (the values that specify a location 
munity. He was responsible for many innovations on a graph) are called Cartesian coordinates in 
in algebra and geometry. He's also credited with honor of Descartes. 

creating our coordinate system for graphing 


Plotting X versus V 


Plotting points in a coordinate system involves counting distances to the right 
or left and up or down from the origin. The axes serve as a starting place. The 
points are represented or named by the ordered pair of numbers, (x,y), called 
the x-coordinate and the y-coordinate. The designation ordered pair means 
that the order does matter. The x-coordinate always comes first, and the 
y-coordinate comes last so that this whole graphing system is universal. 


gore The x-coordinate is the distance to the left or right of the origin that the point 


lies. If the x-coordinate is positive, you move to the right of the origin. If it’s 
negative, you move to the left. The second number, the y-coordinate, is the 
distance up or down from the origin. Positive numbers mean the point is up, 
and negatives mean you move south of the x-axis. 


The point (2,4) is two units to the right and four units up from the origin; (-3,2) 
is three units to the left and two units up; (—4,-3) is four units to the left and 
three units down; and (5,-1) is five units to the right and one unit down. Points 
can lie on one of the axes, too. Those points always have a 0 for the x- or 
y-coordinate. The point (0,3) lies on the y-axis, and (1,0) lies on the x-axis. 
See how to graph all these points in Figure 2-2. 


Cutting the graph into four parts 


The intersecting x- and y-axes divide the whole picture, or coordinate plane, 
into four separate regions called quadrants. The quadrants are numbered, 
starting in the upper right quadrant and going counterclockwise, as shown 
in Figure 2-3. Traditionally, you number them with Roman numerals. 
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Figure 2-2: 
Six points 
are graphed 
and labeled. © (-4,-3) 
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ae 
Figure 2-3: 
The four 
quadrants 

of the 
coordinate 
plane. 
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These quadrant number designations are useful when referring to certain 
types of angles and groupings of points. The points in Quadrant I all have 
both x- and y-coordinates that are positive. In Quadrant II, the x-coordinate 
is negative, and the y-coordinate is positive. The points in Quadrant II have 
both x- and y-coordinates that are negative. In Quadrant IV, the x-coordinate 
is positive, and the y-coordinate is negative. 


From Here to There: Calculating 
Distances 


ar 


The lengths of segments and distances between points play a major part in 
establishing the trig functions, relationships, and identities (which I cover in 
Chapters 3 and 10). You can compute these lengths and distances fairly easily, 
because the coordinate system is just so darned convenient. 


Counting on vertical and 
horizontal distances 


When the distance that you’re measuring is either vertical or horizontal, then 
the computation is a simple subtraction problem. One coordinate in each 
ordered pair is the same. Just find the difference between the other two 
coordinates. 


For instance, to find the distance between the points (5,2) and (5,6), subtract 
2 from 6 to get the distance of 4 units between them. This distance is vertical, 
because the two points have the same x-coordinate, and the second point is 
directly above the first. To find the distance between the two points (5,6) and 
(5,-3), subtract -3 from 6 to get a distance of 9 units. Always subtract the 
smaller number from the larger number, so that the distance you get is a posi- 
tive number. (Negative distances don’t make sense; after all, you can’t travel 
-5 miles to Aunt Myrtle’s house!) 


Another way to deal with the different signs of the answers that occur is to 
use absolute value — then it doesn’t matter in what order you subtract the 
numbers. Take, for example, the preceding example, where I subtracted -3 
from 6. The -3 is smaller, so subtracting in that order gave a positive answer. 
The alternative is to subtract in the opposite order and take the absolute value 
of the result. If you do -3 — 6, you get -9. The absolute value of -9, written !-91, 
equals 9. 
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Horizontal distances work the same way. In Figure 2-4, you can see the hori- 
zontal distance between two points. To find the distance between the points 
(-8,2) and (5,2), just calculate the difference between -8 and 2, because the 
y-coordinates are the same. The smaller number is -8, so subtracting 5 - (-8), 
the answer is 13 units. Subtracting in the other order and using absolute value, 
you get -8 - 5 = -13, and |-13! = 13. You can also see the vertical distance 
between two points, (5,6) and (5,2), in Figure 2-4. This problem uses simple 
arithmetic. The difference between 6 and 2 is 4. 


—-- 4 units 
Figure 2-4: 

Vertical and F 

horizontal | edie > (5,2) 

distances 

between 

points. 

A 


sg Hues 
& Finding the distance between two different vertical or horizontal points, 
(%1,Y1) and (%,Y2), is easy: 
Vertical distance (the x-coordinates are the same) is | y, — yo. 


Horizontal distance (the y-coordinates are the same) is |x; —x2!. 


Another slant: Diagonal distances 


Sometimes the distances or lengths you want to determine are on a slant — 
they go diagonally from one point to another. The formula for determining 
these distances is based on the Pythagorean theorem. 


The Pythagorean theorem 


Way back when, Pythagoras discovered a relationship between the sides of 
any right triangle, where one angle is 90 degrees, as Figure 2-5 shows. 
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Figure 2-5: F 


A right 
triangle. 
7} 


QuLes 
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Pythagoras found that if a and b are the lengths of the shorter sides of the 
right triangle, and if c is the length of the hypotenuse (the side opposite the 
right angle), then a’+ b*=c’. You can use this formula to find the diagonal 
distances between two points on a graph, because the horizontal and vertical 
distances, which are the sides of the triangle, are easy to find in a coordinate 
system. 


Determining diagonal distances 


Using the Pythagorean theorem, solve for c, the length of the hypotenuse of a 
right triangle, and you get 


c= (a4 


If the length a is the horizontal distance, then you calculate that distance by 
subtracting the x-coordinates; if length b is the vertical distance, you get it by 
subtracting the y-coordinates. 


To get the general distance formula, simply substitute the difference between 
the x- and y-values for a and b in the Pythagorean theorem, and use the vari- 
able d (meaning distance) in place of c. 


The distance, d, between two points (,,y,) and (%2,y2) is 
d= J (x:-x2) + (yi-y2) 
For example, follow these steps to find the distance between the points (3,-4) 
and (-2,5): 
1. Replace x, and x, with 3 and -2. Replace the y, and y, with —4 and 5. 
d= /(3-(-2)) +(-4-5) 
2. Subtract the coordinates. 


d= /5?+9° 


3. Add the results and find the square root, if possible. 


d= /25+ 81= /106 
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In the preceding example, the number under the radical isn’t a perfect square. 
You can either leave the answer with the square-root symbol or give a deci- 
mal approximation (see the following section). To three decimal places, the 
distance in this example is 10.296 units. 


When you're calculating the distance between two points, it doesn’t matter 
in what order you subtract the points, as long as you subtract x from x and y 
from y. Squaring the differences will always result in a positive answer, 


anyway. 


Using exact Values or estimating distances 


Calculating the distance between two points often leaves you with the square 
root of a number that isn’t a perfect square; this type of answer is called an 
irrational number. Writing the number with the square-root symbol, for 
example, /47 , is considered to be writing the exact value of the distance. 
Using a calculator to find a decimal approximation doesn’t give an exact 
answer, because the decimal values go on forever and ever and never repeat 
in a pattern. Because the decimals are always estimates, mathematicians 
often insist on leaving the answers as exact values, complete with the square- 
root symbol, rather than decimals. 


Although exact values are more precise, using decimal estimates of radical 
values is more helpful in practical situations. If you’re solving for the height of 
a building and get /183, you get a better understanding of the height by finding 
a decimal estimate. A scientific calculator tells you that /183 is approximately 
13.52774926. .. . Different calculators may give you fewer or more decimal 
values than I show you here. Usually, just two or three decimal places will do. 
Rounding this to two places, you get 13.53. Rounding it to three places, you get 
13.528. (For more on rounding, please refer to Chapter 1.) 


Getting to the Center of It All 


The middle of a circle is its center. The middle of a triangle is its centroid. And 
the middle of a line segment is its midpoint. When you graph a circle, triangle, 
or line segment by using coordinate axes, then you can name these middle 
points with a pair of x- and y-coordinates. All you need to find these middles 
are the coordinates of some crucial other points on the respective figures. 


QuLes 
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Figure 2-6: 
The 
midpoint of 
this line 
segment 

is (-1,2). 
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Finding the midpoint of a line segment 


To find the midpoint of a line segment, you just calculate the averages of the 
coordinates — easy as pie. 


The midpoint, M, of a segment with endpoints («,,y,) and (2%,y2) is 


eh SENS AED Yitye 
oe 2 


If you want to know the midpoint of the segment with endpoints (-4,-1) and 
(2,5), then plug the numbers into the midpoint formula, and you get a midpoint 
of (-1,2): 


me (ApS) -(-P4 


See how this segment looks in graph form in Figure 2-6. 


Locating the center of a circle 


If the endpoints of one diameter of a circle are (4,y:) and (%,y2), then the 


ate , 
center of the circle has the coordinates oo aad You probably noticed 
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that the center of a circle is the same as the diameter’s midpoint. The center 
of the circle separates the diameter into two equal segments called radii 
(plural for radius). 


Figure 2-7 shows a circle with a diameter whose endpoints are (7,4) and 
(-1,-2). The center of the circle is at (3,1). I got the coordinates for the center 
by using the formula for the midpoint of a segment (see the preceding section): 


m= (HED 442) (6.2) (9 


2 


aa 
Figure 2-7: 
The center 
of a circle is 
also the 
midpoint of 
one of its 
diameters. | 
ee i | 


You find the length of the diameter by using the distance formula (see the 
section “Another slant: Diagonal distances,” earlier in this chapter): 


d= |(7-(-1)) + (4-(-2)) = /8°+ 6? = 64+ 36 = /100 = 10 
For the circle shown in Figure 2-7, the diameter is 10 units long. 
Next, I show you how to find the length of one of the radii. Either will do — 


they’re the same length. In this example, I figure the radius length from the 
center of the circle (3,1) to the endpoint of the diameter (7,4): 
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d= |(7-3)'+ (4-1) = (47+3? = 1649 = /25=5 


The radius is 5 units long. But, of course, you expected this answer, because 
by definition, the radius is half the length of the diameter. 


Partitioning line segments further 


If you can find the midpoint of a segment, then you can divide it into two equal 
parts. Finding the middle of each of the two equal parts allows you to find the 
points needed to divide the entire segment into four equal parts. Finding the 
middle of each of these segments gives you eight equal parts, and so on. 


For example, to divide the segment with endpoints (-15,10) and (9,2) into 
eight equal parts, find the various midpoints like so: 


The midpoint of the main segment from (-15,10) to (9,2) is (3,6). 


The midpoint of half of the main segment, from (-15,10) to (-3,6), is (9,8), 
and the midpoint of the other half of the main segment, from (3,6) to 
(9,2), is (3,4). 


The midpoints of the four segments determined above are (—12,9), 
6,7), (0,5), and (6,3): 


Figure 2-8 shows the coordinates of the points that divide this line segment 
into eight equal parts. 


Using the midpoint method is fine, as long as you just want to divide a seg- 
ment into an even number of equal segments. But your job isn’t always so 
easy. For instance, you may need to divide a segment into three equal parts, 
five equal parts, or some other odd number of equal parts. 


To find a point that isn’t equidistant from the endpoints of a segment, just 
use this formula: 


(x,y) = (214k (x2- 21), y+ k(Y2-y)) 


In this formula, (x,y) is the endpoint where you’re starting, (%2,y2) is the 
other endpoint, and k is the fractional part of the segment you want. 


So, to find the coordinates that divide the segment with endpoints (-4,1) and 
(8,7) into three equal parts, first find the point that’s 4 of the distance from 
(-4,1) to the other endpoint, and then find the point that’s 4 of the distance 
from (4,1) to the other endpoint. The following steps show you how. 
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Figure 2-8: 
Aline 
segment 
divided into 
eight equal 
parts by 
using the 
midpoint 
method. 
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To find the point that’s % of the distance from (-4,1) to the other endpoint, (8,7): 
1. Replace x, with ~4, x, with 8, y, with 1, y, with 7, and k with 4. 
(x,y) = (-4 +4(8-(-4)),14+4(7- 1)) 
2. Subtract the values in the inner parentheses. 


(xy) =(-4+4(12),1+ 3(6)) 


3. Do the multiplication and then add the results to get the coordinates. 
(x,y) = (-4+4,1+2)=(0,3) 


To find the point that’s % of the distance from (—4,1) to the other endpoint, (8,7): 
1. Replace x, with -4, x, with 8, y, with 1, y, with 7, and k with 2. 
(xy) =(-4+3(8-(-4)),1+2(7-1)) 
2. Subtract the values in the inner parentheses. 
(x,y) = (-4 +2(12),14 5(6)) 


3. Do the multiplication and then add the results to get the coordinates. 
(x,y) =(-44+ 8,144) =(4,5) 


Figure 2-9 shows the graph of this line segment and the points that divide it 
into three equal parts. 
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Figure 2-9: 
Aline 
segment (-4,1) 
divided into 
three equal 
parts. 
— ee 
Pinpointing the center of a triangle 
If you draw lines from each corner (or vertex) of a triangle to the midpoint of 
the opposite sides, then those three lines meet at the center, or centroid, of 
the triangle. This point is the triangle’s center of gravity, where the triangle 
balances evenly. The coordinates of the centroid are also % of the way from 
each vertex along that segment. Figure 2-10 shows how the three lines drawn 
in the triangle all meet at the center. 
PASO 
Figure 2-10: 
The 
lines that 
intersect at 
the centroid 
of a triangle. 
Eee 


To find the centroid of a triangle, use the formula from the preceding section 
that locates a point % of the distance from the vertex to the midpoint of the 


opposite side. 
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Circumscribing a triangle 


Every triangle can be circumscribed by a circle, 
meaning that one circle — and only one — 
goes through all three vertices (corners) of any 
triangle. In laymen’s terms, any triangle can fit 
into some circle with its corners touching the 
circle. To circumscribe a triangle, all you need 
to do is find the center of the circle. You can 


then find the radius of the circle, because the 
distance from the center of the circle to one of 
the triangle’s vertices is the radius. This exer- 
cise is a nice one to try your hand at with a com- 
pass and straightedge or with some of the new 
geometry software. 


For example, to find the centroid of a triangle with vertices at (0,0), (12,0) 
and (3,9), first find the midpoint of one of the sides. The most convenient 


side is the bottom, because it lies along the x-axis. The coordinates of that 
midpoint are (6,0). Then find the point that sits % of the way from the oppo- 
site vertex, (3,9): 


1, Replace x), x2, y,, and y, with their respective values. Replace k with 2. 
(x,y) = (3 +2(6-(3)),9+ 2(0- 9)] 
2. Simplify the computation to get the point. 


=(3+ 3(3),9+ 3(-9))=(342,9-6)=(5,3) 


In this example, the centroid is the point (5,3), as shown in Figure 2-11. 
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Figure 2-11: 
The graph of 
a triangle 
with a 
centroid 

at (5,3). 
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Racing Down thz Slope 


In mathematics, a slope is a particular number or value that tells you some- 
thing about the nature of a line or line segment. Just by looking at the number 
corresponding to the slope of a line, you can tell if the line goes up or down 
as you read from left to right. You can also tell if the slope of the line is steep 
or rather flat (like the slopes in Colorado versus those in Illinois). 


Slaloming slope formula 


One way to find the slope of a line or segment is to choose any two points, 
(x1,¥1) and (%,y2), on the figure and use the formula that gives you the slope, 
represented by the letter m: 
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This line moves upward from left to right, which is why the slope is a positive 
number. Any slope greater than 1 is also considered to be steep. 


On the other hand, the slope of the line through the points (-5,2) and (5,-1) is 


This segment moves downward from left to right, and the unsigned value 
(absolute value) of the slope is a number between 0 and 1 — so the slope is 
negative, and it isn’t considered steep. 


Figure 2-12 shows both lines, one with a slope of 2 and the other with a slope 
3 


of ~I0" 


Recognizing parallel and 
perpendicular lines 


Two lines are parallel if they have the same slope. Two lines are perpendicular 
if their slopes are negative reciprocals of one another. By being negative recip- 
rocals, when you multiply the slopes, you get -1. 


Consider the following slopes of some lines or line segments: 


=e 


m=, My = —2, m= 8, Ma= 0? ms= — 


— 


The slopes of the lines that are parallel to one another are 


m= 5 and m= > 


m,= —2 and m,;= _14 


ci 
The slopes of lines that are perpendicular to one another are 


m= 5 and m,= -—2 


m= bi and ms;= et 


As a matter of fact, because the lines with slopes of 3 and 7s are equal to one 


another, they’re both perpendicular to the lines with slopes of -2 and 4 
which are also equal in slope. It’s one big, happy family. 


————S— 5 
Figure 2-12: 
One line has 
a positive 
slope; the 
other has a 
negative 
slope. 
oe 
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Defining Circles with Numbers 


The circle that you use the most in trigonometry has its center at the origin 
and has a radius of 1 unit. The radius of 1 in a circle makes computations so 
much easier when that | ends up in the denominator of a fraction. Fractions 
and circles sort of intermingle in trigonometry — in good ways, of course. 
But you also have many other useful circles to consider. The other circles will 
have different radii and different centers, but each has its place when needed. 
When possible, though, the unit circle is the circle of choice. 


Centering circles at the origin 


The two characteristics that define a circle are its center and its radius. The 
center tells where on a graph the circle is located; the radius tells how big the 
circle is. The location is in terms of coordinates in the coordinate plane, and 
those numbers end up in the equation of the circle. The x and y variables repre- 
sent the coordinates of all the points that lie on the actual circle. The standard 
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form for the equation of a circle at the origin is x’+ y’=r’*, where r represents 
the radius of the circle. So the equations for circles with radii of 2, 3, 4, and 5 

2 rae 2 Bi 2 Zi 2 see 5 
are x°+y*=4, x*+y°=9, x°+y*= 16, and x°+ y= 25, respectively. 


Likewise, a circle with a radius of 1 unit has the equation x’+ y’= 1. Not so 
amazingly, this circle is called the unit circle. This circle is used extensively 
in mathematics: The radius of 1 lends itself to the formula for changing from 
degrees to radians, is nice and neat when finding arc length, and makes the 
unit circle the easiest to use when proving properties or theorems in math. 


Wandering centers 


Circles don’t have to have their centers at the origin. The standard form 
for a circle with a radius of r and its center at (h,R) is (x—h) + (y- k) = r 
where x and y represent the coordinates of all the points on that circle. So 
the equation for a circle with its center at (3,-2) and with a radius of 9 is 


(x-3)'+(y+2) =81. 


Notice that, if you let the center of a circle be (0,0) in this formula, you get 
(x-0)'+(y- 0) = =r’ or x’+y’=r’, which goes back to a circle with its 
center at the origin. The form oe for all circles! 


Chapter 3 
Functioning Well 


In This Chapter 


Understanding why functions are your friends 
Applying the inverse to a function 
Moving a function around on a graph 


ou can’t get very far in any mathematical discussion without encounter- 

ing rules, patterns, operations, or relationships among the concepts 
you're discussing. One common theme in math is the relationship between 
certain values (often called the input and the output), which are the values 
you start with and the values you end up with, respectively. Functions are 
very special types of relationships, and they play a big part in trigonometry. 
So what is it that distinguishes a relation from a function, and why should 
you care? The distinction is important in all of mathematics, not just in 
trigonometry. 


Relations versus Functions 


A relation in mathematics is a rule that creates a certain output for any given 
input. The input is the number you enter in place of a variable, and the output 
is the result(s) you get when you perform the operations for that relation. 
Each relation has a rule, or expression, that usually involves mathematical 
operations such as addition, subtraction, square roots, and so on. For instance, 
you could come across a relation where you input 25 in place of a variable 
and get two output values, such as 24 and 27. The rule for that relation could 
be that you input a number and get the two numbers closest to it that are 
multiples of 3. This relation has more than one output value, which isn’t nec- 
essarily a good thing; in math, more isn’t always better. 


A function, however, is a special kind of relation. Read on to find out more. 
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Function junction, what’s your function? 


A function in mathematics is a rule performing operations and processes on 
input values that results in a single, unique output value — only one output 
for every input. For example, take the function where the input is the number 
25 and the output is 5. Now you have several ways of getting the result of 5 
after inputting 25 in place of a variable: You can take the square root of the 
number or subtract 20 from the number, for starters. But the main emphasis 
here is that the function has just one output value. 


Consider a function that uses a radical (a root). Input 25, and here’s what that 
function looks like: /25 =5. The output is the single value 5. Another function 
is one that squares the input, multiplies that result by 2, and then subtracts 3. 
If you input an 8, then you get 2x?— 3 = 2-8’-3=2-64-3= 125. The preced- 
ing examples of functions use the basic algebraic operations. But I’m here 

to tell you that a whole class of functions called trigonometric functions is out 
there, too. That’s why you’re reading this book! One of the trig functions is 
called sine, abbreviated sin. If you compute the sine of 30 degrees, then you 
get 5. Because sine is a function, 5 is the only output value. It may seem 
trivial or unnecessary for me to keep harping on that right now, but having 
only one output value for each input in trigonometry is very important — 
otherwise, you’d have chaos! 


Using function notation 


Defining a function or explaining how it works can involve a lot of words and 
can get rather lengthy and awkward. Imagine having to write, “Square the 
input, multiply that result by 2, and then subtract 3.” Mathematicians are an 
efficient lot, and they prefer a more precise, quick way of writing their instruc- 
tions. Function notation is just that. 


First, functions are generally named with letters — the most frequently used 
is the oh-so-obvious f. (I said that mathematicians are efficient, but they’re 
not necessarily original or creative.) If | want the function fto be the rule for 
squaring a number, multiplying that result by 2, and then subtracting 3, I write 
the function as f (x) = 2x’- 3. You read the function like this: “F of x is equal 
to two times x squared minus 3.” The x is a variable — in this case, the input 
variable. Whatever you put in the parentheses after the freplaces any x in the 
rule. In the first equation that follows, an 8 replaces the x. In the second equa- 
tion, a —4 replaces the x. Each time, the function produces only one answer: 


f(8)=2-87-3= 128-3— 125 
f (-4) = 2(-4) -3=32-3=29 
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Don't feel bound to the f though. You can use other letters to name the func- 
tions and the input variables. Sometimes you use letters that represent what’s 


going on or what you’re using the formula for, such as finding area, interest, 
or cost: 


Arian 
I(t) = 1000e°* 


C(x) = -0.04x?+ 8x +100 cMleals> 


And, of course, you have the trig functions. Some trig functions involving 
sine, cosine, and secant are 


p(x)=sinx+cosx 


c(6)=-—! 


~ sec @ 


Determining domain and range 


A function consists of a rule that you apply to the input values. The result is a 
single output value. You can usually use a huge number of input values, and 
they’re all a part of the domain of the function. The output values make up 
the range of the function. 


Are you master of your domain? 


The domain of a function consists of all the values that you can use as input 
into the function rule. The domain is another of that function’s characteris- 
tics, because different functions have different numbers that you can input 
and have the outputs make any sense. 


For example, f (x) = /x is a function whose domain can’t contain any negative 
numbers, because the square root of a negative number isn’t a real number. 


4 3 has a domain that can’t include the number —3. Any 
other real number is okay, but not —3, because putting a —3 in for x makes the 
denominator equal to 0, and you can’t divide by 0. (A fraction with a 0 in the 
denominator doesn’t exist.) With trig functions, the input values are always 
angle measures — either in degrees or radians. Some of the trig functions have 
restrictions, too. For example, the tangent function has a domain that can’t 
include 90 degrees or 270 degrees, among the many restricted values. I discuss 
these domains in detail in Chapter 7. 


The function g(x) = 


Home, home on the range 

The range of a function consists of all its output values — the numbers you 
get when you input numbers from the domain into the function and perform 
the function operations on them. Sometimes, a range can be all possible 
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real numbers — it has no limit. That situation happens in a function such as 
h(x) =3x+ 2. In this equation, both the domain and the range are unlimited. 
You can put in any real number, and you can get an output of any real number 
that you can possibly think of. Ranges can end up being restricted, though. 
For example, the function k (x) =x’+ 6 will always have results that are either 
the number 6 or some positive number greater than 6. You can never get a neg- 
ative number or a number less than 6 as an output. The ranges of some trig 
functions are restricted, too. For example, the output of the sine function never 
exceeds 1 or goes lower than -1. I cover this subject in detail in Chapter 7. 


In-Verse Functions: Rhyme or Reason? 


NBER 
we 
& 


Functions are special types of relationships between mathematical values, 
because they yield only one unique output value for every input value. For a 
more-detailed definition of a function, see the “Function junction, what’s your 
function?” section, earlier in this chapter. Sometimes, you have to work back- 
wards with functions, because you know the output value and you want to 
figure out which input value gave you that output. That’s where inverse func- 
tions come in. 


Which functions have inverses? 


The best way to describe an inverse function is to give an example: one 
formula or function tells you what the temperature outside is in degrees 
Celsius when you input a temperature in degrees Fahrenheit. The function is 


C(f)= 0 — 32), where C is the answer in Celsius degrees and fis the temper- 


ature in Fahrenheit degrees. If you input 77 degrees into the function, you get 


C (77) = 3(77 - 32) = 3(45) = 25, or 25 degrees Celsius. 
Now, how about going the other way? What if you want to know what temper- 
ature in Celsius will give you 77 degrees Fahrenheit? You take the inverse of 
the function, which I show you how to do in the next section. But stick with 
me for now. Keep in mind that only one temperature gives you that answer of 
77 degrees. (It wouldn’t make sense if both 25 degrees and 45 degrees Celsius, 
for example, gave the same answer of 77 degrees Fahrenheit.) 


So you see the main distinction between functions that have inverses and 
functions that don’t: A function can have an inverse function only if the func- 
tion is one-to-one. In other words, the function has to be designed in such a 
way that every input has exactly one output and every output comes from 
only one input — the output doesn’t occur with more than one input value. 
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An example of a function that has an inverse function is f (x)=4x+5. Its 
inverse is 


air Notice that the function notation for the name of the inverse function is the 
same letter but with a-1 exponent. This exponent doesn’t mean that you want 
a reciprocal; rather, the -1 exponent in a function name is special math nota- 
tion meaning an inverse function. You see this notation a lot in trigonometry. 
The inverse functions all have a name using the -1 exponent after the corre- 
sponding function name. They can have an alternative name, too. For more 
on this naming mumbo-jumbo, go to Chapter 13. 


Check out how this inverse function works by using the last function I showed 
you. If you input a 6 into the function, f you get f (6) =4-6+5 = 29. Take that 
output, 29, and put it into the inverse function to see where that particular 


output came from: f~'(29) = a 2 = 6. This function and its inverse are one- 


to-one. No other input into f will give you 29, and no other input into f~' will 
give you 6. 


Not all functions have inverses, though. An example of a function that is not 
one-to-one is g(x) =x’— 4. If you input 7, you get g(7) = 7’—4=45. But you 
also get 45 if you input -7: g(—7) = (<7) = 4=49-—4=45. From the output 
value, you can’t possibly tell which of the two numbers was the input value. 
This function isn’t one-to-one, so it doesn’t have an inverse. 


Sometimes, you can spot a function that has an inverse, and sometimes that 
quality isn’t so apparent. Here are some fairly obvious clues that you can pick 
up on just by looking at the rule for the function. A function does not have an 
inverse if 


The function rule has an even exponent (not including 0). 
' The function rule has an absolute value symbol. 
' The graph of the function is a horizontal line. 
™ You draw a horizontal line through the graph of the function and that 


line intersects the graph more than once. 


The trig functions all have inverses, but only under special conditions — you 
have to restrict the domain values. | discuss what it means to restrict the 
domain values in Chapter 13. 
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Finding an inverse function 


Not all functions have inverses, and not all inverses are easy to determine. 
Here’s a nice method for finding inverses of basic algebraic functions. 


Using algebra 
The most efficient method for finding an inverse function for a given one-to- 
one function involves the following steps: 

1. Replace the function notation name with y. 

2. Reverse all the x’s and y’s (let every x be y and every y be x). 

3. Solve the equation for y. 


4. Replace y with the function notation for an inverse function. 
For example, to find the inverse function for f (x)= Yx-2+8: 


1. Replace the function notation with y. 
y=¥x-2+8 
2. Reverse the x’s and y’s. 
x=Yy-2+8 
3. Solve for y. 
x-8=Vy-2 
(x-8)=y-2 
(x-8)+2=y 
4. Replace y with the inverse function notation. 
f"™(x)=(x-—8) +2 
Look at how these two functions work. Input 3 into the original function and 


then get the number 3 back again by putting the output, 9, into the inverse 
function. 


1. Replace the x’s with 3 in the function. 
f (3)=73-2+8=71+8=9 

2. Replace the x’s with 9 in the inverse function. 
f-\(9) = (9-8) +2=1+2=3 
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Using new definitions of functions for inverses 


Sometimes you just don’t have a nice or convenient algebraic process that 
will give you an inverse function. Many functions need a special, new rule for 
their inverse. Some examples of these functions are 


Function Inverse 

F(x) =e" Paes) = In x 

8 (x)=log.x g(x)=a" 

h(x) = sin x h-'(x) = arcsinx or sin™'x 
k(x) =tanx k-'(x)=tan™x or arctanx 


If you have a scientific or graphing calculator, you can try out some of 
these functions and their inverses. Use the function f (x) = e* and its inverse, 
f-'(x) =n x, for the following demonstration. 


1. In the calculator, use the e* button (often a 2nd function of the calcu- 
lators) to enter e’. 


The input value here is 3. The answer, or output, comes out to be about 
20.08553692. This value isn’t exact, but it’s good for eight decimal places. 


2. Now take that answer and use the /n button to find In 20.08553692. 


Input 20.08553692 into the /n function. The answer, or output, that you 
get this time is 3. 


Transforming Functions 


Functions and all their properties, characteristics, and peculiarities are of 
interest to mathematicians and others who use them as models for practical 
applications. Using functions to find values or answers to practical problems 
is helpful only if tweaking or slightly changing the functions is reasonably 
simple. Predictable and controlled changes of functions meet this require- 
ment of ease and simplicity. Chapter 19 deals with how the transformations 
affect trig functions. This section gives you a more-general explanation of 
how to tweak your functions. 


Translating a function 


A translation is a slide, which means that the function has the same shape 
graphically, but the graph of the function slides up or down or slides left or 
right on the coordinate plane. 
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Figure 3-1: 
Translations 
up and 
down from 
the function 
y=X. 


Sliding up or down 

Figure 3-1 shows the parabola y = x with a translation 5 units up and a trans- 
lation 7 units down. A parabola is the graph of a second-degree polynomial, 
which means that the polynomial has a power of 2 for one exponent. The 
graph makes a nice, U-shaped curve. 


Think about a function that you use to determine how much money a person 

earns for working a certain number of hours. The amount can slide up or down 
if you add a bonus or subtract a penalty from the amount. Here’s what the sit- 
uation may look like in function notation: 


Translating up C units: f(x)+C 
Translating down C units: f (x)-C 
A person who makes $8 an hour but gets a $50 bonus has a pay function that 


looks like P (h) = 8h + 50. If that same person were penalized $6 for being 
late, the pay function would look like P (h) = 8h-6. 


Sliding left or right 


Figure 3-2 shows the parabola y = x° with a translation 5 units right and a 
translation 7 units left. 
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Figure 3-2: 
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If you use a function to determine how much commission a person earns for 
selling a certain number of computers, the commission can be affected when 
you add or subtract the number of units the person needs to sell. Here’s what 
the situation looks like in function notation: 


Translating left C units: f (x+C) 
Translating right C units: f (x-—C) 


A person who makes $50 commission for every computer sold but gets 
upfront credit for two computers as an incentive has a commission function 
that looks like P (x) =50(x+ 2). On the other hand, a person who has the 
same commission schedule but had two computers returned and starts with 
a deficit has a commission function that looks like P(x) =50(x- 2). 


Reflecting like a mirror 


Two types of transformations act like reflections or flips. One transformation 
changes all positive outputs to negative and all negative outputs to positive. 
The other reverses the inputs — positive to negative and negative to positive. 
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Figure 3-3: 
Reflecting 
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the function 
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Reflecting up and down (outputs changed): —f (x) 
Reflecting left and right (inputs changed): f (—x) 


Figure 3-3 shows reflections of the function y = /x. Reflecting downward puts 
all the points below the x-axis. Reflecting left makes all the input values move 
to the left of the y-axis. Even though it appears that the negatives should go 
under the radical, in fact, the negative in front of the x means that you take 
the opposite of all the negative x’s — which makes them positive. 


A cash register can change inputs to the opposite (negative) numbers by 
taking coupon values that the cashier enters or scans in and changing them 
to negative values before doing the final computations. The graph of this 
process acts as a reflection downward from positive to negative. 


Left and right reflections are a bit harder to describe in terms of a practical 
application. Try this one on for size: If a function tells you how many items a 
machine can produce in a certain number of hours, then inputting negative 
numbers helps you determine how far you have to back up — how many 
hours before a certain date and time — to produce that number of items by 
that date and time. 


f(x) f(x) 


—f(x) 
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Getting Your Degree 


In This Chapter 
)» Measuring angles in degrees 
Putting angles in standard position 


Finding many measures for the same angle 


T°: main idea that distinguishes trigonometry from other mathematical 
topics is its attention to and dependence on angle measures. The trig 
functions (sine, cosine, tangent, cotangent, secant, and cosecant) are ratios 
based on the measures of an angle. What good are degrees (no, not the kind 
that tell you how hot or cold it is) in the real world? Navigators, carpenters, 
and astronomers can’t do without them. How do you measure the degrees? 
You have many ways, dear reader, and I show you all you need to know in 
this chapter. 


Angles, Angles Everywhere: 
Measuring in Degrees 


What’s a degree? When you graduate from college, you get your degree. The 
temperature outside went up a degree. When questioned, you get the third 
degree. All these scenarios use the word degree, but in trigonometry, a degree 
is a tiny slice of a circle. Imagine a pizza cut into 360 equal pieces (what a 
mess). Each little slice represents one degree. Look at Figure 4-1 to see what 
a degree looks like. 
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Figure 4-1: 
One degree 
is 40 of a 
circle. 
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Figure 4-2: 
Some of 

the most 
commonly 
used angles: 
90, 60, 45, 
30, and 15 
degrees. 
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1 degree 
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Slicing a coordinate plane 


The first quadrant is the upper right-hand corner of the coordinate plane. 
(See Chapter 2 for the lowdown on quadrants and coordinate planes.) That 
first quadrant is % of the entire plane. So if a full circle with its center at the 
origin has a total of 360 degrees, then % of it has 90 degrees, which is the mea- 
sure of the angle that the first quadrant forms. Actually, each quadrant mea- 
sures exactly 90 degrees. You can divide each of these 90-degree measures 
evenly by many numbers, and you use those equal divisions frequently in trig, 
because they’re nice, neat divisions. The most frequently used angle mea- 
sures include ” = 45 degrees, * = 30 degrees, and? = 15 degrees. And 
then, twice the 30-degree angle is 60 degrees (another common angle in trig). 


This elite group of angle measures is 0, 15, 30, 45, 60, and 90 degrees. These 
angles and their multiples occupy much of the discussion in trigonometry 
because of their convenience in computations. Figure 4-2 shows sketches of 
some of the angles. 


IBARs = 
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Looking elsewhere for degree measures 


Your first introduction to the idea of measuring angles in degrees probably 
didn’t come from a course in geometry or trigonometry. Most of us are exposed 
to this idea through television or movies. A popular situation in such shows 
involves a plane flying through a storm or at night or with no one but a stew- 
ardess at the controls. A radio transmission from the control tower comes 
crackling through all the static, with an announcer saying, “Turn to a heading of 
40 degrees.” And because the pilot or stewardess remembers her trigonometry, 
she saves the day. Hurray for degrees! 


Another type of situation that you find on television is on The New Yankee 
Workshop starring Norm Abram, where Norm, in all his woodworking grandeur, 
cuts a board at a 30-degree angle so it fits perfectly in a carefully crafted 
wooden bookcase. 


Navigating with degrees 


In navigation and surveying, the bearing or heading is the direction that a 
plane, boat, or line takes. In math speak, this bearing is the angle measured in 
degrees that a ray (a line with one endpoint that extends infinitely in the other 
direction) makes with a second ray that points north. The angle is measured 
in a clockwise direction. (Note, however, that in the standard position in geom- 
etry and trigonometry, you measure angles in a counterclockwise direction.) 
Figure 4-3 shows some bearings. Notice that the direction of the arrow is 
always clockwise. Even though the angles are measured differently from those 
in trigonometry, the angle measures are still the same size — just rotated a bit. 
An angle of 120 degrees is still bigger than a right angle. When you’re familiar 
with the angle sizes, translating into this bearing business is easy. 


=== : 100 
Figure 4-3: *. degrees 
Bearings of 
20 degrees, 
100 degrees, 
and 250 
degrees. 
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Columbus the wizard 


It's a given that trigonometry played a big part 
in navigation and allowed Columbus to find the 


New World. But trigonometry also helped 
him in another way. On his voyages, Columbus 
carried a copy of an almanac created by a 
mathematician—astronomer by the name of 
Johannes Miiller. In the almanac were tables 


giving the relative positions of the sun and moon 
and which determined when and where eclipses 
would occur. Columbus read that a total eclipse 
of the moon would occur on February 29, 1504. 
He took advantage of this information and used it 
to frighten the natives in the New World into sup- 
plying provisions for his ships. 


Now, take a look at Figure 4-4 to see the path of a helicopter pilot who flew 
for 10.5 minutes at a bearing of 36 degrees (which is northeast), then for 13.6 
minutes at a bearing of 144 degrees (which is southeast), and then got back 
to where she started by flying for 14.4 minutes at a bearing of 280 degrees 
(which is west-northwest). 


mae 


Se 
Figure 4-4: 
A helicopter 
pilot's 
course. 
>= a> 


Understanding Norm’s Workshop 


For those who aren’t followers of public television and The New Yankee 
Workshop starring Norm Abram, Norm is a New Englander who does wood- 
working projects with very expensive tools and invites his audience to do 
the same (with not-so-expensive tools). He sets his table saw so it can cut 
a board straight across at a 90-degree angle, or he changes it to cut at any 
other angle. If Norm wants two perpendicular pieces of wood to meet and 
form a right angle, he sets his saw at 45 degrees. Figure 4-5 shows how the 
two pieces of wood fit together. 


Figure 4-5: 
Two pieces 
of wood 
cut at 
45-degree 
angles 
together 
forma 
90-degree 
angle. 
—_——S——— 
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Figure 4-6: 
An 
octagonal 
table and 
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pieces that 
comprises it. 
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If Norm wants to create an octagonal (eight-sided) table from a single piece 
of wood he cuts into eight pieces, then what angles should he cut? More on 
that in a minute. In Figure 4-6, you see an octagonal table constructed of eight 
equal triangles. 


To make his octagonal table, Norm needs eight isosceles triangles, where the 
two long sides are the same length. What are the measures of the angles he 
has to cut? All the way around a circle (and around the middle of the table) 
is 360 degrees, so each triangle has a top angle (the angle at the center of 


the table) that measures 360 which is 45 degrees. The two base angles (those 


at the outer edge of the table) are equal in measure. The sum of the measures 
of the angles of a triangle is 180 degrees, so after subtracting the top angle’s 
45 degrees, you get 135 degrees for the other two angles together. Dividing 
the 135 by 2, you find that the base angles are each 67% degrees. Norm can 
cut all eight triangles from a single piece of wood, because two base angles 
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Figure 4-7: 
Cutting eight 
identical 
triangles out 
of a board. 
=——_— = 


plus a top angle form a straight line. He’ll just put the triangles together dif- 
ferently after cutting them out. And as you can see from Figure 4-7, he doesn't 
have much waste. 


Graphing Angles in Standard Position 


MBER 


Navigators, surveyors, and carpenters all use the same angle measures, but the 
angles start out in different positions or places. In trigonometry and most other 
math topics, you draw angles in a standard, universal position, so that mathe- 
maticians around the world are drawing and talking about the same thing. 


Positioning initial and terminal sides 


An angle in standard position has its vertex at the origin of the coordinate 
plane, as shown in Figure 4-8. Its initial ray (starting side) lies along the posi- 
tive x-axis. Its terminal ray (ending side) moves counterclockwise from the 
initial side. 


If the terminal ray moves clockwise instead of counterclockwise, then the 
measure is a negative value. You often name this type of angle with a Greek 
letter. 


The lengths of the rays that create the angle have nothing to do with the 
angle size. You can extend rays as long as you need them to be, and the angle 
measure won't change. Only the direction of the terminal ray determines the 
angle. 


Measuring by quadrants 


Angles in the standard position are used in calculus, geometry, trigonometry, 
and other math subjects as a basis for discussion. Being able to recognize a 
particular angle by the quadrant its terminal side lies in and, conversely, to 
know which angles have their terminal sides in a particular quadrant is helpful. 
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Terminal Side 
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Figure 4-8: 
An angle in 


Initial Side 


standard 
position. 
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Check out Figure 4-9. Angles in standard position that measure between 0 
and 90 degrees have their terminal sides in Quadrant I. The angles measuring 
between 90 and 180 degrees have their terminal sides in Quadrant II. Angles 
measuring between 180 and 270 have their terminal sides in Quadrant III, and 
those measuring between 270 and 360 have their terminal sides in Quadrant IV. 
/ 
90-180 degrees 0-90 degrees 
Figure el 180-270 degrees 270-360 degrees 
e 
measures of 
angles by 
quadrant. 
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What's Vour Angle? Labeling 
in Various Ways 
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Figure 4-10: 
Angles 

with both 
positive and 
negative 
measures. 
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The terminal side of an angle determines its angle measure. But more than 
one angle has the same terminal side — in fact, an infinite number of angles 
share common terminal sides. 


Using negative angle measures 


If you want your measurement to be positive, you measure angles in standard 
position in a counterclockwise direction. However, angles can have negative 
values, too, as you see in Figure 4-10. You get a negative value when you mea- 
sure angles in a clockwise direction. Therefore, an angle of 300 degrees has the 
same terminal side as an angle measuring —60 degrees. If they have the same 
terminal side, then why don’t they have the same name/size? And which name 
is better? Sometimes you may want to keep the numerical part of the measure 
smaller. For example, picturing an angle of -30 degrees is easier than picturing 
one of 330 degrees. Also, pilots don’t always have the choice as to which direc- 
tion they can turn in, but going 10 degrees in the negative direction makes 
more sense than going 350 degrees — all the way around, practically — in the 
positive direction. One common practice is to name all angles with a number 
that has an absolute value less than 180 degrees. So -60 degrees is often prefer- 
able to 300 degrees. 
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Co-mingling with coterminal angles 


Two angles are coterminal if they have the same terminal side. You have an 
infinite number of ways to give an angle measure for a particular terminal ray. 
Sometimes, using a negative angle rather than a positive angle is more conven- 
ient, or the answer to an application may involve more than one revolution 
(spinning around and around). Angles can have terminal sides that involve 
one or more full revolutions around the origin or terminal sides that go clock- 
wise instead of counterclockwise — or both of these situations can happen. 


More than one revolution 


An angle measuring 70 degrees is coterminal with an angle measuring 430 
degrees (see Figure 4-11). The angle measuring 430 degrees is actually 360 + 70 
(one full revolution plus the original 70). These two angles are also cotermi- 
nal with an angle of 790 degrees (360 + 360 + 70 = 790). This pattern could go 
on and on, with the addition of another 360 degrees each time. 


790 degrees 


430 degrees 


Negative coterminal angles 

An angle of 70 degrees is coterminal with an angle of -290 degrees. Two rota- 
tions in the negative (clockwise) direction give you an angle of -650 degrees 
(-290 - 360 = -650). 
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Renaming angles: So many aliases 


Any angle can have many, many descriptions in terms of angle measures, 
because an angle is equivalent to its coterminal angles. The most frequently 
used positive angle measures are those that measure between 0 and 360 
degrees. Rules for coterminal angles involve adding or subtracting rotations 
(or multiples of 360 degrees). The first equation that follows shows what 
happens when you add a full rotation over and over. The second shows what 
happens when you subtract a full rotation many times. The results are all 
coterminal angles. 


6 — 6+ 360°— 0+ 720°-- 6+ 1080°—... 
6 — 6 — 360°-— 6 — 720°— 6 - 1080°-... 


So an angle measuring 100 degrees is coterminal with the following: 


Adding: 100°— 100°+ 360°-- 100°+ 720°— 100°+ 1080°— ... 
100° 460°— 820° — 1180° 
Subtracting: 100°— 100°- 360°— 100°- 720°— 100°- 1080°— ... 
100° — —260° — -620° — —980° 
Here’s an example: Suppose you want to give new measures for angles of 800 


degrees and -1040 degrees by using an angle measure between 0 and 360 
degrees. 


1. Subtract 360 degrees from 800 until the result is less than 360. 
800° — 800° — 360° = 440° 
440° -- 440° — 360°= 80° 
An angle measuring 800 degrees is coterminal with an angle of 80 
degrees. 

2. Add 360 degrees to -1040 until the result is positive. 


-—1040° — —1040° + 360°= —680° 
— 680° — —680° + 360°= —320° 
—320° — —320° + 360° = 40° 


An angle measuring —1040 degrees is coterminal with an angle of 40 
degrees. 


How about another example? Give new measures for angles of 280 degrees 
and -300 degrees by using coterminal angle measures between —180 degrees 
and 180 degrees. 


Chapter 4: Getting Your Degree 6 7 


1. Subtract 360 from 280. 
280° — 280° — 360°= —80° 


An angle measuring 280 degrees is coterminal with an angle of -80 
degrees. 


2. Add 360 to -300. 
—300° — —300° + 360° = 60° 
An angle measuring —300 degrees is coterminal with an angle of 60 
degrees. 


The angle measure that you want depends on what form you want the answer 
to be in. Sometimes, you only want a positive angle measure. And if you're a 
pilot, you certainly don’t want to be given an angle or heading of 2000 degrees. 
You'd be spinning around until you were dizzy! 
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Dishing Out the Pi: Radians 


In This Chapter 
Defining a radian 
Converting degrees to radians and vice versa 
Seeing situations where using radians is best 


A person’s first introduction to angles is usually in terms of degrees. You 
probably have an idea of what a 30-degree angle looks like. (If not, review 
Chapter 4.) And even most middle-school students know that a triangle con- 
sists of 180 degrees. But most of the scientific community uses radians to 

measure angles. Why change to radians? Why fix what ain’t broke? Read on. 


What's in a Radian? 


A radian is much bigger than a degree. Early mathematicians decided on the 
size of a degree based on divisions of a full circle. A degree is the same as a 
slice of 460 of a circle. No one knows for sure how the choice of 360 degrees in a 
circle came to be adopted. In any case, 360 is a wonderful number, because you 
can divide it evenly by so many other numbers: 2, 3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 
24, 30, 36, 40, 45, 60, 72, 90, 120, 180, and 360. The early measures of time and 
distance relied on having convenient numbers to work with. A radian, on the 
other hand, isn’t quite as nice as far as being a whole number. Radians proba- 
bly were developed because mathematicians wanted to relate the angle mea- 
sure more to the radius or size of the circle. A circle has 27 radians (a little 
more than six radians). A radian is almost % of a circle — it’s a little more than 
57 degrees. Figure 5-1 compares a degree with a radian. 
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Figure 5-1: 
A degree is 
a 4eo slice. 
Aradian is 
more than a 
¥ slice. 
ee 


1 degree 


Relating to a circle 


The big advantage of using radians is that they’re the natural measure for 
dividing up circles. If you took the radius of a circle and bent it into an arc 
that lies along the circle, you would need a little more than six of them to go 
all the way around the circle. This fact is true of all circles. An angle measur- 
ing one radian would go through the two ends of one of those radii on the 
circle. The circumference of any circle is always a little more than three times 
the diameter of that circle — x times the diameter, to be exact. Another way 
of saying this is 2x times the radius. That number may seem nicer and more 
civilized than the big number 360, but the disadvantage is that m doesn’t have 
an exact decimal value. Saying 27 radians (which is equal to 360 degrees) 
means that each circle has about 6.28 radians. Even though radians are the 
natural measure and always relate to the radius and diameter, the decimal 
values get a bit messy. 


Each of these measures has its own place. Measuring angles in degrees is 
easier, but measuring angles in radians is preferable when doing computations. 
The radian is more exact because the radius, circumference, or area of the 
circle is involved. Even though z doesn’t have an exact decimal value, when 
you use multiples of z in answers, they’re exactly right. I show you an exam- 
ple of using 7 as part of an answer in “Making a Clone of Arc,” later in this 
chapter. 


Converting degrees and radians 


Many math problems require changing from degrees to radian measures or 
vice versa. You often perform mathematical computations in radians, but then 
convert the final answers to degrees so the answers are easier to visualize 
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and comprehend. You can use a nifty little proportion to change from degrees 
to radians or radians to degrees. In this proportion, the Greek letter theta, 9, 
represents the name of the angle. Putting the superscripts o and R on 9 makes 
the angle stand for the measure in degrees and radians, respectively. 


EO” U8 
180 % 
This proportion reads: “The measure of angle @ in degrees divided by 180 is 


equal to the measure of angle @ in radians divided by x. Remember that z is 
about 3.141592654. 


The computation required for changing degrees to radians and radians to 
degrees isn’t difficult. It has a few tricks, though, and the format is important. 
You don’t usually write the radian measures with decimal values unless 
you ve multiplied through by the decimal equivalent for 1. 


Changing degrees to radians 
To change a measure in degrees to radians, start with the basic proportion for 


ae 
the equivalent angle measures: 180 7%" 


For example, here’s how you change a measure of 40 degrees to radians: 


1. Put the 40 in place of the 6° in the proportion. 


40 _ 6" 
180 *% 


2. Reduce the fraction on the left. 


gg 
en an 


3. Multiply each side of the proportion by 7. 


7 eens 
RG = ar 


4. Simplify the work. 


Tt 


20 _ gr 
9 79 


This example shows that 40 degrees is equivalent to a radians. You leave 


the radian measure as a fraction reduced to lowest terms. 


Check out another example: Change a measure of -36 degrees to radians. 


1 


ies 
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1. Put the -36 in place of the 0° in the proportion. 


-36 _ 6° 
180 7& 


2. Reduce the fraction on the left. 


eo 
Eee 
3. Multiply each side of the proportion by 7. 
R 
n(-3) = 
4, Simplify the work. 


eye 
5 = 9 


So you see, —36 degrees is equivalent to — 5 radians. Having a negative angle 


is fine (see Chapter 4 for more on negative angles). You leave the expression 


as a fraction; don’t change it to a decimal form. 


Changing radians to degrees 


You use the same basic proportion to change radians to degrees as you do 


for changing degrees to radians. 
For example, to change > to a degree measure: 


1. Put the radian measure in place of the 9° in the proportion. 


Te 
ace 104 
180° % 


2. Simplify the complex fraction on the right by multiplying the numera- 


tor by the reciprocal of the denominator. 


KG ope Toael 
180 12 7% 
i: ee 
180 12 


3. Multiply each side of the proportion by 180. 


OE dy 
180-755 = 75° 180 


4. Reduce and simplify the fraction on the right. 


ree Ree 
Ge 12 =15 


So 15 radians is equivalent to 15 degrees. 
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Just a minute 


A full circle contains 360 degrees. If you want minutes and seconds is with one tick mark (') for 
just a part of adegree — and adegreeis already minutes and two tick marks (“) for seconds. So 
pretty small — you can say you have % of a youread the degree measure 15°45'27" like this: 


degree or 0.50fadegree, oryoucanuse another “Fifteen degrees, 45 minutes, and 27 seconds.” 
division. You can divide one degree into 60 min- _ Ever since the advent of handheld calculators, 
utes, and you can divide each minute into 60 people don’t use this measure much anymore. 
seconds. So, mathematically, a degree has 3600 The decimal breakdown of a degree is more 
subdivisions — you can break it down into 3600 —_—universally accepted. 

seconds. The way you denote the number of 


Here’s another example: Change 1.309 radians to degrees. 


I changed this radian measure to a decimal by multiplying through by a deci- 
mal equivalent of x, which is approximately 3.1416. You use this same deci- 
mal equivalent to solve the problem. 


1. Put the radian measure in place of the 0° in the proportion. 


16m 1309 
180 Tt 

2. Change the x to a decimal approximation. In this case, I used four dec- 
imal places. 


ce ee) 


180 3.1416 
3. Multiply each side of the proportion by 180. 


° 


1309, 
180-799 = 31416 180 


4. Reduce the fractions, and simplify the value on the right. 
ees 
0°= 12 180 
G=75" 
This result came out to be a nice number. Sometimes, however, you have 


a decimal answer for the degrees. Actually, you get a decimal more than 
sometimes — you usually get one. 
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Highlighting favorites 

The favorite or most used angles are those that are multiples of 15 degrees, 
such as 30, 45, 60, and 90 degrees. Putting these angles into the proportion 

for changing degrees to radians gives a nice set of angles in radian measure. 


First, look at what happens when you replace @° with 30: 


30 _ 6" 
180 & 
5 a 
6 

ae 
TCR 
x =6 


An angle of 30 degrees is equivalent to & radians. You get a simple fraction 


with a 7 on the top and a nice, small 6 on the bottom. 


You get similar results with the other angles: 


. = . 5 oR 
45°— 7, 60°— 3, 90°— 5 


Radian measures with denominators of 2, 3, 4, and 6 are used most frequently. 


Making a Clone of Are 


The biggest advantage of using radians instead of degrees is that a radian is 
directly tied to a length — the length or distance around a circle, which is 
called its circumference. Using radians is very helpful when doing applica- 
tions involving the length of an arc of a circle, which is part of its circumfer- 
ence; measuring the sweep of a hand on a clock; and finding distance in 
navigation problems. 


The problems in this section give you a good sampling of situations where 
using radians is your best bet. Of course, all these problems presume that 
you can make accurate measurements of the variables you can measure. But 
trigonometry does open the door to solving practical problems that aren’t 
doable any other way. 
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Taking chunks out of circles 


The examples in this section use parts of circles. A part of a circle may be an 
arc, a diameter (not really a physical part, but a measure), a sector (a piece 
of the inside), or the center. The measures usually start out in degrees, and | 
change them to radians, when necessary, to complete the problem. 


Scanning with a radar 


A radar scans a circular area that has a radius of 40 miles. In one second, it 
sweeps an arc of 60 degrees. What area does the radar cover in one second? 
In five seconds? Look at Figure 5-2, which shows a sweep of 60 degrees. 


60° 


——Sse 
Figure 5-2: 
A radar 
sweep of 60 
degrees. 
Pa ee ae] 


Here’s how you solve this problem: 


1. Find the area of the circle. 
Use the formula for the area of a circle, A = mr’. Putting the 40 in for the 
radius, r, you get mr°= 1 (40) = 1600 x ~ 5026.548 square miles. 

2. Divide by the portion of the circle that the sweep covers. 


The sweep of 60 degrees is only % of the entire circle, so you figure the 
area that the sweep covers by dividing the entire area by 6. The result- 


ing area is suns = 837.758 square miles, which is the area the radar 


scans in one second. To get the area covered in five seconds, multiply 
that result by 5 to get 4188.790 square miles. 
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The preceding problem works out nicely, because the number of degrees is a 
convenient value — it’s a fraction of the circle. But what if the number doesn’t 
divide evenly into 360? For example, what if the radar sweeps an angle of 76 
degrees in one second? 


In general, if the angle is given in degrees, then the part of a circle that the 
angle in degrees 


angle sweeps is ——-<\. ae Take the fraction for that part of the circle 
and multiply it by the area, nr’. A fancy name for this part of a circle is sector. 


Keep the following formulas in mind when you're trying to find the area of a 
sector: 


2 


Using degrees: Area of sector= aa Tr 


Or if you’re working with radians: 


R R R 2 
te = Oe Rr? = @ a = Area of sector 


For example, to find the area of the radar sweep in the preceding example 
when the radar sweeps 76 degrees per second: 


1. Put 76 in for the 0° and 40 for the radius in the formula for the area of 
a sector. 


Area of sweep= in, -1(40) 


2. Multiply and divide to simplify the answer. 


Area of sweep = 121,600" eer = 1,061,160 


To demonstrate this radar-sweep calculation if you’re given measurements in 


radians, find the area of the radar sweep if the sweep is = radians (which is 
60 degrees). 


1. Put z in for the 6° and 40 in for the radius. 


grr? 3 (40) 
DL 2 
2. Multiply and divide to simplify the answer. 


Area of sweep = 


a 
3 1600 


Area of sweep = = femals = 837.758 
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Figure 5-3: 
Sliced 
pizzas — 
which slices 
are bigger? 
SE 


Compare this result with the computation for the sweep of 60 degrees, earlier 
in this section. 


Sharing pizza 


Some fraternity brothers want to order pizza — and you know how hungry 
college men can be. The big question is, which has bigger slices of pizza: a 12- 
inch pizza cut into six slices, or a 15-inch pizza cut into eight slices? Figure 5-3 
shows a 12-inch and a 15-inch pizza that are sliced. Can you tell by looking at 
them which slices are bigger — that is, have more area? 


O OS 


The 12-inch pizza is cut into six pieces. Each piece represents an angle of 
60 degrees, which is = radians, so you find the area of each sector (slice) 


by using the formula for the area of a sector using radians and putting 
the 6 in for the radius of the pizza with a 12-inch diameter. The answer is 


q. 

O°. r? - 3 36 : 12n 
Z Z Z 

plier of m just so you can compare the sizes between the two pizzas — 


they'll both have a multiplier of m in them.) 


= 6m square inches. (I leave the answer with the multi- 


The 15-inch pizza is cut into eight pieces. Each piece represents an angle of 


45 degrees, which is ri radians, so, letting the radius be 7.5 this time, the area 
qT 


96.25 
of each sector is oF = ae = ree = 7.03125n square inches. This 


result doesn’t tell you exactly how many square inches are in each slice, but 
you can see that a slice of this 15-inch pizza has an area of 7.031252 square 
inches, and a slice of the 12-inch pizza has an area of 6m square inches. The 
15-inch pizza has bigger pieces, even though you cut it into more pieces than 
the 12-inch pizza. 


1/ 
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Sweeping hands 


I discuss two scenarios in this section: the minute hand of a clock sweeping 
across the clock’s face and the hand of a rider on a Ferris wheel as it whooshes 
through the air. These examples use the formula for arc length, which is the dis- 
tance around part of a circle. 


You find the length of an arc of a circle, s, by using the following formula, 
where the measure of the angle is in radians, and r stands for the radius of 
the circle: s=r0*. 


Riding the minute hand 


Suppose a ladybug settled onto the tip of a tower clock’s minute hand. The 
minute hand is 12 feet long. How far does the ladybug travel from 3:00 until 
3:20? 


1. Calculate how many degrees the minute hand swings in 20 minutes. 


Twenty minutes is 7% or ¥ of an hour. Translate that fraction into 
degrees, and you get % of 360, or 120 degrees. 


2. Convert degrees to radians. 


The formula for arc length uses angles in terms of radians, so you 
first need to change 120 degrees to radians. Using the proportion for 
changing from degrees to radians and reducing the fraction on the left, 


° R R 
ay = ae = “4 multiply each side of the equation by 7m. The final 
result for the angle measure is 0* = a. 


3. Calculate the answer by using the formula for the length of the arc. 


Enter the angle in radians, and enter 12 (feet), which is the length of 
the minute hand, for the radius. Your computations should look like 


s=0*-r= z - 12 = 8n, which is the distance the ladybug traveled, about 
25.13 feet. 


Riding the Ferris wheel 


I don’t usually care for Ferris wheels and heights, but on the rare occasions 
when someone does talk me into riding one, I have to face my least favorite 
part of the whole event: coming down the front of the wheel (I call this part 
the front of the wheel because you can’t see the ground below you). Take a 
look at Figure 5-4. If a Ferris wheel has a 60-foot diameter, how far do you 
travel from the top of the wheel, halfway down to the bottom? 
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or 
Figure 5-4: 
Riding down 
the front 

of a Ferris 
wheel. 
—s es 


A circle with a 60-foot diameter has a 30-foot radius. From the top to the front 
of the wheel is % of the circle, which is 90 degrees. In radians, 90 degrees is 5 


(see the section “Highlighting favorites,” earlier in this chapter). Using the for- 
mula for arc length and putting in the radian measure and the radius of 30 feet, 


the distance is s = 9°: r= a - 30 = 151, which is about 47.12 feet. 


Going out and about 


One of trigonometry’s great qualities is that it lets you measure things that 
you can’t get at or, in the case of the racetrack example in this section, things 
that you don’t want to get close to. A circle and its angles have all sorts of 
applications both on earth and above. 


Measuring the distance to the moon 

One of the earliest applications of trigonometry was in measuring distances 
that you couldn't reach, such as distances to planets or the moon or to places 
on the other side of the world. Consider the following example. 
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Figure 5-5: 
A person on 
the earth 
sights the 
two sides of 
the moon. 
=a. 


The diameter of the moon is about 2160 miles. When the moon is full, a person 
sighting the moon from the earth measures an angle of 0.56 degrees from one 
side of the moon to the other (see Figure 5-5). 


0.56 degrees C) | 2160 


Earth Moon 


To figure out how far away the moon is from the earth, consider a circle with 
the earth at the center and the circumference running right through the center 
of the moon, along one of the moon’s diameters. The moon is so far away that 
the straight diameter and slight curve of this big circle’s circumference are 
essentially the same measure. The arc that runs through the moon’s diameter 
has an angle of 0.56 degrees and an arc length of 2160 miles (the diameter). 
Using the arc-length formula, solve for the radius of the large circle, because 
the radius is the distance to the moon. To solve for the radius: 


1. First, change 0.56 degrees to radians. 


R 
O38 - & 9*= 0960 ~ 0.00977 


2. Input the numbers into the arc-length formula, s = 6*-r. 


Enter 0.00977 radians for the radian measure and 2160 for the arc length: 
2160 = 0.00977: r. 


3. Divide each side by 0.00977. 


The distance to the moon is r= 2160 


0.00977 = 221,085 miles. 


Racing around the track 


A race car is going around a circular track. A photographer standing at the 
center of the track takes a picture, turns 80 degrees, and then takes another 
picture 10 seconds later. If the track has a diameter of ¥ mile, how fast is the 
race car going? Figure 5-6 shows the photographer in the middle and the car 
in the two different positions. 


How fast is the car going? Where does the problem make any mention of 
speed? Actually, in this situation, the car travels partway around the track in 
10 seconds. If you can find out how far the car goes in that time, then you can 
figure out the car’s speed by using the distance formula, where distance is 
equal to rate multiplied by time. 
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Photographer 


——_S 
Figure 5-6: 
A car races 
around the 
track. 
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& A formula that you'll find mighty helpful is the one that says distance equals 
rate multiplied by time, where rate is miles per hour (or feet per second or 
some such measure), and time is the same measure as in the rate: 


d=r-t. 


1. First, change the 80 degrees to radians. 


You end up with i radians. 


2. Input the numbers in the arc-length formula. 
Putting in the radian measure and the radius of the track (% mile), you 
get arc length= e ; = 3 = 0.349 mile, which is the distance the car 
traveled in 10 seconds. 

3. Multiply this result by 6 to get miles traveled in a minute. 
This calculation gives you 2.094 miles per minute. 

4. Then multiply that number by 60 to get miles traveled in one hour. 


This calculation gives you 125.64 miles. So the car is traveling about 
125 mph. 
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In This Chapter 
Examining right triangles 
Solving for lengths with Pythagoras’s theorem 
Defining special right triangles that make life easier 


[ive are classified in many ways. One way of distinguishing one trian- 
gle from another is to use angle measurements. Because a 90-degree angle 
is called a right angle, you use the same terminology for a triangle with a right 
angle in it. This type of triangle is called a right triangle. And that’s all right. 


The measures of the sides of right triangles determine the values of the trig 
functions. And those trig functions (along with the right triangles) are really 
handy when it comes to solving problems such as “Just how high is that tree?” 
The special properties of a right triangle — some credited with Pythagoras — 
make them very useful in trigonometry and other math areas. 


Sizing Up Right Triangles 


If you’re looking at their angles, triangles can be right, acute, or obtuse. Right 
triangles have been of great interest for centuries. They’re the basis for stud- 
ies in navigation, astronomy, surveying, and military engineering. 


What's so right about them? 


A right triangle has a right angle in it. But it can only have one right angle, 
because the total number of degrees in a triangle is 180. If it had two right 
angles, then those two angles would take up all 180 degrees; no degrees 
would be left for a third angle. So in a right triangle, the other two angles 
share the remaining 90 degrees. 
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Figure 6-1: 
Right 
triangles 
come in 
many 
shapes. 
Se 
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Right triangles can come in all sorts of shapes, but they all have that corner, 
where the right angle sits. In Figure 6-1, you see that in all the triangles, the 
right angle has two sides that are perpendicular to one another. The other 
two angles are acute angles (meaning they’re less than 90 degrees). 


The anatomy of a right triangle 


Right triangles are a familiar sight — not just in geometry classes. Carpenters 
have tools for measurement that are right triangles. Architects who design by 
hand (rather than on a computer) draw with right-triangle templates. Even 
though the focus in a right triangle is the right angle, a right triangle actually 
has six different parts: three angles and three sides. Now, this fact is true of 
any triangle, but right triangles have special names for these parts. Having 
special names is necessary because so many properties, theorems, and appli- 
cations using right triangles are out there, and the names make talking about 
and explaining the triangles more clear. 


Figure 6-2 shows a typical right triangle labeled with capital letters and lower- 
case letters. Since the time of Leonard Euler, the famous Swiss mathematician, 
this type of labeling has been the tradition. You use lowercase letters to mark 
the sides of the triangle and capital letters to mark the vertex (angle) opposite 
the side with the corresponding lowercase letter. 


The little square at the vertex C shows that the two sides meeting there are 
perpendicular at that vertex — that’s where the right angle is. The side c, 
opposite the right angle, is called the hypotenuse. The other two sides, a and 
b, are called the legs. The hypotenuse is always the longest side, because it’s 
opposite the largest angle. 
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Squaring the corners 


Over 20 years ago, my spouse and | selected 
house plans that we liked and started all the 
processes needed to build our new house. We 
didn’t have all that much money, so we did as 
much as we could by ourselves. After the lot was 
cleared of bushes and weeds, we went there 
with pegs and string to lay out the foundation. 
The backhoe was due the next day to dig the 
hole for the basement. With blueprints in hand, 
we had all the measurements — how long each 
side was to be. A tape measure gave us accu- 
rate measures for lengths, but what about the 
right angles? A school protractor isn’t big enough 
to make those corners square. We used a 


—— 
Figure 6-2: 


Parts of 
a right 
triangle. 
C b A 


method called squaring the corners. We knew 
that some nice measures for the three sides of a 
right triangle are 3, 4, 5 or 6, 8, 10. Ata corner in 
question, we would pick a point on one string 
that was 4 feet from the peg and a point on the 
other string that was 3 feet from the peg. Then 
we'd measure diagonally from each of those 
points. If the diagonal measure didn’t come out 
to be 5 feet, then we didn’t have a right angle — 
the corner wasn't square. It took a lot of peg 
moving, but we got the foundation laid out accu- 
rately. The house is still standing — in fact, we 
still live in it— so | quess we did a good job. 


In Figure 6-2, the angle at vertex C is the right angle, and the other two angles, 


A and B, are acute angles. If the measures of the angles at A and B are the same, 


then they’re each 45 degrees, and the triangle is isosceles. If that’s the case, 
then the lengths of the sides a and D are the same also. 


If the angle at vertex A is bigger than that at vertex B, then side a is longer 
than side b. The measures of a triangle’s angles have a direct relationship to 
the lengths of the sides opposite them. 
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Complementary angles 


Complementary angles don't say to one another, 
“Oh, how acute you are!” This term indicates 
that the measures of two angles add up to 90 


degrees. Indicating whether two angles are 
complementary may not seem to be a big deal, 
but having complementary angles can create 


In a right triangle, the biggest angle is always 90 
degrees. So the remaining two angles have 90 


- degrees to share, which means that they're 


complementary angles. lf angle A measures 25 
degrees, then angle B must be 65 degrees, 
because 90 — 25 = 65. 


some interesting situations when you use their 
function values. Find out more in Chapters 10 
and 11. 


Pythagoras Schmythagoras: 
Demystifying the 
Pythagorean Theorem 


Pythagoras was a Greek mathematician who lived around 570 B.c. Even with 
the relatively primitive tools at his disposal, he was able to discover and for- 
mulate a theorem, or rule, that became one of the most well-known in all of 
mathematics: the Pythagorean theorem. 
gotten 
& The Pythagorean theorem says that if a, b, and c are the sides of a right trian- 
gle, as shown in Figure 6-3, and if c is the side opposite the right angle, then 
their lengths have the following property: a’?+ b’=c’. 


La ae 
Figure 6-3: 
The sides of 
this right Cc 
triangle are 
labeled 

as in the 
Pythagorean 
theorem. 
a b 
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Have you heard the one about the 
squaw on the hippopotamus? 


The first time | heard this joke was on a Chicago 
radio station in the 1960s. The disc jockey was 
Howard Miller — as many Chicagoans will 


agree, a man before his time. Who else could 
get away with telling a math joke on morning 
radio? The joke goes as follows: There was an 
Indian tribe with the usual hierarchy of braves, 
chiefs, and squaws. Two of the braves had 
squaws who were expecting papooses. The 
chief's squaw was also expecting a papoose. 


The squaws of the braves sat working on buffalo 
hides, grinding corn and doing what squaws do. 
But the squaw of the chief sat on a hippopota- 
mus hide to do her daily chores. The happy days 
arrived; the papooses were born. The squaws 
of the two braves each had sons. And the 
squaw of the chief had twin sons. The moral of 
this story is “The squaw on the hippopotamus is 
equal to the sons of the squaws on the other 
two hides.” Yes, I'm sure you're groaning. 
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You can work backwards with the Pythagorean theorem, too. For example, if 
you don’t know what type of triangle you have, and the sides of a triangle are 
3, 4, and 5 units in length, then the triangle must be a right triangle, because 


37+ 4?= 5? 
9+ 16 =25 


The sum of the squares of the two shorter sides, which are called the legs, is 
equal to the square of the longest side, which is called the hypotenuse. 


Hitting a Pythagorean triple 


A Pythagorean triple is a list of three numbers that fits the Pythagorean 
theorem — the square of the largest number is equal to the sum of the 
squares of the two smaller numbers. The multiple of any Pythagorean triple 
(multiply each of the numbers in the triple by the same number) is also a 
Pythagorean triple. They seem to reinvent themselves. 
- Familiarizing yourself with the more frequently used Pythagorean triples is 
very helpful. If you recognize that you have a triple, then working with appli- 
cations is much easier. 


Table 6-1 shows some of the most common Pythagorean triples and some of 
their multiples. 
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Table 6-1 Common Pythagorean Triples 
Triple Triple x 2 Triple x 3 Triple x 4 
3, 4,5 6, 8, 10 9, 12, 15 12, 16, 20 
5, 12, 13 10, 24, 25 15, 36, 39 20, 48, 52 

7, 24, 25 14, 48, 50 21, 72,75 28, 96, 100 
9,40, 41 18, 80, 82 27, 120, 123 36, 160, 164 
11, 60, 61 22, 120, 122 33, 180, 183 44, 240, 244 


Here’s how to check out a triple by using the Pythagorean theorem. Try out 
the triple 9, 40, 41: 


1. Replace a, b, and c with 9, 40, and 41, respectively. 
9’°+ 40’= 41° 
81+ 1600 = 1681 
2. Then replace a, b, and c with the 9-40-41 triple multiplied by 3 (27, 
120, 123). 
27°+ 120’= 123? 
729 + 14,400 = 15,129 


Solving for a missing length 


One of the nice qualities of right triangles is the fact that you can find the 
length of one side if you know the lengths of the other two sides. You don’t 
have this luxury with just any triangle, so count your blessings now. 


Practicing on triangles 


The Pythagorean theorem states that a*+ b’=c’ ina right triangle where c 
is the longest side. You can use this equation to figure out the length of one 
side. Figure 6-4 shows two right triangles that are each missing one side’s 
measure. 


In the left triangle in Figure 6-4, the measure of the hypotenuse is missing. 
Use the Pythagorean theorem to solve for the missing length. 


1. Replace the variables in the theorem with the values of the known 
sides. 


48°+ 14?=c’ 
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Eee. 
Figure 6-4: 
Solving for 

the missing bs 33 
sides. 


2. Square the measures and add them together. 
2304+ 196 =c’ 
2500= c’ 
3. Find the square root of the sum. 


/2500 = /c? 


50 =c 
The length of the missing side, c, which is the hypotenuse, is 50. 


The triangle on the right in Figure 6-4 is missing the bottom length, but you 
do have the length of the hypotenuse. It doesn’t matter whether you call the 
missing length a or b. 


1. Replace the variables in the theorem with the values of the known 
sides. 
337+ b’= 183° 
2. Square the measures, and subtract 1089 from each side. 
1089 + b* = 33,489 
b’ = 32,400 
3. Find the square root of the difference. 


Jb’ = /32,400 


b = 180 
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Se 
Figure 6-5: 
Finding the 

distance 
across 

a pond. 
i a= 


The length of the missing side is 180 units. That’s not much shorter than the 
hypotenuse, but it still shows that the hypotenuse has the longest measure. 


Finding the distance across a pond 


Trigonometry is very handy for finding distances that you can’t reach to mea- 
sure. Imagine that you want to string a cable diagonally across a pond (so you 
can attach a bunch of fishing line and hooks). The diagonal distance is the 
hypotenuse of a right triangle. You can measure the other two sides along the 
shore. Figure 6-5 shows the pond and the imaginary right triangle you use to 
figure out how long your cable needs to be. 


The two sides of the triangle that you can measure, the height and the width 
of the pond, are 40 feet and 96 feet. These are the two legs of a right triangle. 
Use the Pythagorean theorem to solve for the hypotenuse, which is the diago- 
nal distance across the pond. 


1. Replace the variables in the theorem with the values of the known 
sides. 
40°+ 96?=c’ 
2. Square the measures, and add them together. 
1600 + 9216 =c’ 
10,816 = c? 


3. Find the square root of the sum. 


/10,816 = Jc’ 


104=c 


The diagonal across the pond is 104 feet. String up your cable, and go fishing! 
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In a League of Their Own: 
Special Right Triangles 


Right triangles are handy little suckers. The relationship between the lengths of 
the sides helps you measure lengths that you can’t reach. And just when you 
think that math can’t get any better, along come two triangles that are the cat's 
meow. One of them is an isosceles right triangle. The two legs are the sarne. and 
the hypotenuse is always a multiple of their length. The other special right tri- 
angle has one side half as long as the other. These two triangles are very useful. 
because the angle measures in them are some of the most popular. 


30-60-90 right triangles 


A 30-60-90 right triangle has angles measuring just what the name says. The 
two acute, complementary angles are 30 and 60 degrees. These triangles are 
great to work with, because the angle rneasures, all being multiples of 30, have 
a pattern, and so do the measures of the sides. Oh. yes. the Pythagorean the- 
orem still holds — you have that relationship between the squares of the sides. 
But a, b, and c are related in another way, too. In a 30-60-90 right triangle. if a 
is the shortest side, then the hypotenuse, the longest side. measures twice 
that, or 2a. You can use 2a instead of the letter c. And the middle length is 
da a, or about 1.7 times as long as the shortest side; this number replaces 
the letter b. The particularly nice part about this triangle is that you can write 
all three sides in terms of one variable, a. Look at how these lengths fit into 
the Pythagorean theorem: 


a’+(/3a) =(2ay 
a’ + 3a’ = 4a’ 


Figure 6-6 shows the 30-60-90 right triangle. 


Here’s a sample problem you can solve by taking advantage of the special 
relationships within a 30-60-90 right triangle: If the hypotenuse of a 30-60-90) 
right triangle is 8 units long, then how long are the other two sides? 


1. Find the length of the shorter leg. 


The hypotenuse is twice as long as the shorter leg. a. So 8 = 2a. Divide 
by 2, and you get a = 4. 


2. Find the length of the longer leg. 


The longer leg is /3 a, so multiply /3 times 4 to get 4 /3. or about 6.9 
units. 


J2 
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Figure 6-6: 
A 30-60-90 

right 
triangle and 
an isosceles 
right 
triangle. 

cc > ae 2 


2a 
90° 60° 90° 45° 


Isosceles right triangles 


The other special right triangle is the isosceles right triangle, or the 45-45-90 
right triangle. The two acute angles are equal, making the two legs opposite 
them equal, too. What’s more, the lengths of those two legs have a special 
relationship with the hypotenuse (in addition to the one in the Pythagorean 
theorem, of course). In an isosceles right triangle, if the legs are each a units 
in length, then the hypotenuse is /2 a, or about 1.4 times as long as a leg. 
Figure 6-6 shows a sample isosceles right triangle. 


Now that you know how isosceles right triangles work, try your hand at this 
sample problem: If an isosceles right triangle has a hypotenuse that’s 16 units 
long, then how long are the legs? 


1. Create an equation to solve. 


The hypotenuse is /2.a, where a is the length of the legs. You know that 


the hypotenuse is 16, so you can solve the equation /2 a = 16 for the 
length of a. 


2. Solve for a. 


Divide each side by the radical to get 
/2a_16 
ie SP 

16 16 2 _ 16/2 _ 
Pi a ee ae 


Each leg is about 11.3 units. 
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HERE IF I SUBSCRIBE TO THIS MAGAZINE, THEY’LL SEND ME A 
TOP CLEATOR, DESKTOP CALCULATCR'?./ WHOOAA= WHERE HAVE I BEEN ef! 


In this part... 


ou start with the right triangle and the definition of 


the six trig functions using the sides of that triangle. 
Then your horizons expand as you discover how to use 
these same trig functions with a circle. Just to keep you 
grounded, I provide some down-to-earth trig applications. 


Chapter 7 
Doing Right by Trig Functions 


In This Chapter 


Understanding the three basic trig functions 

Building on the basics: The reciprocal functions 
Recognizing the angles that give the cleanest trig results 
Determining the exact values of functions 


B: taking the lengths of the sides of right triangles or the chords of cir- 
cles and creating ratios with those numbers and variables, our ances- 
tors marked the birth of trigonometric functions. These functions proved to 
be of infinite value, as they allow you to use the stars to navigate and to build 
bridges that won’t fall. If you’re not into navigating or engineering, then you 
can use the trig functions at home to plan that new addition. They’re a staple 
for students going into calculus. 


The six trig functions require one thing of you — inputting an angle measure — 
and then they output some numbers. These outputs can be any real numbers, 
from infinitely small to infinitely large and everything in between. The results 
you get depend on which function you use. Although some of the earlier com- 
putations were rather tedious, today’s hand-held calculators make everything 
much easier. 


SohCahToa to the Rescue: 
How Trig Functions Work 


What or who is SohCahToa — an Italian pasta dish, an American Indian 
princess, or some new miracle drug, perhaps? Actually, none of the above. 
Some clever math teacher made up this word in order to help students remem- 
ber the trig ratios. The word then got around. Before | explain SohCahToa, 
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Figure 7-1: 
The acute 

angle @ 
determines 
the names 
of the right 
triangle’s 
sides. 

| — ae, 


you need to know what the letters stand for. You can see the letters S, C, and 
T for the trig functions sine, cosine, and tangent. The lowercase letters repre- 
sent their ratios in a right triangle. 


The name game: A right 
triangle’s three sides 


A right triangle has two shorter sides, or legs, and the longest side, opposite 
the right angle, which is always called the hypotenuse. The two shorter sides 
have some other special names, too, based on which acute angle of the tri- 
angle you happen to be looking at. 


In reference to acute angle @ (see Figure 7-1), the leg on the other side of the 
triangle from @ is called the opposite side. That opposite side isn’t along one 
of the rays making up the angle. The other leg in a right triangle is then called 
the adjacent side. Adjacent means “next to,” and in the case of right triangles, 
the adjacent side helps form the acute angle along with the hypotenuse 
because it lies along one of the angle’s rays. 


hypotenuse hypotenuse 


adjacent opposite 


a | 
opposite adjacent 


The six ratios: Relating the three sides 

Each of the three sides of a right triangle — hypotenuse, opposite, and 
adjacent — has a respective length or measure. And those three lengths or 
measures form six different ratios. Check out Figure 7-2, which has sides of 
lengths 3, 4, and 5. 


The six different ratios that you can form with the numbers 3, 4, and 5 are 
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How far to the moon? 


Hipparchus lived from about 190 to 120 B.c. Also 
known as Hipparchus of Nicaea, he did his 
astrological observations from Rhodes between 
146 and 127 8.c. He was the first astronomer to 
compile a catalog of 850 stars, well before tele- 


scopes were available, and his computations 
were remarkably accurate. He obtained mea- 
surements of the length of the year and the dis- 
tance to the moon. To measure the distance to 
the moon, Hipparchus and a colleague each 
observed a solar eclipse — a total eclipse at 
Syene and a partial eclipse at Alexandria, 


Figure 7-2: 
A right 5 
triangle with 
sides of 
lengths 3, 4, 
and 5. a 


These six fractions are all that you can make by using the three lengths of the 


where % of the sun was blocked. Using angles 
and the distance between the two cities, thus 
creating an imaginary triangle with the lines of 
sight from those two cities to the moon, he was 
able to make his calculations. The trig ratios he 
used were on a big scale, but it doesn’t matter 
how large the triangle is, because the trig func- 
tions for the angles don't change with the tri- 
angle’s size. Hipparchus is commemorated by 
having a moon crater, a Mars crater, and an 
asteroid named after him. 


sides. The ratios are special because they represent all the possible output 
values of the trig functions for the acute angles in that triangle — in short, 

you can figure out the value of an unknown angle in a right triangle just by 

computing a trig function of one of these ratios. 


The sine function: Opposite 


over hypotenuse 


When you're using right triangles to define trig functions, the trig function 
sine, abbreviated sin, has input values that are angle measures and output 


values that you obtain from the ratio 


_opposite_ 5; Soe 
hypotenuse Figure 7-2 (in the pre- 


ceding section) shows two different acute angles, and each has a different 


P 3 nee: 
value for the function sine. The two values are sin @= 5 and sind = 5 


HE 
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The sine is always the measure of the opposite side divided by the measure 
of the hypotenuse. Because the hypotenuse is always the longest side, the 
number on the bottom of the ratio will always be larger than that on the 

top. For this reason, the output of the sine function will always be a proper 
fraction — it’ll never be a number equal to or greater than 1 unless the oppo- 
site side is equal in length to the hypotenuse (which only happens when 
you're working with circles — see Chapter 8). 


Even if you don’t know both lengths required for the sine function, you can 
calculate the sine if you know any two of the three lengths of a triangle’s sides. 
For example, to find the sine of angle @ in a right triangle whose hypotenuse 
is 10 inches long and adjacent side is 8 inches long: 


1. Find the length of the side opposite a. 
Use the Pythagorean theorem, a’+ b’=c’ (see Chapter 6), letting a be 8 
and c be 10. When you input the numbers and solve for b, you get 
8’ + b?= 10’ 
64+ b’= 100 
b?= 36, b=6 
So the opposite side is 6 inches long. 
2. Use the ratio for sine, opposite over hypotenuse. 


opposite ne 


Ss hypotenuse 10 5 


The cosine function: Adjacent 
over hypotenuse 


The trig function cosine, abbreviated cos, works by forming this ratio: 
adjacent 
hypotenuse 


of the two angles are cos @ = 4 and cos A = 3. The situation with the ratios 


Take a look back at Figure 7-2, and you see that the cosines 


is the same as with the sine function — the values are going to be less than 
or equal to | (the latter only when dealing with circles), never greater than 1, 
because the hypotenuse is the denominator. 


The two ratios for the cosine are the same as those for the sine — except the 
angles are reversed. This property is true of the sines and cosines of comple- 


mentary angles in a right triangle (meaning those angles that add up to 90 
degrees). 
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go wulés 
& If @ and A are the two acute angles of a right triangle, then sin@ = cos A and 


cos@=sindA. 


Now for an example. To find the cosine of angle in a right triangle if the two 
legs are each /6 feet in length: 


1. Find the length of the hypotenuse. 


Using the Pythagorean theorem, a?+ b?=c? (see Chapter 6), and replac- 
ing both a and b with the given measure, solve for c. 


(v6) + (V6) =c’ 
6+6 =c’ 
2c ey 2/3 
The hypotenuse is 2/3 feet long. 


2. Use the ratio for cosine, adjacent over hypotenuse, to find the answer. 


__ adjacent __/6 ye 
cost hypotenuse 9/3 2 


The tangent function: Opposite 
over adjacent 


The third trig function, tangent, is abbreviated tan. This function uses just the 
measures of the two legs and doesn’t use the hypotenuse at all. The tangent 
opposite 
adjacent’ 
tive sizes of these sides exists — the opposite side can be larger, or the adja- 
cent side can be larger. So the tangent ratio produces numbers that are very 
large, very small, and everything in between. If you hike on back to Figure 7-2, 


you see that the tangents are tan 0 = : and tan A = 3. And in case you’re won- 


is described with this ratio: No restriction or rule on the respec- 


dering whether the two tangents of the acute angles are always reciprocals 
(flips) of one another, the answer is yes. The trig identities in Chapter 10 
explain this phenomenon. 


The following example shows you how to find the values of the tangent for 
each of the acute angles in a right triangle where the hypotenuse is 25 inches 
and one leg is 7 inches. 


1. Find the measure of the missing leg. 


Using the Pythagorean theorem, a’?+ b’=c’* (see Chapter 6), putting in 7 
for a and 25 for c, and solving for the missing value, b, you find that the 
unknown length is 24 inches: 
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¢ 40 = 25°, b= 25°— 7620-49 =576 
b’=576, b= 24 


2. Select names for the acute angles in order to determine the opposite 
and adjacent designations. 


The easiest way to do this is to draw a picture and label it — take a look 
at Figure 7-3. 


———SS 
Figure 7-3: 
Labeling 
a right 
triangle and 7 
naming 
the acute 
angles. L | 


The two acute angles are named with the Greek letters 0 and A. The side 
opposite 8 measures 7 inches, and the side adjacent to it measures 24 
inches. For angle A, the opposite side measures 24 inches, and the adja- 
cent side measures 7 inches. 


3. Form the two tangent ratios by using the values 7, 24, and 25. 


opposite 7 


ye opposite 24 
adjacent 24’ 


tan = adjacent 7 


tan @ = 


All together, now: Using one 
function to solve for another 


Sometimes you have to solve for a trig function in terms of another function. 


In the following example, the cosine of angle A is 1. What are the values of 


the sine and tangent of A? 


1. Identify the sides given by the cosine function. 


adjacent 
hypotenuse’ 
measures 12 units, and the hypotenuse measures 13 units. 


The cosine ratio is Using the given ratio, the adjacent side 
2. Find the measures of the missing side. 


Using the Pythagorean theorem, you find that the missing side (the 
opposite side) measures 5 units. 
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12?+ b’= 13’, b’=13?- 12”, b?= 169-144 = 25 
b'=25, b=5 
3. Determine the values of the sine and tangent. 


opposite 


opposite 
hypotenuse 


The sine is =. — 
adjacent’ 


and the tangent is 


sind= 2 and tana =>. 


Socking the rules away: The 
legend of SohCahToa 


And now, for the fun part: the legend of an Indian chief named SohCahToa 
(read that: soak-a-toe-ah). Many years ago, a tribe of American Indians lived 
along the Illinois River, where they hunted and fished and did what was nec- 
essary to live in peace. One young brave was trying to learn to use his bow 
and arrows effectively, and he was having all sorts of trouble. Out of frustra- 
tion, he kicked what he thought was something soft, but it was a rock. His 
toe turned blue and throbbed all day and night. He tried wrapping it, rubbing 
it, and ignoring it, but nothing gave him any relief. His mother, a wise squaw, 
finally had enough of his complaining and said, “Go down to the river, now, 
and Soh Cah Toa!” The young brave went to the river, put his toe in the cool 
water, and got relief. He never did get proficient with the bow and arrow, and 
he kept kicking things in frustration. Pretty soon, he was known as SohCahToa. 


Sure, this story is pretty lame, but you'll find it very useful when trying to 
remember the ratios for the three basic trig functions: 


Soh stands for Sine Opposite (over) Hypotenuse. 
Cah is Cosine Adjacent (over) Hypotenuse. 
Toa is Tangent Opposite (over) Adjacent. 
People who studied trigonometry in the past may not remember too many 


details about it, but one thing they do remember is SohCahToa, if they’ve heard 
the story (or something similar). 


Taking It a Step Further: 
Reciprocal Functions 


The three most basic trig functions (sine, cosine, and tangent) use the three 
sides of a triangle, taking two at a time and making fractions of them. But three 
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a 
Figure 7-4: 

A right 
triangle with 
sides 5, 12, 
and 13. 
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more trig functions exist, and these are called the reciprocal functions because 
they use the reciprocals, or flips, of the original three functions. If these last 
three functions are just reciprocals of the first three, why are they even nec- 
essary? You could probably live without them, but you’d miss them when 
doing calculations and solving equations. Having an unknown variable in the 
numerator of a fraction when solving an equation is just nicer and more con- 
venient than having one in the denominator, and these reciprocal functions 
make that situation possible. It’s nothing more than convenience, but I’m all 
for such luxury. 


The cosecant function: Sine 
flipped upside down 


The cosecant function, abbreviated csc, is the reciprocal of the sine function 
hypotenuse 
opposite 
always the longest side, so the numerator of this fraction is always larger 
than the denominator. As a result, the cosecant function always produces 

values bigger than 1. 


and thus uses this ratio: . The hypotenuse of a right triangle is 


You can use the values in Figure 7-4 to determine the cosecants of the two 


acute angles: csc @ = i and csc A = B. 


13 
12 
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Suppose someone asks you to find the cosecant of angle @ if you know that 
the hypotenuse is 1 unit long and that the right triangle is isosceles. Remember 
that an isosceles triangle has two congruent sides (flip back to Chapter 6 for 
a refresher). These two sides have to be the two legs, because the hypotenuse 
has to have the longest side. So to find the cosecant: 


1. Find the lengths of the two legs. 


The Pythagorean theorem says that a’+ b’=c’, but because two sides 
are congruent, you can take out one variable and write the equation as 
a’+a’=c’. Put in 1 for c and solve for a. 


2a°= | 
pal 
ae? 
| ee | 
a= =-= 
Lae 
The legs are both 5 units long. You can leave the radical in the denom- 


inator and not worry about rationalizing, because you're going to input 
the whole thing into the cosecant ratio, anyway, and things can change. 


2. Use the length of the opposite side in the ratio for cosecant. 


hypotenuse_ 1 _ 2 


eee =, opposite 


The secant function: Cosine on its head 


The secant function, abbreviated sec, is the reciprocal of the cosine. So 


. hypotenuse ; : : 

i j —_ ant, the ratio of the sides 

its ratio is adjacent Just as with the cosecant, 

is greater than 1. Using the triangle in Figure 7-4, the two secants are 
iS 13 


sec 0 = and sec A= 75. 


The cotangent function: 
Tangent, tails side up 


The last reciprocal function is the cotangent, abbreviated cot. This function 

is the reciprocal of the tangent (hence, the co-). The ratio of the sides for the 
euigeent . So if you look back at Figure 7-4, you see that the two 
opposite 12 
cotangents are cot 0 = 12 and cot A= a 


cotangent is 


103 
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Seeing the sun at the center of it all 


Before the 16th century, scientists believed that 
the earth was the center of our solar system. 
Nicolaus Copernicus, a Polish monk, introduced 
the solar system as we know it today — with 
the sun in the center. He was able to deduce 
this by using mathematical calculations, includ- 
ing trigonometry, and observations of the stars 
and planets made with the naked eye. The 
church didn't like this theory, burning many 
people to death for defending Copernicus’s 
idea. Convincing everyone of this radical new 
idea was difficult because telescopes didn't yet 
exist, and many things weren't visible to the 


naked eye. Some credit Copernicus with saying, 
“If the sense of sight could ever be made suffi- 
ciently powerful, we could see the phases of the 
planet, and you would be convinced.” Within a 
century, Galileo invented the telescope and 
revealed just those phases of the planets that 
Copernicus referred to. Further evidence came 
from the work of Johannes Kepler, who deter- 
mined that the planets move in elliptical paths, 
not circular, and Isaac Newton, who provided 
the additional mathematical processes to for- 
malize the theories. 


The ratio for the cotangent is just the ratio, not necessarily the lengths of the 
sides. The fraction made by the lengths might’ve been reduced by dividing 
numerator and denominator by the same number. 


Sometimes you know the value of the cotangent along with other info and 
have to solve for one or both of the sides. Try this example: What are the 


lengths of the legs of a right triangle if cot a = 


inches long? 


a and the hypotenuse is 183 


1. Write the adjacent and opposite sides as multiples of the same 
number, m, and put them in the Pythagorean theorem with the 


hypotenuse. 
(11m) + (60m) = 183? 


2. Simplify the equation and solve for m. 


(11m) + (60m) = 183? 
121m? + 3600m? = 33, 489 
3721m’? = 33, 489 


2_ 33,489 _ 
~ 3720 ~ 
3 


9 
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3. Use the value of m to find the lengths of the two legs. 


Because you know that m = 3, you know that the adjacent side is 
11m =11-3=33 and the opposite side is 60m = 60-3 = 180. The three 
sides of the right triangle are 33, 180, and 183. You can double-check 
your results by plugging these three numbers into the Pythagorean 
theorem and making sure the theorem holds true. 


Angling In on Vour Favorites 


——————S 
Figure 7-5: 

A circle 
divides 
neatly into 
30-degree 
and 15- 
degree 
slices. 
——— 


You may have a favorite television show, dessert, or color. Usually, however, 
a favorite angle isn’t near the top of the list. But a favorite angle isn’t really 
out of line in the scheme of things. My favorite angle is a 30-degree angle — 
there’s just something so acute about it. 


Identifying the most popular angles 


The most common or popular angles are those with measures that are multi- 
ples of 15 degrees. Topping the list are 30, 60, and 90 degrees. Another favorite 
is 45 degrees. The reason that these angles are favorites is because they all 
divide 360 degrees evenly. In Figure 7-5, the circle is divided into 12 slices that 
are each 30 degrees and 24 slices that are each 15 degrees. These exact divi- 
sions result in nicer-than-usual values for the different trig functions of the 
angles. 


One way to capitalize on the four main angles — 30, 45, 60, and 90 — is to look 
at their multiples that go up to 360 degrees. The trig functions of the first four 
basic angles and the trig functions of their multiples are related, which I cover 
in detail in Chapter 8. The list of all-time favorites includes multiples of 30 
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| 
Figure 7-6: 
Constructing 
a table of 
exact 
values. 
=a 


degrees (30, 60, 90, 120, 150, 180, 210, 240, 270, 300, and 330) and some multi- 
ples of 15 degrees that are between them: 45, 135, 225, and 315. All these 
multiples split the four quadrants the first time around. Although lots more 
multiples of 15 exist, the more-important ones end in a 0. Also, the 0-degree 
angle is among the favorites. A measure of 0 degrees is technically a multiple 
of any of these measures, and you need it because it’s the starting point. 


Determining the exact Values of functions 


Even though a scientific calculator gives you the values of the trig functions 
of any angle, not just your favorite angles, the values it shows you for most 
of those angles are just estimates. For example, the exact value of the sine of 


60 degrees is ce However, because radicals of numbers that aren’t perfect 
squares are irrational and have an endless decimal value, a calculator carries 
that value out to a certain number of decimal places and then rounds it off. In 
this case, a = 0.8660254038, This decimal has many more places than you 


usually need — normally, three decimal places is enough. 


In trig, you frequently use the exact values of the most favorite angles 
because they give better results in computations and applications, so memo- 
rizing those exact values is a good idea. 


The process for constructing a table, which I explain in this section, is easy to 
remember, so you can create one quickly when you need to — either on paper 
or in your head. 


A quick table for the three basic trig functions 


The angles used most often in trig have trig functions with convenient exact 
values. Other angles don’t cooperate like these popular ones do. 


A quick, easy way to memorize the exact trig-function values of the most 
common angles is to construct a table, starting with the sine function and 
working with a pattern of fractions and radicals. Create a table with the top 
row listing the angles, as shown in Figure 7-6. The first function, in the next 
row, is sine. 
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The entries following sin @ in the second row are the fractions and radicals 
with the following pattern: 


| & Each fraction has a denominator of 2. 


The numerators of the fractions are radicals with 0, 1, 2, 3, and 4 under 
them, in that order, as shown in Figure 7-7. 


——— Ss 
Figure 7-7: 
Creating 
entries oe eal 
the second 
row of 

the table 

of exact 
values. 
ee 


| 0° | 30° | 45° 


EOE EIEIEIE 


Next, simplify the fractions that can be simplified so the table becomes what 
you see in Figure 7-8: 


re A 
2 


at - cee (3 _/3 /4_, 
or oy ag 
— 
Figure 7-8: 
The first 
row of the 
table with 
simplified 
values. 
.—— 8 


shows. 


OT ——— 
Figure 7-9: 
Adding the 

cosine row. 

i 
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Figure 7-10: 


The tangent 


row comes 
next. 


The next row is for the tangent. In a right triangle, you find the tangent of an 


3 .. Opposite A race : 
acute angle with the ratio adjacent (refer to “The tangent function: Opposite 


over adjacent,” earlier in this chapter). You get the same ratio when you 
divide sine by cosine. Here’s how it works: 


opposite 
sine _ hypotenuse opposite hypoterntse opposite 
cosine adjacent = h use adjacent adjacent 
hypotenuse 


Because you already know the values for sine and cosine, you can use this 
property (tangent equals sine divided by cosine) to get the tangent values for 


the table: 
™ For the tangent of 0 degrees, ° = 0. 


ah 
The tangent of 30 degrees is a5 = 4 . 
_ & The tangent of 45 degrees is 45 =1, 


The tangent of 60 degrees is a = 
2 


The tangent of 90 degrees is ‘+ which is undefined. So the tangent of 90 


degrees doesn’t have a value — it simply doesn’t exist. 


See Figure 7-10 for the completed table with the tangent row. 


Chapter 7: Doing Right by Trig Functions ] 0 9g 


A quick table for the three reciprocal trig functions 


If you read “Taking It a Step Further: Reciprocal Functions,” earlier in this 
chapter, you know that the reciprocal functions have values that are recipro- 
cals, or flips, of the values for their respective functions. The reciprocal of 
sine is cosecant, so each function value is the reciprocal of sine’s. The same 
goes for the other two reciprocal functions. The table in Figure 7-11 shows 
the reciprocal in each case, in their simplified forms. Whenever you see 
undefined, it’s because the original function value was 0, and the reciprocal 


of 0 has no value. 


Figure 7-11: 

The 
reciprocal 
functions. 


3 
PE 
3 
Erika aE 
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The first pocket calculator 


Nowadays, many people take for granted the 
small, efficient, inexpensive pocket calculators 
that are available. The gadgets do everything 
imaginable. Before the mid-1940s, though, 
pocket calculators didn’t even exist. Back in 
1855, Thomas de Colmar built a machine that 
could add, subtract, multiply, and divide. The 
only problem was that it was the size of a piano 
and weighed more than 60 pounds. 


Eighty years later, the Marchant brothers, 
Rodney and Alfred, along with their chief 
designer, Carl Friden, tried to shrink the large 
desk models of the day but still had machines 
that weighed too much. The Marchant light- 
weight adding machine weighed 34 pounds, had 
9 columns of buttons, and had a carriage with 18 
mechanical readouts. It also had two big cranks 
sprouting from the side. Accountants hauled 
these “portable” machines around in suitcases. 


The Curta, developed by Curt Herzstark, was a 
calculating machine that hit the market in 1947. 
It added, subtracted, multiplied, divided, per- 
formed square and cube roots, and more. The 
machine resembled a pepper grinder and was 
entirely mechanical, with no battery, keyboard, 
or liquid-crystal display. Like a pepper grinder, 
you turned the crank on the top, and the results 
appeared in small windows circling the top. The 
Curta had the precision of a Swiss watch and 
was the first truly compact, portable calculator. 
Herzstark completed the design for this precision 
calculator while imprisoned in a Buchenwald 
concentration camp during World War Il. During 
the 1950s and ‘60s, engineers, scientists, and 
accountants used the Curta, until the advent of 
electronic calculators in the ‘70s. 
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Chapter 8 


Trading Triangles for Circles: 
Circular Functions 


In This Chapter 
Tracing the unit circle 
Determining reference angles to solve for functions on another angle 
Using coordinates to calculate trig functions 
Defining trig-function domains and ranges 


Oe of the ways that mathematicians first defined the trig functions was 
by using ratios formed from the measures of the sides of right triangles 
(see Chapter 7). Right triangles and the measures of their sides are convenient 
and easy to construct. This fact led to a sort of natural development of the 
functions, and it proved to be most useful because it allowed engineers, 
astronomers, and mathematicians to make accurate calculations of the 
heights of tall objects, areas of large expanses, and predictions of eclipses 
and other astronomical phenomena. But, of course, they couldn’t stop there. 
The world of trigonometry and its applications opened up even more when 
they expanded the trig functions and properties to angles of any measure — 
positive and negative — not just those limited to a right triangle. This exten- 
sion allowed them to calculate the areas of triangles containing obtuse angles 
and navigational plots. The best place to begin describing these new functions 
and comparing them is with the most basic of all circles — the unit circle. 


Getting Acquainted with the Unit Circle 


The unit circle is a circle with its center at the origin of the coordinate plane 
and with a radius of 1 unit. Any circle with its center at the origin has the 
equation x’+y’=r’, where ris the radius of the circle. In the case of a unit 
circle, the equation is x’+ y’= 1. This equation shows that the points lying on 
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i 
Figure 8-1: 
The four 
intercepts 

of the unit 
circle. 
ee — 


the unit circle have to have coordinates (x- and y-values) that, when you square 
each of them and then add those values together, equal 1. The coordinates 
for the points lying on the unit circle and also on the axes are (1,0), (-1,0), 
(0,1), and (0,-1). These four points (called intercepts) are shown in Figure 8-1. 


Placing points on the unit cirele 


The rest of the points on the unit circle aren’t as nice and neat as those you 
see in Figure 8-1. They all have fractions or radicals — or both — in them. For 


instance, the point ie =| lies on the unit circle. Look at how these coordi- 


nates work in the equation of the unit circle: 
2 
ce 2 peal 
(3) +| 2 J-4+3-1 
If you square each coordinate and add those values together, you get 1. 


Any combination of these two coordinates, whether the coordinates are posi- 
tive or negative, gives you a different point on the unit circle. They all work 
because whether a number is positive or negative, its square is the same posi- 
tive number. Here are some combinations of those two coordinates that sat- 
isfy the unit-circle equation: 


So 
Figure 8-2: 
Points on 
the unit 
circle. 
Ey 


Chapter 8: Trading Triangles for Circles: Circular Functions ] 13 


2 pla "e oe 


pelea ls- ay eal ey 


A 


Another pair of coordinates that works on the unit circle is & =| because 


iw) 


Palas 4 


bers that continually crop up as coordinates of points on the unit circle are 


leave 


0, a and 1. If you read Chapter 7, they should look familiar — they’re 


2 2 
the sum of the squares is equal to 1: | + =| = 2 wee i = 1. The num- 


the sine and cosine values of the most common acute-angle measures. Figure 
8-2 shows the locations of those points on the unit circle. 


The points on the unit circle shown in Figure 8-2 are frequently used in trigo- 
nometry and other math applications, but they aren’t the only points on that 
circle. Every circle has an infinite number of points with all sorts of interest- 
ing coordinates — even more interesting than those already shown. If you’re 
looking for the coordinates of some other point on the unit circle, you can 
just pick some number between -1 and 1 to be the x- or the y-value and then 
solve for the other value. I describe this method for finding the other part of 
a coordinate in the next section. All these other coordinates come into play 
when you're drawing a ray that starts at the unit circle’s center and want to 
find the trig functions of the angle formed by that ray and the positive x-axis. 


] 14 Part Il: Trigonometric Functions 


Babylonian mathematics 


The Babylonians were of an ancient culture that 
had a good deal of influence on the develop- 
ment of mathematics in many areas: 


They developed a system of written sym- 
bols. Way back in the day, the Babylonians 
developed a form of writing that was based 
on wedge-shaped symbols called cunei- 
form. Their work has been preserved in the 
clay tablets that they wrote on, but this way 
of writing was really cumbersome, so they 
couldn't write very fast or for very long. 


They gave us the time of day. The Baby- 
lonians divided the day into 24 hours, each 
hour into 60 minutes, and each minute into 
60 seconds. This division resulted in their 
base-60 counting system — called the hexa- 
segimal system — which means that their 
number system contained 60 different char- 
acters, whereas ours has only 10 (thank 
goodness). It took a long time to learn all 


these characters, but not everyone was 
schooled in mathematics or even reading, 
for that matter. 


They beat Pythagoras to the punch. These 
ancients had a knowledge of trigonometry 
and the Pythagorean theorem 1,000 years 
before Pythagoras did; they just didn’t get 
the credit he did. 


They were neat freaks. Their methods for 
solving problems were very logical and sys- 
tematic. They preferred orderly procedures 
based on tables and facts, which is proba- 
bly why they knew about pi and could 
approximate its value. 


The Babylonians thought in terms of algebra 
and trigonometry, but you probably wouldn't 
recognize their notes if you were to pick up a 
tablet or two to read what they discovered. 
You'll find this book much more readable! 


Finding a missing coordinate 


If you have the value of one of a point’s coordinates on the unit circle and 
need to find the other, then you can substitute the known value into the unit- 
circle equation and solve for the missing value. 


You can choose any number between 1 and -1, because that’s how far the unit 


circle extends along the x- and y-axes. For example, say < is the x-coordinate of 


a point on the unit circle. You can find the y-coordinate like so: 


1. Substitute the x-coordinate value into the unit-circle equation. 


va elem 
(2) +y%=1 


2. Square the x-coordinate and subtract that value from each side. 


4 a 
35 +y=1 
a) Pil 


AE 25 
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3. Take the square root of each side. 


i) 
—_ 


Pa+ 


3 
I 

i) 

on 


5 


yt 


Note that the y-coordinate can have two values, because the unit circle has two 
different points for every particular x-coordinate (and for every y-coordinate). 
Look at Figure 8-3, and you can see how that happens. 


fa al 
Figure 8-3: 
Two points 
on the unit 
circle for a 
particular x- 
coordinate. 
a 


Another example: Find the x-coordinate (or coordinates) if the y-coordinate is 
oll 
2 


1. Substitute the y-coordinate value into the unit-circle equation. 
2 
ee nO 
x= ( sz) 1 
2. Square the y-coordinate and subtract that value from each side. 
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3. Take the square root of each side. 


ee. foro 
(x? =+ [255 


As you can see, the x-coordinate here has two values, and the two points are 


5H) (eH) 


Going Full Circle with the Angles 


The unit circle is the platform for describing all the possible angle measures 
from 0 to 360 degrees, all the negatives of those angles, plus all the multiples 
of the positive and negative angles from negative infinity to positive infinity. 

In other words, the unit circle consists of all the angles that exist. Because a 
right triangle can only measure angles of 90 degrees or less, the circle allows 
for a much-broader range. 


Staying positive 


The positive angles on the unit circle are measured with the initial side on the 
positive x-axis and the terminal side moving counterclockwise around the 
origin (to figure out which side is which, see Chapter 4). Figure 8-4 shows 
some positive angles measured in both degrees and radians. 


In Figure 8-4, notice that the terminal sides of the angles measuring 30 degrees 
and 210 degrees, 60 degrees and 240 degrees, and so on form straight lines. 
This fact is to be expected because the angles are 180 degrees apart, and a 
straight angle measures 180 degrees. You see the significance of this point 
when you deal with the trig functions for these angles in “Defining Trig 
Functions for All Angles,” later in this chapter. 


Geing negative or multiplying your angles 


Just when you thought that 360 degrees or 27 radians was enough for anyone, 
you're confronted with the reality that many of the basic angles have negative 
values and even multiples of themselves. If you measure angles clockwise 
instead of counterclockwise, then the angles have negative measures: A 30- 
degree angle is the same as a —-330-degree angle, because they have the same 
terminal side. Likewise, an angle of x is the same as an angle of — oe For rules 


on how to compute these angles in radian measure, refer to Chapter 1. 


a 
Figure 8-4: 
Several 
positive 
angles on 
the unit 
circle. 
a 


Chapter 8: Trading Triangles for Circles: Circular Functions ] ] 7 


150° or = 30° or & 


180° orn 0° or 360° or 27 


But wait — you have even more ways to name an angle. By doing a complete 
rotation or two (or more) and adding or subtracting 360 degrees or a multiple 
of it before settling on the angle’s terminal side, you can get an infinite number 
of angle measures, both positive and negative, for the same basic angle. For 
example, an angle of 60 degrees has the same terminal side as that of a 420- 
degree angle and a -300-degree angle. Figure 8-5 shows many names for the 
same 60-degree angle in both degrees and radians. 


Although this name-calling of angles may seem pointless at first, there’s more 
to it than arbitrarily using negatives or multiples of angles just to be difficult. 
The angles that are related to one another have trig functions that are also 
related, if not the same (more on that in the section “Defining Trig Functions 
for All Angles”). 


Locating and computing reference angles 


Each of the angles in a unit circle has a reference angle, which is always a 
positive acute angle. By identifying the reference angle, you can determine 
the function values for that reference angle and, ultimately, the original angle. 
Sometimes, solving for the reference angle first is much easier than trying to 
solve for the original angle. The trig functions have values that repeat over 
and over; sometimes those values are positive, and sometimes they’re nega- 
tive. Using a reference angle helps keep the number of different values to a 
minimum. You just assign the positive or negative sign after determining 
which reference angle to match the original angle with. 
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LS 
Figure 8-5: 
You have 
many ways 
to name the 
same angle. 
———sS= 


You can determine a reference angle by looking at the terminal side of the 
angle you’re working with and the positive or negative x-axis, depending on 
which quadrant the terminal side is in: 


_ 4 Quadrant I (QI): The reference angle is the same as the original angle 
itself. 


Quadrant II (QIN): The reference angle is the measure from the terminal 
side down to the negative x-axis. 


_ Quadrant III (QI): The reference angle is the measure from the negative 
x-axis down to the terminal side. 


| Quadrant IV (QIV): The reference angle is the measure from the terminal 
side up to the positive x-axis. 


Figure 8-6 shows the positions of the reference angles in the four quadrants. 


As with all angles, you can measure reference angles in degrees or radians. | 
have to admit that I sometimes prefer to work in degrees and will convert a 
radian measure to do these computations. Whichever method you choose is 
fine — it’s all a matter of taste. 
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You 
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Figuring the angle measure in degrees 


To compute the measure (in degrees) of the reference angle for any given 
angle 0, use the rules in Table 8-1. 


Table 8-1 Finding Reference Angles in Degrees 
Quadrant Measure of Angle 0 Measure of Reference Angle 

| 0° to 90° ) 

I 90° to 180° 180° - 0 

Hl 180° to 270° @— 180° 

IV 270° to 360° 360° — 0 


Using Table 8-1, find the reference angle for 200 degrees: 


1. Determine the quadrant in which the terminal side lies. 


A 200-degree angle is between 180 and 270 degrees, so the terminal side 
is in QIII. 


2. Do the operation indicated for that quadrant. 


Subtract 180 degrees from the angle, which is 200 degrees. You find that 
200 - 180 = 20, so the reference angle is 20 degrees. 
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Now find the reference angle for 350 degrees: 


1. Determine the quadrant in which the terminal side lies. 


A 350-degree angle is between 270 and 360 degrees, so the terminal side 
is in QIV. 

2. Do the operation indicated for that quadrant. 
Subtract 350 degrees from the angle, which is 360 degrees. You find that 
360 — 350 = 10, so the reference angle is 10 degrees. 


Sometimes angle measures don’t fit neatly in the ranges shown in Table 8-1. 
For example, you may need to find the reference angle for a negative angle or 
a multiple of an angle. 


To find the reference angle for -340 degrees: 


1, Determine the quadrant in which the terminal side lies. 


A -340-degree angle is equivalent to a 20-degree angle. (You get the posi- 
tive angle measure by adding 360, or one full revolution around the origin, 
to the negative measure.) A 20-degree angle has its terminal side in QI. 


2. Do the operation indicated for that quadrant. 
Angles in the first quadrant are their own reference angle, so the refer- 
ence angle is 20 degrees. 


On the other end of the spectrum, to find the reference angle for 960 degrees: 


1. Determine the quadrant in which the terminal side lies. 


A 960-degree angle is equivalent to a 240-degree angle. (You get this mea- 
sure by subtracting 360 from 960 twice.) A 240-degree angle is between 
180 and 270 degrees, so its terminal side is in QIII. 


2. Do the operation indicated for that quadrant. 


Subtract 180 from 240. You find that 240 - 180 = 60, so the reference 
angle is 60 degrees. 


Figuring the angle measure in radians 


To compute the measure (in radians) of the reference angle for any given 
angle @, use the rules in Table 8-2. 
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Table 8-2 Finding Reference Angles in Radians 
Quadrant Measure of Angle 0 Measure of Reference Angle 
| Oto > 6 

I 5 ton n-0 

ll n to 3 O-n 

IV & to 2 2n-@ 


To find the reference angle for ton for example: 


1. Determine the quadrant in which the terminal side lies. 
An angle measuring Le has its terminal side in QII, which you know 
because i. is slightly less than 1, making the angle slightly less than 7. 


2. Do the operation indicated for that quadrant. 


Subtract be from mz. When you do so, you get x — wn = in ~ 1st - 


jot _ 
1 16’ 
so the reference angle is 16: 


Try on another example for size. If you want to find the reference angle for ‘on, 


1. Determine the quadrant in which the terminal side lies. 


According to Table 8-2, an angle of in has its terminal side in QIII. To 


determine this answer, subtract 2x (which is one full revolution around 
the origin, or the equivalent of 360 degrees) from at six times. This cal- 
culation leaves an and that angle has its terminal side in QIIl. 


2. Do the operation indicated for that quadrant. 


ae ee 4n_,-4n_3n_t ; 
Subtract 7 from 3" In doing so, you get 3 N= -3 3° = 3° so the ref 


erence angle is 3 


Defining Trig Functions for All Angles 


So many angles are used in trigonometry and other math areas, and the major- 
ity of those angles are multiples of 30 and 45 degrees. So having a trick up your 
sleeve so you can quickly access the function values of this frequent-flier list 
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of angles makes perfect sense. All you need to know are the values of the trig 
functions for 0-, 30-, 45-, 60-, and 90-degree angles in order to determine all 
the trig functions of all the angles, positive or negative, that are multiples of 
30 or 45 degrees, which are the two most basic, foundational angles. Finding 
these function values is a two-step process. First, find the measure of the ref- 
erence angle, and second, determine whether the function value is positive or 
negative. 


Putting reference angles to use 


The first step to finding the function value of one of the angles that’s a multi- 
ple of 30 or 45 degrees is to find the reference angle. When the reference angle 
comes out to be 0, 30, 45, 60, or 90 degrees, you can use the function value of 
that angle and then figure out the sign (see the next section). Use Table 8-1 or 
Table 8-2, earlier in this chapter, to find the reference angle. 


gWwles All angles with a 30-degree reference angle have trig functions whose absolute 
S&S values are the same as those of the 30-degree angle. The sines of 30, 150, 210, 
and 330 degrees, for example, are all either 4 or -5. Likewise, using a 45- 


degree angle as a reference angle, the cosines of 45, 135, 225, and 315 degrees, 


/2 v2 


for example, are all “7 Or “5. 


Labeling the optimists and pessimists 


The sine values for 30, 150, 210, and 330 degrees are, respectively, 5. 7 
and -5. All these multiples of 30 degrees have an absolute value of ¥ (as I 
explain in the preceding section). The following rule and Figure 8-7 help you 
determine whether a trig-function value is positive or negative. First, note 
that each quadrant in the figure is labeled with a letter. The letters aren’t 
random; they stand for trig functions. 


1 
De 


LES 
& 


a Reading around the quadrants, starting with QI and going counterclockwise, 


the rule goes like this: If the terminal side of the angle is in the quadrant with 
letter 


A: All functions are positive 
_  S: Sine and its reciprocal, cosecant, are positive 
!  T: Tangent and its reciprocal, cotangent, are positive 


* ™ C: Cosine and its reciprocal, secant, are positive 
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Figure 8-7: 
Assigning 
positive and 
negative 
functions by 
quadrant. 
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In QIl, only sine and cosecant are positive. All the other function values for 
angles in this quadrant are negative — and the rule continues in like fashion 
for the other quadrants. 


My trig teacher, Dr. Johnson, showed me a great way to remember this rule: 
“All Students Take Calculus.” (And so I did!) If math is already giving you 
nightmares, maybe you’d prefer “Any Snake Teases Chickens” or “Apple 
Sauce Turns Colors.” Make up your own! Have at it! 


Combining all the rules 


Using the rules for reference angles, the values of the functions of certain 
acute angles (see Chapter 7), and the rule for the signs of the functions, you 
can determine the trig functions for any angles that relate to the unit circle — 
any that are graphed in standard position (meaning the vertex of the angle is 
at the origin, and the initial side lies along the positive x-axis). Figure 8-8 com- 
bines information from this chapter and the preceding chapter to give you 
the information you need. 


Now, armed with all the necessary information, find the tangent of 300 degrees. 


1. Find the reference angle. 


Using Figure 8-8, you can see that a 300-degree angle is in the fourth 
quadrant, so you find the reference angle by subtracting 300 from 360. 
Therefore, the measure of the reference angle is 60 degrees. 
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2. Find the numerical value of the tangent. 


Using Figure 8-8, you see that the numerical part of the tangent of 60 
degrees is /3. 


3. Find the sign of the tangent. 


Because a 300-degree angle is in the fourth quadrant, and angles in that 
quadrant have negative tangents (refer to the section “Labeling the opti- 
mists and pessimists”), the tangent of 300 degrees is — {3 
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To try your hand at working with radians, find the cosecant of nS 


1. Find the reference angle. 


Using Figure 8-8, this angle is in the third quadrant, so you find the refer- 


ence angle by subtracting x from in resulting in a —-N= a 


2. Find the numerical value of the cosecant. 
In Figure 8-8, the cosecant doesn’t appear. However, the reciprocal of the 
cosecant is sine. So find the value of the sine, and use its reciprocal. The 
sine of s is 5: which means that the cosecant is 2. 

3. Find the sign of the cosecant. 


In the third quadrant, the cosecant of an angle is negative (refer to the 


we 


section “Labeling the optimists and pessimists”), so the cosecant of 6 


is —2. 


Using Coordinates of Circles 
to Solve for Trig Functions 


QuLes 
SS 
& 


Another way to find the values of the trig functions for angles is to use the 
coordinates of points on a circle that has its center at the origin. Letting the 
positive x-axis be the initial side of an angle, you can use the coordinates of 
the point where the terminal side intersects with the circle to determine the 
trig functions. Figure 8-9 shows a circle with a radius of r that has an angle 
drawn in standard position. 


The equation of the circle is x*+ y’=r’ (flip back to Chapter 2 for a refresher). 
Based on this equation and the coordinates of the point where the terminal 
side of the angle intersects the circle, the six trig functions for angle @ are 
defined as follows: 


sino => csc O= + 
cos 0 =* secO=4 
tano= 2 cot@ = 


You can see where these definitions come from if you picture a right triangle 
formed by dropping a perpendicular segment from the point (xy) to the x-axis. 
Figure 8-10 shows such a right triangle. Remember that the x-value is to the 
right (or left) of the origin, and the y-value is above (or below) the x-axis — 
and use those values as lengths of the triangle’s sides. Therefore, the side 
opposite angle 0 is y, the value of the y-coordinate. The adjacent side is x, the 
value of the x-coordinate. 
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(xy) 


———— 
Figure 8-9: 
An angle 
drawn in 
standard 
position on 

a circle with 
radius F 
ae —e| 


(xy) 

Foust L 
Figure 8-10: 
A right 
triangle 
helps 
describe 
the trig 
functions 
when 
you're using 


coordinates. 
== —— 


ar 


SS 
Figure 8-11: 
Some points 
on the unit 
circle. 
Se 
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Take note that for angles in the second quadrant, for example, the x-values 
are negative, and the y-values are positive. The radius, however, is always a 
positive number. With the x-values negative and the y-values positive, using 
the definitions for the functions listed earlier in this section, you see that 

the sine and cosecant are positive, but the other functions are all negative, 
because they all have an x in their ratios. The signs of the trig functions all 
fall into line when you use this coordinate system, so no need to worry about 
remembering the ASTC rule here. (For more on that rule and when to use it, 
see “Labeling the optimists and pessimists.”) 


Calculating with coordinates 
on the unit circle 


Calculating trig functions on angles within a unit circle is easy as pie. Figure 
8-11 shows a unit circle, which has the equation x’+ y’= 1, along with some 
points on the circle and their coordinates. 
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Using the angles in Figure 8-11, find the tangent of 0. 


1. Find the x- and y-coordinates of the point where the angle’s terminal 
side intersects with the circle. 


5 1 


The coordinates are x= is and y= 3: The radius is r= 1. 
2. Determine the ratio for the function and substitute in the values. 


Tangent is a so you find that 
1 


a 1 oe 3 


BIB BB 3 


2 


Next, using the angles in Figure 8-11, find the cosine of o. 


I< 


1. Find the x- and y-coordinates of the point where the terminal side of 
the angle intersects with the circle. 
v2 


(2 


The coordinates are x= 7 and y= ai the radius is r= 1. 


2. Determine the ratio for the function and substitute in the values. 


Cosine is x. which means that you need only the x-coordinate, so 


a ae /2 


re 


r 1 ae 
Now, using the angles in Figure 8-11, find the cosecant of £. 
1. Find the x- and y-coordinates of the point where the terminal side of 
the angle intersects with the circle. 
The coordinates are x = 0 and y = —1; the radius is r= 1. 
2. Determine the ratio for the function and substitute in the values. 


Cosecant is yo which means that you need only the y-coordinate, so 
ae 
ie 


> =a 


Calculating with coordinates 
on any circle at the origin 


You don’t have to have a unit circle to use this coordinate business when deter- 
mining the function values of angles graphed in standard position on a circle. 
You can use a circle with any radius, as long as the center is at the origin. 


Using the angles in Figure 8-12, find the sine of a. 


———_— 
Figure 8-12: 
Angles in 
standard 
position on 

a circle. 
SS 
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1. Find the x- and y-coordinates of the point where the terminal side of 


the angle intersects with the circle. 


The coordinates are x = ~5 and y = 12. 


. Determine the radius of the circle. 


The equation of a circle with its center at the origin is x’+ y’=r’. Replac- 
ing the x and y in this equation with —-5 and 12, respectively, you get 
(—5) + (12) = 25+ 144= 169=r’. The square root of 169 is 13, so the 
radius is 13. 


. Determine the ratio for the function and substitute in the values. 


The ratio for sine is S which means that you need only the y-coordinate 


: wal 
and radius, so + = 13° 


Next, using the angles in Figure 8-12, find the cotangent of B. 


1. Find the x- and y-coordinates of the point where the terminal side of 


the angle intersects with the circle. 
The coordinates are x = -12 and y = -5. 


The cotangent function uses only the x- and y-coordinates, so you don’t 
need to solve for the radius. 


2. Determine the ratio for the function and substitute in the values. 


Cotangent is oy so y =a ead 
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Ancient math contest 


Even in the late 1500s, mathematicians around 
the world found themselves competing with one 
another. The Belgian mathematician Adriaen Van 


Roomen challenged other mathematicians to 
solve a polynomial equation of the 45th degree. 
It looked something like this (with variables and 
numbers in place of the ellipsis, of course): 
x — 45x °+ 945x""-—...+ 45x=k, where kis 


in Belgium and France found themselves in quite 
a competition, because Van Roomen suggested 
that no one in France would be able to solve the 
equation. But French mathematician Francois 
Viéte put him to shame: He used trigonometry to 
solve the puzzle. (He let k be equal to the sine of 
45 degrees and applied trig identities to find the 
positive solutions.) 


some constant. At that time, the mathematicians 


Now, using the angles in Figure 8-12, find the secant of y. 


1. Find the x- and y-coordinates of the point where the terminal side of 
the angle intersects with the circle. 


The coordinates are x = 0 and y = -13. 
2. Determine the radius of the circle. 
Per the first example in this section, the radius is 13. 
3. Determine the ratio for the function and substitute in the values. 


Secant is -. so you need only the x-coordinate; substituting in, you get 
nels 


ee This answer is undefined, which means that angle y has no secant. 


Defining Domains and Ranges 
of Trig Functions 


geben The domain of a function consists of all the input values that a function can 
ey handle — the way the function is defined. Of course, you want to get output 
values (which make up the range) when you enter input values (for the basics 
on domain and range, see Chapter 3). But sometimes, when you input a frac- 
tion or a radical into the function, you end up with some impossible situations. 
In these cases, you need to limit what you put into the function — the domain 
has to be restricted. For example, the cosecant is defined as the hypotenuse 
divided by the opposite side (see Chapter 7). If the terminal side of the angle 
is on the x-axis, then the opposite side is 0, and you're asked to divide by 0. 
Impossible! 


———se 
Figure 8-13: 
Using 
coordinates 
ona circle 
to form 

a right 
triangle. 
SSS 
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Trig functions have inputs of angle measures, either in degrees or radians. The 
outputs of the trig functions are real numbers. The hitch here is that the differ- 
ent trig functions have different domains and ranges. Sine and cosine are very 
cooperative and have the same domain and range. The tangent function and 
the reciprocal functions, however, all differ. The best way to describe these dif- 
ferent domains and ranges is visually: Refer to the coordinate plane with a 
circle centered on the origin and a right triangle inside it, formed by dropping a 
line from any point (x,y) on the circle to the x-axis (see Figure 8-13). Remember 
that r stands for the radius of the circle (and also the hypotenuse of the right 
triangle in this figure). When that hypotenuse lies along one of the axes, one of 
the sides is equal to 0, which is a no-no in the denominator of a fraction. 


(x,y) 


Consider the values of the variables in Figure 8-13 in relation to one another. 
The radius, r, is always positive. And the absolute values of x and y (the lengths 
of the segments they represent) are always smaller than r, unless the point 
(x, y) is on one of the axes — then one of the values is equal to r and the other 


is equal to 0. 


Friendly functions: Sine and cosine 


The sine and cosine functions are unique in the world of trig functions, 
because their ratios always have a value. The value may be 0, but that’s a 


P : ae A aa 2S. 
number, too. In reference to the coordinate plane, sine is +, and cosine is +. 
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The radius, r, is always some positive number (which is why these functions 
always have a value, because they don’t ask you to divide by 0), and it’s always 
a number greater than the absolute value of x or y. 


Domains of sine and cosine 


The domains of sine and cosine are infinite. In trig speak, you say something 
like this: If @ represents all the angles in the domain of the two functions f@) 
= sin @ and g(@) = cos 9, then —oo < @ < ©, which means that @ can be any 
angle in degrees or radians — any real number. 


Ranges of sine and cosine 


The output values for sine and cosine are always between -1 and 1. In trig 
speak, it goes something like this: If (@) and g(@) represent the output 
values of the functions f(@) = sin 9 and g(@) = cos 9, then -1 < f(@) < 1 and 
-1<g(@)<1. 


The ratios = and ~ will never be improper fractions — the numerator can 


never be greater than the denominator — because the value of r, the radius, 
is always the biggest number. At best, if the angle @ has a terminal side on an 
axis (meaning that one of the sides is equal to r), then the value of those 
ratios is 1 or -1. 


Close cousins of their reciprocals: 
Cosecant and secant 


The cosecant and secant functions are closely tied to sine and cosine, because 
they’re the respective reciprocals. In reference to the coordinate plane, co- 
secant is 4, and secant is t. The value of ris the length of the hypotenuse of 
a right triangle — which, as you find out at the beginning of this section, is 
always positive and always greater than x and y. The only problem that arises 
when computing these functions is when either x or y is 0 — when the termi- 
nal side of the angle is on an axis. A function with a 0 in the denominator 
creates a number or value that doesn’t exist (in math speak, the result is 
undefined), so anytime x or y is 0, you can’t perform the cosecant or secant 
functions. The x is 0 when the terminal side is on the y-axis, and the y is 0 
when the terminal side is on the x-axis. 


Domains of cosecant and secant 


The domains of cosecant and secant are restricted — you can only use the 
functions for angle measures with output numbers that exist. 


QULES 
© 
& 


QuULES 
© 
ss 
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Anytime the terminal side of an angle lies along the x-axis (where y = 0), you 
can’t perform the cosecant function on that angle. In trig speak, the rule looks 
like this: If h(0) = csc 0, then 6 £0, 180, 360,540. .., or any multiple of 180 
degrees. In radians, 0 # 0,7, 27,32 ..., or any multiple of x. 


Anytime the terminal side of an angle lies along the y-axis (where x = 0), you 
can’t perform the secant function on that angle. So in trig speak, you’d say 
this: If R@) = sec 0, then 6 # 90, 270, 450, 630... ., or any odd multiple of 90 


degrees. In radians, 0 4 a Sr at S ..., or any odd multiple of oo 


Ranges of cosecant and secant 
The ratios of the cosecant and secant functions on the coordinate plane, 5 


and , have the hypotenuse, r, in the numerator. Because r is always positive 
and greater than or equal to x and y, these fractions are always improper 
(greater than 1) or equal to 1. The ranges of these two functions never include 
proper fractions (numbers between -1 and 1). 


If h(@) and k(@) are the output values of the functions h(@) = csc @ and R(@) = 
sec 0, then h(@) <-1 or h(@) = 1 and k(@) <-1 or k(@) = 1. 


Brothers out on their own: 
Tangent and cotangent 


The tangent and cotangent are related not only by the fact that they’re recip- 
rocals, but also by the behavior of their ranges. In reference to the coordinate 


plane, tangent is = and cotangent is oa The domains of both functions are 


restricted, because sometimes their ratios could have Os in the denominator, 
but their ranges are infinite. 


Domains of tangent and cotangent 
Because x can’t equal 0 for the tangent function to work, this rule holds true: 
If m(@) = tan @, then @ ¥ 90, 270, 450, 630 . . ., or any odd multiple of 90 degrees. 


In radians, 0 4 OP + om 3 ..., or any odd multiple of oe Both the tangent 
and secant functions have ratios with x in the denominator, making their 
domains the same. 


In order for the cotangent function to work, y can’t equal 0. If n(@) = cot 9, 
then 6 4 0, 180,360,540 ..., or any multiple of 180 degrees. In radians, 
O4£0,n, 27, 3x ..., or any multiple of z. 
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Ranges of tangent and cotangent 


The ranges of both tangent and cotangent are infinite, which, when expressed in 
mathentatical notation, looks like this: -coo < m(@) < oo and -co <n(0)<oo. 


The range values for these functions get very small (toward negative infinity) 
or very large (toward positive infinity) whenever the denominator of the 
respective ratio gets close to 0. When you divide some number by a very 
small value, such as 0.0001, the result is large. The smaller the denominator, 
the larger the result. 

e 


Chapter 9 


Applying Yourself to 
Trig Functions 


In This Chapter 


Recognizing angles of elevation and depression 
Determining heights of buildings 

Calculating the slope of a hill 

Measuring when objects are really high up 
Dealing with odd shapes and distances 


B-:: when trig functions were first developed or recognized — way back 
when — the motivation for creating them wasn’t so men could sit around 


and say, “Hey, Gallius Caesar, did you know that the sine of 45 degrees is Ley 


Rather, the math gurus of the past worked out the principles of trigonometry 
because they needed some order or consistency to the numbers that they 
were applying to astronomy, agriculture, and architecture. They figured out 
the relationships among all these numbers and shared them with the rest of 
the known, civilized world. 


First Things First: Elevating 
and Depressing 


Mathematical problems that require the use of trig functions often have two 
common angles: the angle of elevation and the angle of depression. The sce- 
narios that use these angles usually involve, for example, finding the distance 
from an airplane to a point on the ground or the distance up to a balloon or 
another object above you. Use the trig functions to solve for the missing part 
of the ratio or the side of the imaginary right triangle. 
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Ptolemy, also known as Claudius Ptolemaeus, 
was a Greek citizen who lived in Alexandria, 
Egypt, from about A.p. 87-150. He was an astro- 
nomer, mathematician, and geographer. Ptolemy 
believed that the Sun and other planets revolved 
around Earth. At that time, only five planets were 
known, and he believed that they revolved 
around Earth in this order: Mercury, Venus, the 
Sun, Mars, Jupiter, and Saturn. This theory was 
known as the Ptolemaic system. It predicted the 
positions of the planets with reasonable accu- 
racy, considering that they were naked-eye 


Angle of elevation 


An angle of elevation is measured from the horizontal going upward. The 
horizontal is usually the ground, street, floor, or any other flat object. Even 
though the ground isn’t perfectly flat or horizontal, you determine the mea- 
surements with the assumption that it is. In trig, you have to consider the 
optimal situation — focus on the big picture, rather than on the imperfections. 


Ptolemy: Part right and part wrong 


observations, not enhanced with telescopes. 
Ptolemy may not have really believed in this 
system of the planets, though — perhaps he 
used it only as a method of calculating the rela- 
tive positions of them. This man did get it right, 
though, in determining that Earth is a sphere, not 
flat— this theory affected much of his important 
work in geography and cartography. His works, 
and an error that had Asia extending too far to 
the east, probably influenced Columbus's deci- 
sion to sail west for the Indies. 


Figure 9-1 shows an angle of elevation. 


———S 
Figure 9-1: 
Angles of 
elevation 
and 
depression. 
——————_ 


Angle of Depression ‘ 


\ Angle of Elevation 
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Angle of depression 


An angle of depression is measured from the horizontal going downward. In 
this case, the horizontal is, for example, an airplane’s flight path or a person’s 
line of sight while standing on a mountaintop. The angle is formed when a 
person on that plane or mountaintop looks at an object on the ground (or 

on a path parallel to the ground). Refer to Figure 9-1 for a sample angle of 
depression. 


Measuring Tall Buildings 
with a Single Bound 


Every day, people use trigonometry to measure things that they can’t reach. 
How high is that building? Will this ladder reach to the top of that tree? By 
using the appropriate trig functions, you can find answers to such questions. 
Two major considerations to keep in mind when working out problems by 
using trig are as follows: Which trig function should you use, and what are 
the units or measures in the answer? 


The missing values in the ratios of the trig functions represent the missing 
parts in the problems. You assign the known values appropriately and solve 
for what’s left. 


Rescuing a damsel from a tower 


Consider the oh-so-common scenario: A damsel is in distress and is being 
held captive in a tower. Her knight in shining armor is on the ground below 
with a ladder. He needs to know whether it’l] reach her or whether he needs a 


longer ladder. 


When the stunning knight stands 15 feet from the base of the tower and looks 
up at his precious damsel, the angle of elevation to her window is 60 degrees. 
How long does the ladder have to be? Figure 9-2 shows the situation in picto- 


rial form. 


1. Identify the parts of the right triangle that you can use to solve the 
problem. 
You know that the acute angle is 60 degrees, and the adjacent side of the 
triangle is along the ground; the distance from the vertex of the angle 
(where the knight is standing) to the base of the tower is 15 feet. The 
hypotenuse is the length needed for the ladder — call it x. Figure 9-3 
shows you the triangle. 
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Damsel 


—— Cans) 

Figure 9-2: Ae 

A damsel 

in distress 

needs to be ba 

rescued. 2 _ Seer 
—E 15 feet 


ie 
Figure 9-3: 
The right 
triangle that 
will help 
save the 
damsel in 
distress. tI 
CS —, 


2. Determine which trig function to use. 


The adjacent side and hypotenuse are parts of the cosine ratio. Those 
sides are also parts of the secant ratio, but if at all possible, you should 
use the three main functions, not their reciprocals. 


3. Write an equation with the trig function, then input the values that 
you know. 


For a refresher on those values, look at the charts in Chapter 7. 


=a 
Figure 9-4: 

A kite is 
caught at 
the top 

of a tree. 
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cos60°= 2! 
hyp 
ee: 
77x 


4. Solve the equation. 
Cross-multiplying, you get 
ae ts) 


Ohm Ss 
1-x=15-2 

x = 30 
The ladder needs to be 30 feet long. (That knight had better be pretty 
strong!) 


Determining the height of a tree 


Suppose you're flying a kite, and it gets caught at the top of a tree. You've let 
out all 100 feet of string for the kite, and the angle that the string makes with 
the ground (the angle of elevation) is 75 degrees. Instead of worrying about 
how to get your kite back, you wonder, “How tall is that tree?” 


Figure 9-4 shows the scenario. 
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To find a solution to your quandary, follow these steps: 
1. Identify the parts of the right triangle that you can use to solve the 
problem. 


The hypotenuse of the right triangle is the length of the string. The side 
opposite the 75-degree angle is what you’re solving for; call it x. 


2. Determine which trig function to use. 
The hypotenuse and opposite side are part of the sine ratio. 


3. Write an equation with the trig function, then input the values that 
you know. 


The 75-degree angle isn’t one of the more-common angles, so use a sci- 
entific calculator or one of the tables in the Appendix to obtain a value 
for the sine, correct to three decimal places. 


sina = ORB 
hyp 

mex 

0.966 = 100 


4. Solve the equation. 
Cross-multiplying, you get 


ae 
0.966 = 100 


0.966: 100 =x 
96.6 =x 
The tree is over 96 feet tall. 


Measuring the distance between buildings 


Jumping Jehoshaphat makes his living by jumping, on his motorcycle, from 
building to building, cliff to bluff, or any place he can get attention for doing 
it. His record jump is a distance of 260 feet, from one building to another. 
Jehoshaphat is on to his next feat and needs to determine the distance from 
one building to another. His assistant, Lovely Lindsay, holds a 6-foot pole per- 
pendicular to the roof she’s standing on. When Jehoshaphat, standing on top 
of the first building, sights straight across to a point at the base of the pole 
and then sights a point halfway up the pole, the angle of elevation is 1 degree. 
Will he be able to make the jump? See Figure 9-5 for a visual of Jehoshaphat’s 
calculation. 
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: 6 feet 


Figure 9-5: 
Jumping 
Jehosha- 
phat's 
precarious 
situation. 
Pease 


1 


. Identify the parts of the right triangle that you can use to solve the 
problem. 


You know the value for the side opposite the 1-degree angle, which is 
half the pole length, and the adjacent side is the unknown distance. Call 
that distance x. 


2. Determine which trig function to use. 
The tangent of an angle uses opposite divided by adjacent. 


3. Write an equation with the trig function, then input the values that 
you know. 


The length of half the pole is 3 feet, so the equation looks like this: 


7 Opp =. 3 
tan1 = ade t 


4. Solve for the value of x. 
Use the Appendix to find the value of the tangent of 1 degree. 


tanl’= 2 
3 
0.0175 = 3 
ED a 
x= 0175 71714 


You find that the distance between the buildings is a little less than 172 
feet across. Jehoshaphat should be able to make the jump easily, because 
his record is 260 feet. 
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Measuring Slope 


Figure 9-6: — 


Sighting 
along a 
downward 
slope. 
eee 


Have you ever noticed a worker along the road, peering through an instrument, 
looking at a fellow worker holding up a sign or flag? Haven’t you ever wondered 
what they’re doing? Have you wanted to get out and look through the instru- 
ment, too? With trigonometry, you can do just what those workers do — 
measure distances and angles. Land surveyors use trigonometry and their 
fancy equipment to measure things like the slope of a piece of land. 


If you read the first section in this chapter, you may recognize that the slope 
of land downward is sort of like an angle of depression. Slopes, angles of 
depression, and angles of elevation are all interrelated because they use the 
same trig functions. It’s just that in slope applications, you’re solving for the 
angle rather than being given it. 


To solve problems involving slope, you can use the trig ratios and right tri- 
angles. One side of the triangle is the distance from one worker to the other; 
the other side is the vertical distance from the ground to a point on a pole. 
You form a ratio with those measures and determine the angle — voila! 


Suppose that Dan and Fran are making measurements for the road-paving crew. 
They need to know how much the land slopes downward along a particular 
stretch of road. Dan walks 80 feet from Fran and holds up a long pole, perpen- 
dicular to the ground, that has markings every inch along it. Fran looks at the 
pole through a sighting instrument. Looking straight across, parallel to the 
horizon, Fran sights a point on the pole 50 inches above the ground — call it 
point A. Then Fran looks through the instrument at the bottom of the pole, 
creating an angle of depression. See Figure 9-6 for a diagram of this situation. 
What is the angle of depression, or slope of the road, to where Dan is standing? 
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1. Identify the parts of the right triangle that you can use to solve the 
problem. 


The values you know are for the sides adjacent to and opposite the angle 
of depression. Call the angle measure x. 


2. Determine which trig function to use. 


The tangent of the angle with measure x uses opposite divided by 
adjacent. 


3. Write an equation with the trig function, then input the values that 
you know. 


opposite 


Ba adjacent 


In this problem, you need to write the equation with a common unit of 
measurement — either feet or inches. Changing 80 feet to inches makes 
for a big number; changing 50 inches to feet involves a fraction or deci- 
mal. Whichever unit you choose is up to you. In this example, I choose 
the big number, so I convert feet to inches. 


80 feet = 80-12 inches= 960 inches 


Substituting in the values, you get the tangent of some angle with a mea- 
sure of x degrees: 


= Opp 00) 2 
tan x= adj ~ 960 ~ 0.05208333 


4. Solve for the value of x. 


In the Appendix, you see that an angle of 2.9 degrees has a tangent of 
0.0507, and a 3-degree angle has a tangent of 0.0524. The 3-degree angle 
has a tangent that’s closer to 0.05208333, so you can estimate that the 
road slopes at a 3-degree angle between Fran and Stan. 


The Sky’s (Not) the Limit 


Early trigonometry had many earthbound applications — surveyors and 
engineers have used it for centuries. Over time, astronomers and navigators 
on journeys around the world began using trig to solve many mysteries here 
on earth and in outer space. They estimated or measured angles by sighting 
objects in the heavens and charting their movements. Then they used the 
angle between one sighting and another to solve for the distances that are 
unreachable. 
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i e O 
Figure 9-7: 
Two friends 
spot a hot- 
air balloon. 
ss 


Spotting a balloon 


Cindy and Mindy, standing a mile apart, spot a hot-air balloon directly above 
a particular point on the ground. The angle of elevation from Cindy to the 
balloon is 60 degrees; the angle of elevation from Mindy to the balloon is 70 
degrees. Figure 9-7 shows a visual representation. How high is the balloon? 


If you look at Figure 9-7, you see that two right triangles are formed. The two 
triangles share a side — the one opposite the measured acute angle in each. 
Call its length y. The two adjacent sides add up to 1 mile, so you can keep the 
variables to a minimum by naming one side x and the other 1-x. Figure 9-8 
shows the triangles with the variables. 


To figure out how high the balloon is, follow these steps: 


1. Identify the parts of the triangles that you can use to solve the problem. 


In both triangles, you have variables for the adjacent and opposite sides 
of the acute angles of elevation. 


2. Determine which trig function to use. 


The tangent uses the opposite and adjacent sides. 
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Figure 9-8: : 
Labeling the 
tworight =” , 
triangles. ,“ 60° eal 10e ® 
a =x X 


Opp _ y¥ _Opp__y 
tan 60°= ad; ; tan 70 Als ese 
‘ae 2a 

tan 60°= = tan 70°= => 


4. Solve for x by setting the equations equal to one another. 


Solve each of the equations for y. 


tan 60°= a Pa tan 70°= iy 
x-tan60°=y (1—x)-tan70°=y 
Set those two equations equal to one another and solve for x. 
x- tan 60°= (1 — x) tan 70° 
x tan 60°= tan 70°- x- tan 70° 
x: tan 60°+ x: tan 70°= tan 70° 
x (tan 60° + tan 70°) = tan 70° 


Pe tan 70° 
tan 60° + tan 70° 


5. Solve for the value of x. 


You find the value of x by finding the values of the functions with a calcu- 
lator or in the Appendix. Upon doing so, you find that x is approximately 
0.613 miles. Put that value into one of the equations to solve for y: 

x-tan60°=y 
(0.613) tan 60°= y 
(0.613)(1.732) = y 

1.062 =y 

The balloon is 1.062 miles high — sounds a tad high to me! 
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Figure 9-9: 
A rocket, 
one mile 
froma 
scientist, 
rises 
vertically. 
——E 


Tracking a rocket 


In this example, a rocket is shot off and travels vertically as a scientist, who’s 
a mile away, watches its flight. One second into the flight, the angle of eleva- 

tion of the rocket is 30 degrees. Two seconds later, the angle of elevation is 60 
degrees. How far did the rocket travel in those two seconds? Figure 9-9 shows 


the rocket rising vertically. 


1 mile 


1. Identify the parts of the triangles that you can use to solve the 
problem. 


In Figure 9-9, you can see two right triangles. One is superimposed on 
the other and shares a side — the adjacent side. In both triangles, the 
relevant sides are those that are adjacent and opposite the angles of 
elevation. 


2. Determine which trig function to use. 


The tangent uses the adjacent and opposite sides. 
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3. Write equations with the trig functions. 


opp 
ed + =x 
Opp XY _ 
WEY Sat pe 


4. Solve for the values of x and y. 
The tangents of 30-degree and 60-degree angles are convenient values. 


If you refer to the Appendix, you see that tan 30°= oh =x and tan 60° = 


{3=x+y. 
The value of y is the distance that the rocket traveled between the first 


and second sightings, so, solving for y, you get y-x+y-x=/3- 8 - 


373 _ 73 _2/3 
mime 


seconds. 


~ 1.155. The rocket rose about 1.155 miles in two 


Sine and cosine with algebra 


You can fairly accurately approximate the sine and cosine of angles with an infinite series, which 
is the sum of the terms of some sequence, or list, of numbers. Take note, however, that the series 


for sine and cosine are only ae for angles from pe degrees to 90 degrees. The series 


Pee 


-% 4 
for the sine of an angle is sin x=x— a +7 ar" 


een eee 


and the series for the cosine of an angle 


x? 
is cos x= 1—- 1 ae * Bh . To use ties formulas, you have to write the angle mea- 


sure, x, in radians and carry it out several places. The exclamations in the formulas don’t mean 
“Oh, goodness! It's a 3!” The exclamations are mathematical operations called factorials. Factorial 
means to multiply that number times every positive integer smaller than it. Going back to the series 
for the sine, an angle of 30 degrees is about 0.5236 radians. To find sin 0.5236, use the formula to get 


7 
sinos236= 05736 (05238), (05236) cae 


= 0.5236 — 0. 0239 + 0.000328— 0.000002 
= 0.500026 
The result is pretty close to the sine of 30 degrees, which is > .: The closer the angle measure is to 


0, the more quickly the value of the sine or the cosine meets the exact value (the fewer terms are 
necessary for the answer). 
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Figure 9-10: 
A satellite 
has its 
cameras 

set to view 
Earth. 
——— 


Measuring the view of satellite cameras 


Consider a satellite that orbits Earth at an altitude of 750 miles. Earth has a 
radius of 3950 miles. How far in any direction can the satellite’s cameras see? 
Figure 9-10 shows the satellite and the length of the camera’s scope due to the 
curvature of Earth. 


1. Identify the parts of the triangle that you can use to solve the 
problem. 


Because a satellite’s line of sight is tangent to the curvature of Earth, and 
tangents to a circle form 90-degree angles with radii of the circle, you 
can see two right triangles in Figure 9-10. Two radii form angle @: the one 
touching the tangent to the circle and the one extending up to the satel- 
lite. These radii are the hypotenuse and adjacent side of the right tri- 
angle with acute angle 0. 


2. Determine which trig function to use. 
The adjacent side and hypotenuse are part of the ratio for the cosine of 0. 


3. Write the equation with the trig function, then input the measures that 
you know and solve for cos 0. 


The adjacent side measures 3950 miles, and the hypotenuse is the sum 
of the radius and height of the satellite: 3950 + 750 = 4700 miles. 


adjacent _ 3950 _ 0.8404 


coc hypotenuse 4700 
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4. Determine the value of 0. 


Refer to the Appendix to find the angle whose cosine is closest to 0.8404. 
To the nearer degree, an angle of 33 degrees has this cosine. 


5. Determine how much of Earth’s circumference is covered in either 
direction from the satellite. 
The satellite’s line of sight goes 33 degrees in either direction, or 66 
degrees total, which is ae of the entire circumference (because all the 
way around would be 360 degrees). If the radius of Earth is 3950 miles, 


then you can substitute that number into the equation for a circle’s 
circumference: C = 2nr= 2 (3.14)(3950) ~ 24,819. The distance that the 


satellite scans, then, is a - 24,819 = 4550, or about 4550 miles in any 
direction. 


Calculating Odd Shapes and 
Maneuvering Corners 


Sometimes, finding a measure isn’t so easy. You may have to deal with an 
irregular shape or even calculate your way around a fixed object. Whatever 
the case, you can use trigonometry to find the answers you’ve been search- 
ing for. 


Finding the area of a triangular 
piece of land 


The most commonly used formula for the area of a triangle is A= 5 bh, where 
A is the area, b is the length of the triangle’s base, and h is the height of the 
triangle drawn perpendicular to that base. Figure 9-11 illustrates the different 
components of this formula. 


A ng 
Figure 9-11: 
A triangle’s 

base and 
height. 

—=—— 
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De al 
Figure 9-12: 
A triangle 
used to find 
a new area 
formula. 
_————a-v. 


This formula works fine if you can get the measure of the base and the height, 
and if you can be sure that you’ve measured a height that’s perpendicular 

to the side of the triangle. But what if you have a triangular yard — a big tri- 
angular yard — and have no way of measuring some perpendicular segment 
to one of the sides? One alternative is to use Heron’s Formula, which uses 

the measures of all three sides. The other alternative, of course, is to use 
trigonometry — or, at least, a formula with an angle measure in it. To measure 
that angle, you can be very sophisticated and get a surveying apparatus, or if 
you've got a protractor handy, you can do a decent estimate by extending the 
sides at an angle for a bit and eyeballing the angle size. 


Another formula for finding the area of a triangle is A = 5 absin@, where a 


and b are two sides of the triangle and @ is the angle formed between those 
two sides. You don’t need the measure of the third side at all, and you cer- 
tainly don’t need a perpendicular side. 


Using trigonometry, I show you where this formula comes from. Take a look 
at the triangle in Figure 9-12, with sides a and b and the angle between them. 


Start with the traditional formula for the area of this triangle, A = 5 bh. Then 


look at the little triangle to the left. Because the height is perpendicular to 

the base, the sides and height form a right triangle. The acute angle @ has a 
‘ F has ctu _ Opposites) fF 

sine equivalent to the following: sin 6 = hypotenuse> @° If you solve that 


equation for A by multiplying each side by a, you get 
sin@ = # 
asin@=h 


Replace the h in the traditional formula with its equivalent from the preced- 
ing formula, and you get 


A= bh=4b(asin@) = + absind 


Check out how this formula works in an actual problem. The triangle in Figure 
9-13 shows the measures of two of its sides and the angle between them. 
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Figure 9-13: 
Finding the 
area of a 
triangle. 

2 ee 


60° 


200 


To find the area of the triangle in Figure 9-13: 
1. Use the formula A = dab sin 0, inserting the values that you know. 
A= 5(100)(200) sin 60° 
2. Solve for the value of the area. 
A= 4(100)(200) fe 


A= 10,000- iB = 8660 


The area is about 8660 square units. 


Moving an object around a corner 


Here’s an application of trigonometry that you may very well be able to relate 
to: Have you ever tried to get a large piece of furniture around a corner in a 
house? You twist and turn and put it up on end, but to no avail. In this exam- 
ple, pretend that you're trying to get a 15-foot ladder around a corner where 
two 4-foot-wide hallways meet at a 90-degree angle. Figure 9-14 shows a pic- 
ture of the situation. 


The tightest part comes when the ladder is halfway through the hallway, or 
when the angles where it touches the outer walls are the same. When the 
ladder is at the tightest point, it'll form a right triangle with equal sides — 
half the ladder to each side of the corner. Because the sides of the right tri- 
angle are equal at this point, you’ve got an isosceles right triangle, which has 
two 45-degree angles (see Figure 9-15, which shows the longest a ladder can 
be to fit around the corner). How long are the sides of the right triangle, 
then? When you know the dimensions of this isosceles right triangle, then 
you can look at the hypotenuse — the ladder — and determine if it’s short 
enough or too long to fit around the tightest part of this corner. And, of 
course, you don’t want to scrape or punch holes in the wall! 
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ad 
Figure 9-14: 
Moving a 
ladder : 
through a 15 feet *. 4 feet 
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Ss = 
Figure 9-15: 
Moving 

a ladder 
around a 
hallway 
corner: the 
tightest part. 
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1. Determine the trig function that you can use with the measures 
available. 


The hypotenuse is the length of the ladder — 15 feet. The opposite and 
adjacent sides are the same in an isosceles right triangle, and in this 
case, those two lengths are each 8 feet. You know this measure because 
all the triangles are isosceles right triangles, which means they have 
45-degree angles and equal leg measures (see Figure 9-16). 
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aa 3 
Figure 9-16: 
All the 
triangles 
have the 
same angle 
measures. 
——:- 8 


2. Determine which trig function to use. 


Both sine and cosine include the length of the hypotenuse, which is 
what you’re solving for, so you can use either function. 


3. Write the equation with the trig function, then input the measures that 


you know. 
: «_ Opposite 
Te = hypotenuse 
: 5 8 
sin 45°= hypotenuse 


4. Solve for the value of the hypotenuse. 


Woe 8 


2 hypotenuse 
v2 - hypotenuse = 8 - 2 
hypotenuse = 7 = 11.314 
You find that at the tightest point around the corner, the hypotenuse is 


only slightly more than 11 feet. That 15-foot ladder will never fit around 
the corner. 
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“wand 60, with this formula, Descartes 

was able to compute the distance in a 

plane. However, despite this accomplishment, 

his luggage was still as likely to get lost 
on route as it had before. 


In this part... 


| rig identities are enlightening, yet mysterious. They’re 


helpful, yet frustrating. But most of all, they’re 
absolutely necessary. I start off by showing you the basic 
identities, and then I move on to the more-complex ones. 
And just to prove that I didn’t pull these identities out of 
thin air, I use algebra techniques to solve and confirm the 
identities. 


Chapter 10 
Trig’s Basic Identities 


In This Chapter 
» Recognizing reciprocal identities 
» Putting functions head-to-head by using ratio identities 
» Performing functions on negative angles 
» Relating to functions the way Pythagoras would 
# Using all the identities to solve for a function 


’m sure a thousand questions are running through your mind: What’s a trig 
identity? Is it possible to have a mistaken trig identity? Does anyone commit 
trig-identity theft? Can you have an identity crisis with trig? The answer: no. 


Trig identities aren’t nearly so sinister. They’re actuaily very helpful tools in 

simplifying trig expressions and solving equations. These identities are spe- 

cial to trigonometry. Basically, they’re equivalences — they give you options 
to substitute into equations in order to simplify. 


Identities are divided into different types, or categories, in order to help you 
remember them more easily and figure out when to use them more efficiently; 
in this chapter, I cover the gamut. 


Flipping Functions on Their Backs: 
Reciprocal Identities 


The simplest and most basic trig identities are those involving the recipro- 
cals of the trig functions. To jog your memory, a reciprocal of a number is 1 


divided by that number — for example, the reciprocal of 2 is 5. Another way 
to describe reciprocals is to point out that the product of a number and its 


reciprocal is 1. In the case of 2 and its reciprocal, 5, a ‘ = 1. The same goes 
for the trig reciprocals. 
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A woman ahead of her time: Hypatia 


One of the earliest recognized female mathe- 
maticians was Hypatia, who lived in Alexandria, 
Egypt, and is thought to have been born around 
A.D. 370. People of her day considered Hypatia 
to be not only a mathematician, but also a sci- 
entist and philosopher. Her father, Theon, was a 
professor of mathematics at the University of 
Alexandria. He taught Hypatia himself and 
shared with her his passion for knowledge and 
the search for answers. Hypatia developed 
a great enthusiasm for mathematics as well 
as astronomy and astrology. Her father also 
believed in a strong and healthy body as well as 
mind, so he insisted on a regular physical rou- 
tine to achieve this standard of excellence. 


Hypatia is well-known for her work on the ideas 
of conic sections, which are the curves that are 
formed by slicing a cone in various ways. The 
curves are Called parabola, circle, ellipse, and 
hyperbola. She edited the work of Apollonius, 
making the concepts easier to understand. For 
this, she is considered to be the first woman to 
make a contribution resulting in the survival of 
some of the earlier mathematical ideas. 


Hypatia came to a tragic end, killed by a mob 
who were spurred on by rumors created by lead- 
ers who didn't appreciate her religious stand or 
alliances. 


WLES 
& 
Here’s how the reciprocal identities are defined: 
| & The reciprocal of sine is cosecant: =H 9 = csc 6 
The reciprocal of cosine is secant: = sec 0 
cos@ 
| The reciprocal of tangent is cotangent: os =cotd 
' » The reciprocal of cotangent is tangent: + ao tan@ 
| The reciprocal of secant is cosine: = Na cos@ 
J} 
| & The reciprocal of cosecant is sine: ash a sin@ 


In true fashion, when you multiply the reciprocals together, you get 1: 


sin@-csc@=1 
cos@:-sec@=1 


tan@-cot@=1 
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The reciprocal identity is a very useful one when you're solving trig equations. 
If you find a way to multiply each side of an equation by a function’s recipro- 
cal, you may be able to reduce some part of the equation to 1 — and simplify- 
ing is always a good thing. 


Function to Function: Ratio Identities 


Trig has two identities called ratio identities. This label can be confusing, 
because all the trig functions are defined by ratios. Somewhere along the line, 
however, mathematicians thought this description was perfect for these two 
identities, because they’re basically fractions made up of two trig functions, 
one above the other, in each. The ratio identities create ways to write tangent 
and cotangent by using the other two basic functions, sine and cosine. 

sin 0 


The ratio identities are tan 0 = —— and cot @= cos@ 
cos@ sind 


These two identities come from the simplification of a couple of complex frac- 


tions. If you use the basic definitions for sine, cosine, and tangent, sine= a 
cosine= aul) and tangent= OPP then you can see that 
hyp’ adj’ 


0 byp 
sine __ hyp _ opp_ _ OPP _ 
cosine adj hyp adj adj Langens 
hyp 


Likewise, because cotangent is the reciprocal of tangent, 


ee 1 g 1 _ cosine 
cotangent= tangent sine ~ sine 
cosine 


Opposites Attract: Opposite- 
Angle Identities 


The opposite-angle identities change functions of negative angles to functions 
of positive angles. Negative angles are great for describing a situation, but 
they aren’t really handy when it comes to sticking them in a trig function and 
calculating that value. So, for example, you can rewrite the sine of -30 
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Figure 10-1: 
Angles of 
—45 degrees 
and 45 
degrees. 
SS 


degrees as the sine of 30 degrees by putting a negative sign in front of the 
function: 


sin(-30°) = —sin(30°) 


The identity works differently for different functions, though. First, consider 
the identities, and then find out how they came to be. 


The opposite-angle identities for the three most basic functions are 


sin(—@) = —sin@ 
cos(—9)=cos@ 
tan(—@) = —tan@ 


The rule for the sine and tangent of a negative angle almost seems intuitive. 
But what’s with the cosine? How can the cosine of a negative angle be the 
same as the cosine of the corresponding positive angle? Here’s how it works. 


If you refer back to Chapter 8, you find out that the functions of angles with 
their terminal sides in the different quadrants have varying signs. Sine, for 
example, is positive when the angle’s terminal side lies in the first and second 
quadrants, whereas cosine is positive in the first and fourth quadrants. In 
addition, Chapter 4 shows you how to draw angles on a coordinate plane: 
Positive angles go counterclockwise from the positive x-axis, and negative 
angles go clockwise. 


With those points in mind, take a look at Figure 10-1, which shows a —-45-degree 
angle and a 45-degree angle. 


First, consider the -45-degree angle. This angle has its terminal side in the 
fourth quadrant, so its sine is negative. A 45-degree angle, on the other hand, 
has a positive sine, so sin(—45") = —sin(45’) = ae, In plain English, the sine 


of a negative angle is the opposite value of that of the positive angle with the 
same measure. 


a 


A new way to slice pi-e 


Two of the best-known symbols used for two 
constants in mathematics are the Greek letter 
pi, 7, and the lowercase letter e. The value of 7, 
approximately 3.14159, is a decimal that goes on 
forever. The value of e, approximately 2.71828, 
goes on forever, too. 


The symbol for pi was first introduced in the 
early 1700s by William Jones, an obscure English 
writer who was composing a book for math 
beginners. Common belief is that he chose this 
letter because pis the first letter in perimetron, 
meaning perimeter. He didn't realize that what 
he was doing would have such a long-lasting 
effect on the world of mathematics. A few years 
later, the famous mathematician Leonhard Euler 
used the letter p instead of the Greek letter zz, 
but he eventually adopted the Greek notation, 
too, making it even more popular with the rest 
of the world. 


Now on to the cosine function. In light of the cosine’s sign with respect to the 
coordinate plane, you know that an angle of -45 degrees has a positive cosine. 
So does its counterpart, the angle of 45 degrees, which is why cos (-45°) = 


The letter e represents the base for natural loga- 
rithms. Like 7, this value occurs naturally — in 
other words, the value e occurs as a multiplier 
or base of the equations that represent many 
natural phenomena. Euler also had a hand in 
popularizing this symbol sometime in the early to 
mid-1700s. The question comes to mind as to why 
he chose that particular letter. Using 7 or p 
seems natural for a concept linked to the peri- 
meter of a circle, but the letter e isn’t such an 
obvious choice. Here are a few possible reasons 
why our ancestors chose this letter: First, eis the 
first letter in exponential, which is closely tied to 
logarithms; or perhaps they used e because it's 
near the beginning of the alphabet and hadn't 
been used as a symbol for anything else. Could 
it be, rather, that Euler chose the letter e because 
it's the first letter in his name? Whatever the 
reason, it appears that 7 and e are here to stay. 


cos(45°) = f2 So you see, the cosine of a negative angle is the same as that 


2 


of the positive angle with the same measure. 
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Next, try the identity on another angle, a negative angle with its terminal side 
in the third quadrant. Figure 10-2 shows a negative angle with the measure of 
-—120 degrees and its corresponding positive angle, 120 degrees. 


Ss 
Figure 10-2: 
Angles 

of -120 
degrees and 
120 degrees. 
| | 
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The angle of -120 degrees has its terminal side in the third quadrant, so both 
its sine and cosine are negative. Its counterpart, the angle measuring 120 
degrees, has its terminal side in the second quadrant, where the sine is posi- 
tive and the cosine is negative. So the sine of -120 degrees is the opposite 

of the sine of 120 degrees, and the cosine of -120 degrees is the same as the 
cosine of 120 degrees. In trig notation, it looks like this: 


sin(-120°) = —sin(120°) = — eB and cos(-—120°) = cos(120°) = -4 


When you apply the opposite-angle identity to the tangent of a 120-degree 
angle (which comes out to be negative), you get that the opposite of a nega- 
tive is a positive. Surprise, surprise. So, applying the identity, the opposite 
makes the tangent positive, which is what you get when you take the tangent 
of 120 degrees, where the terminal side is in the third quadrant and is there- 
fore positive. 


Revisiting the Classic Theorem: 
Pythagorean Identities 


ar 


Good old Pythagoras is at work everywhere — his theorem keeps cropping 
up in the strangest places. (Not that a chapter in this book is really a strange 
place, of course.) For more on that theorem, refer to Chapter 2. This section, 
however, takes you past the basics and expands on them with the three iden- 
tities called Pythagorean identities. 


The Pythagorean identities are building blocks for many of the manipulations 
of equations and expressions. They provide a greater number of methods for 
solving problems more efficiently, because they allow you to write compli- 
cated expressions in a much simpler form. 


The Pythagorean identities are 


sin’@+cos’@=1 
tan’?@+1=sec’@ 
1+ cot’ =csc’@ 


The notation in these identities is peculiar to trigonometry. The expression 
sin’ @ actually means (sin @) : Find the sine of angle @ and then square that 
number. But mathematicians hate to waste, and having to put those big, cum- 
bersome parentheses around “sin @” all the time seemed wasteful. So they 


a 
Figure 10-3: 
Finding the 
Pythagorean 
identity ona 
unit circle. 
— Sa 
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agreed on a condensed version: The superscript 2 right after “sin” means that 
you square the whole expression. The same type of notation also goes for the 
other functions. 


The mother of all Pythagorean identities 


The Pythagorean identity that birthed the other two is sin’ @ + cos’ 6 = 1. But, 
you may wonder, where did this identity come from, and why is it so impor- 
tant? Last things first: The primary identity is important because it sets a 
combination of functions equal to 1, and this simplification is very helpful for 
solving trig equations. As such, it’s probably one of the most frequently used 
identities of them all. This identity comes from putting a right triangle inside 
the unit circle and substituting values and equations to come up with a whole 
new equation (see Figure 10-3). 


; ; DG 
In Chapter 8, you discover that in a circle, sin @ = 2 and cos @ = +, where 


(x, y) are the coordinates of the point and ris the radius of the circle. The value 
of x is also the length of the adjacent side of the triangle, and y is the length of 
the opposite side. In a unit circle, the radius is equal to 1. When you substitute 


: ee 
that value in the equation, you find that sin 0 = x =y and cos@= =x: Hold 
that thought. 
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The Pythagorean theorem says that when you square the value of each of a tri- 
angle's two legs and add the results together, vou get the square of the hypot- 
enuse, In mathematical notation, it looks like this: a°+ b*= c*. In the case of 
the right triangle on the unit circle, because the radius (which is also the 
hypotenuse) is |, vou can say that wot yo 1. Now replace the x with cos @ and 
the y with sin @, switeh the two terms around, and you get sin’ @ + cas’ @ = 1. 


If all the finagling just seems like a lot of hocus pocus to you, check out this 
identity in action. Suppose the angle in question is 30 degrees. Using the 
values for the tunetions of a 30-degree angle (see the Appendix), sin 30° = 


/. 
o 3 
and cos30°= = , and putting them into the identity, you get 


ues 


sir @ t+ cos 0% 1 


Voila! 


Extending to tangent and secant 


The other two Pythagorean identities stem from the first one. All you do is 
throw ina little algebra and apply the reciprocal and ratio identities (see 
those sections earlier in this chapter) and — poof! — two new identities. 


1. Starting with the first Pythagorean identity. sin’ e@ + cas'e@ = 1, divide 
each term by cos’ @. 


sin’@ , cos’@ __ 1 
cos’6 * cos'@ cos’ 

af 
: \, 


Note how the exponent 2 is pulled out of the parentheses: 


(sing) + (co88) - (1) 


3. Replace each of the terms with an equivalent expression. 


2. Rewrite each term by using the algebraic rule ta | 


sin 
¢ Use a ratio identity, sing tan @. to replace the first term with 


tan 6. 


¢ Replace the second term with 1: cos@ 1. 
YS 


¢ Use a reciprocal identity. Lo « sec @, to replace 
i . : . place the third term 
with sec 6. ome 
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Substituting these expressions into the equation and simplifying, you get 
(tan) + (1) =(sec@y 
tan’@+1=sec’@ 


Finishing up with cotangent and cosecant 


If you read the preceding section, you can simply do a repeat performance 
with cotangent and cosecant. Here’s how: 


1. Starting with the first Pythagorean identity, sin’ 6 + cos’6 = 1, divide 
each term by sin’@. 


sin:@), cosso _ __1 
sin’@  sin’@ sin’ @ . 
2. Rewrite each term by using the algebraic rule ( #| = é] ‘ 


(sna) +(S$88)-(ate) 


3. Replace each of the terms with an equivalent expression. 


¢ Replace the first term with 1: sin@ =1, 
sin@ 
e Use a ratio identity, ae f = cot, to replace the second term with 


cot 6. 


¢ Use a reciprocal identity, <5 = csc @, to replace the third term 
with csc 6. 


Substituting these expressions into the equation and simplifying, you 
find that the result is 


(1) +(cot@) =(csc0) 
1+ cot’?@=csc’@ 


Rearranging the Pythagorean identities 


The preceding sections show the original definitions of the Pythagorean iden- 
tities, but as you probably suspected, the forms don’t end there. Familiarizing 
yourself with the other versions of these identities is helpful so that you can 
easily recognize them when solving equations or simplifying expressions. 


All these different versions have their places in trigonometric applications, 
calculus, or other math topics. You don’t have to memorize them, because if 
you just remember the three Pythagorean identities, you can solve for what 


you need. 


<i? 
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John Napier, inventor of logs and bones 


John Napier was a 16th-century Scottish math- and doing computations with exponential and 
ematician and inventor credited with inventing _ trig functions. 


logarithms (for which he is best known), the As an inventor, Napier created a hydraulic 


screw, which was used in coal pits to lower the 
water levels. He invented, or at least proposed, 
several military inventions as well. He proposed 
special artillery; bulletproof clothing; a sub- 
marinelike vehicle; and huge, burning mirrors to 
set enemy ships on fire. 


decimal point, and Napier’s Bones — an early 
calculating instrument. Napier’s Bones were 
actually strips of wood or bone with multiplica- 
tion tables inscribed on them. People used them 
for multiplying, dividing, taking square and cube 
roots, determining decimal values of fractions, 


Changing sin’ 0 + cos? 9 = 1 
You can alter the original Pythagorean identity in myriad ways. For starters, 
you can isolate either sin’@ or cos’@ on one side of the equation by subtract- 
ing the other term: 
sin’@ = 1-cos’@ 
cos’ 9 = 1-sin’@ 
Continuing on, you can factor the right side of either of these equations 
because that side is the difference of two perfect squares: 
sin’ @ = 1 — cos’@ = (1- cos@)(1+cos@) 
cos’ @ = 1 —sin’@ = (1-sin@)(1+sin@) 
Sometimes, however, having an expression for sin @ or cos 0, where the func- 
tions aren't squared, is helpful. Beginning with the earlier version of the basic 


Pythagorean identities, where one function is by itself, you can take the 
square root of each side to get 


sin@=+ /1—cos’@ or cos@ =+ /1 — sin’@ 


Adjusting tan’ 0 + 1 = sec’ 0 


You can also adapt this second Pythagorean identity in various ways. Solving 
for tan’@ by subtracting 1 from each side of the equation, you get 


tan’@ = sec’@-1 


Then, factoring the difference of the squares on the right (because that side 
is the difference of two perfect squares), you have 
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tan*@ = (sec @ - 1)(sec@+ 1) 


Lastly, beginning with the earlier version and taking the square root of each 
side, you get 


tan@=+ /sec’@- 1 


Taking another approach to this Pythagorean identity, you can subtract tan?@ 
from each side and factor the result to get 


1 = sec’ — tan’@ = (sec @ - tan@)(sec 6 + tan@) 


Reconfiguring 1 + cot? 0 = csc? 0 
You can rearrange the last Pythagorean identity, too, by subtracting 1 from 
each side or by subtracting cot’@ from each side. The two new versions are 


cot’@=csc’@-1 
1=csc’@ - cot’?@ 


Each of the preceding equations has the difference of two perfect squares, 
which you can factor: 


cot’ @ = csc’@ — 1 =(csc@- 1)(csc 0+ 1) 
1 = csc’ 6 — cot’ = (csc @ -— cot @)(csc @ + cot @) 


And lastly, the square root of each side yields an identity involving just cot 0: 


cot@=+ /csc’6-1 


Combining the Identities 


Even though each function is perfectly wonderful, being able to express them 
all in terms of one of the other five trig functions is frequently to your advan- 
tage. For example, you may have some other terms in an expression that aren’t 
sines, and having them all match would help you solve the equation. 


Armed with the reciprocal identities, ratio identities, and Pythagorean identi- 
ties, you can do just that — write any trig function in terms of the others. In 
this section, I show you the many variations of sine; by applying some of the 
same identities and following similar steps, you can form a multitude of varia- 
tions of the other trig functions. These five ways of writing sine in terms of the 
other five functions show you how powerful, versatile, and useful all these 
identities are. A word of warning: Some of these equations aren't very pretty. 
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The many faces of sine 


Here are the five ways of expressing the sine function in terms of the other 
functions: 


Sine in terms of cosine: sin@ =+ ,/1 — cos’@ 


ae : tan@ 
Sine in terms of tangent: sin @ = ——=———— 
’ +/tan’0+1 
Sine in terms of cotangent: sin 0 = — 
+/1+cot’d@ 
aE 6-1 
Sine in terms of secant: sin @ = ae 
sec 0 
Sine in terms of cosecant: sin @ = ! 
csc 0 


Working out the versions 


Choosing a good starting point helps — and makes for a nicer result. You don’t 
want any expression that’s too messy or hard to remember. Take advantage 
of identities that have your target function isolated in a single term. This sec- 
tion shows you the most typical methods for changing one trig function to 
another. 


Changing sine to cosine 


You can express the sine function in terms of cosine without doing much 
work. Starting with the Pythagorean identity involving sin @ and cos 0, sub- 
tract cos’ 6 from each side and take the square root of each side: 


sin’ @ = 1-cos’@ 
/sin’@ =+ /1-cos’@ 
sin@ =+ /1-cos’@ 


Changing sine to tangent 
To rewrite the sine function in terms of tangent: 


1. Start with the ratio identity involving sine, cosine, and tangent, and 
multiply each side by cosine to get the sine alone on the left. 
sin@ 
cos@ 
sin@ = tan@cos@ 


=tand 


2. Replace cosine with its reciprocal function. 
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oo (8) 1 
sind =tano( 15) 


3. Solve the Pythagorean identity tan’@ + 1 = sec’@ for secant. 
This equation gives you + /tan’@ + 1=sec@. 

4. Replace the secant in the sine equation. 

1 


+/tan’?@+1 


tan @ 


+ /tan’?9+1- 


You end up with sin @ = tan@ 


Changing sine to cotangent 


To write the sine function in terms of cotangent, begin with the equation you 
end up with in the preceding section. 


1. Replace all the tangents with 1 over the reciprocal for tangent (which 
is cotangent) and simplify the expression. 


1 
cot@ 


sin @ = 


+1 


cot’@ 


The result is a complex fraction — it has fractions in both the numerator 
and denominator — so it’! look a lot better if you simplify it. 


2. Rewrite the part under the radical as a single fraction and simplify it 
by taking the square root of each part. 


1 1 
sin cot é - cot 0 
ra 1 , cot 7] fe [1+ cot’@ 
“¥cotv?@ cot?@  ¥ cot’éd 
> 1 
Cong . Score as 


/1+cot’@ 7 e /1+cot’é 
/cot’?@ coté 


3. Multiply the numerator by the reciprocal of the denominator. 
l 


te 


Peo i 
,v1+cot'd cotO +/1+cot?@ +,/1+cot’d 
~  cotéd 


Voila — you have sine in terms of cotangent. 


Changing sine to secant 

The next function to define sine is the secant function. The easiest way to do 
this is to start with the sine in terms of cosine and replace each cosine with 1 
over its reciprocal (which is secant): 
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sin@=+ /1-cos’@ 


ee | 
= sec’@ 


The radical has a fraction in it. A better form is to simplify that fraction, so 
find a common denominator and split the fraction into two radicals — the 
bottom one of which you can further simplify: 


sing= /sec@ 1 = (See le /sec’9-1 
~¥sec’?@ sec’O ~¥ sec’O ~~ sec@ 


Changing sine to cosecant 


The last function to write sine in terms of is the cosecant — I saved the best 
(easiest) for last. The reciprocal of cosecant is sine, so this equation is just 
one of the basic reciprocal identities: 


1 
cscO 


sin@ = 
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In This Chapter 


- Using identities with sums of angles 
Finding functions of the difference of angles 
Doubling angle values 

« Taking half an angle 


[: basic building-block identities are the reciprocal, ratio, and Pythagorean 
identities, which I discuss in detail in Chapter 10. In this chapter, you take 
those identities a step further and develop new identities, discovering how to 
add, subtract, multiply, and divide the trig functions — in particular, the nice 
values for angles of 0, 30, 45, 60, and 90 degrees. (Those angles aren’t the only 
ones that you can perform operations on; they’re just the most convenient to 
use when showing how the trig identities work.) By performing such opera- 
tions, you can determine the function values of even more angles. 


Summing It Up 


Three basic identities involve the sums of angles, and they involve sine, cosine, 
and tangent. After you recognize these three identities, you can adapt them 
for the other three functions (cosecant, secant, and cotangent) by using the 
reciprocal identities (detailed in Chapter 10). All you do is use a reciprocal 
identity to change the expression to one of the three basic functions, do the 
necessary work, and then use the reciprocal identity to change the answer 
back in terms of the function you began with. 


You can use the angle-sum identities to find the function values of any 
angles, but the examples in this section just show the most convenient 
combinations — ones with exact values that you can fill into the formulas. 
Suppose, for example, that you want to find the exact value of the sine of 75 
degrees. To minimize fuss, you can use the sum of 30 degrees and 45 degrees 


and the appropriate identity. 
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QuLes 
© 
& The angle-sum identities find the function value for the sum of angle a and 


angle B: 
sin(a + B) = sinacos B+ cosasin B 
cos(a@+ B) =cosacos B - sina sin B 
tana + tan B 
tan(a + B)= 1-tanatan B 
Using the identity for the sine of a sum, find the sine of 75 degrees: 
1. Determine two angles whose sum is 75 for which you know the values 
for both sine and cosine. 


Choose 30 + 45, not 50 + 25 or 70 + 5, because sticking to the more- 
common angles that have nice, exact values to use in the formula is 
your best bet. 


2. Input the angle measures into the identity. 
sin(@+ B)=sinacos B+ cosasin B 
sin(30°+ 45°) = sin 30° cos 45° + cos 30° sin 45° 
3. Replace the functions of the angles with their values and simplify. 
sin(30°+ 45°) = sin 30° cos 45° + cos 30° sin 45° 


Sometimes, you have more than one choice for the sum. In this example, find 
the cosine of 120 degrees by using the identity for the cosine of a sum. 
1. Determine two angles whose sum is 120. 


Choosing among the most convenient angles, you can use either 90 + 30 
or 60 + 60. For this example, I use 90 + 30, because the sine of a 90-degree 
angle is 1, and the cosine is equal to 0. Both of those numbers are very 
nice to have in a computation because they keep it simple. 


2. Input the values into the identity. 
cos(a+ 8) =cosacos B- sina sin B 
cos(90°+ 30°) = cos 90° cos 30°— sin 90° sin 30° 
3. Replace the functions with their values and simplify. 
cos (90° + 30°) = cos 90° cos 30°- sin 90° sin 30° 


eae et : 
ae a aa a 5 = cos (120°) 
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These identities work with radian measures, too, such as finding tan “a by 
using the identity for the tangent of the sum of angles. 
1. Determine two angles whose sum is tS 
It may be easier to think of finding two numbers that add up to i 
: a emt) 1 (yisee T 
Simplified, they’re 3 and = q 80 75 = 3 +7: 
2. Input the values into the identity. 
tan(o +B)=7 tana + tan B 
—tanatan B 


Bo Al Tt 


tan + tan 
tan( # +4)= a) ee 
1-—tan 3 tanZ 


3. Replace the functions with their values and simplify. 


_¥3t+1 _f3+1 7 
tan( $+ t)= 1-3-1 i ee Me 


The result in the last step doesn’t leave the answer in the nicest form. The 
denominator has two terms, and one of them is a radical. One way to make 
the answer look a bit better and more intelligible is to use a technique called 
rationalization. 


soe To rationalize the numerator or denominator of a fraction, multiply both the 

numerator and denominator by the conjugate (same terms, opposite sign) of 
the part that you’re rationalizing. When you do so, you end up with the differ- 
ence of two squares and get rid of the offending portion. 


For the last example, you rationalize like so to get the radical out of the 
denominator: 


Bit 8 


The final answer is a bit nicer to understand and estimate. Because 13 is 
about 1.7, you can estimate that —2 — /3 =—-2-1.7= -3.7. 


Sometimes, you may not know what the angle measure is, but you know 
something about the angle’s function values. For example, suppose you have 
two angles, @ in QIl and # in QI. If sina = 3 and cos B= a. then what are 
sin(a@ +) and cos(a +B)? 
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1. Find all the necessary function values for the sums. 


Both the sine and cosine angle-sum identities use the sine and cosine 

of each angle involved. You already know the sine of one angle and the 
cosine of the other angle, so you have to determine the unknown cosine 
and sine — you can do so by using the Pythagorean identity: 


e First, use the value for sin & to solve for cos @: 


sin’a+cos’a=1 
2 


3 ri 
(3) +cos o7= Il 


You end up with two results. Because the terminal side of angle a 
is in the second quadrant, the cosine of a, in this case, is negative: 


cos @ = -2. 


¢ Now use the value for cos f to solve for sin B: 
sin’ B+ cos’ B=1 


ae as 
sin’ B+ (32) = 
Pee ao 1O 2625 
sin" B = 1— 55 = "49 
Saree hc eran! Ge 
sin B=+ 605 ~+ 95 


The terminal side of angle f is in the first quadrant, where the sine 


is positive: sin B = x. 


2. Insert the function values into the identities for the sine and cosine of 


the sum of angles. 
sin(a + B)=sinacos B+ cosasin B 
so) (8)) (81) 
cos(a +B) =cosacos B - sinasin B 
ctaoal=(-$)B)- (BIS 
. Simplify the identities and solve for the answers. 
se) (9KB8) ANB) 

2 


“(+ BB)f§ 
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By looking at the angle measures, you can predict whether the function value 
will be positive or negative. In the preceding example, the smaller angles, when 
added together, create an angle with its terminal side in the second quadrant. 
In Chapter 8 you find out that the sine of an angle in the second quadrant is 
positive. So it’s no surprise that the sine comes out to be a positive value and, 
likewise, that the cosine is a negative value (because cosine is negative in the 
second quadrant). 


Overcoming the Differences 


LES 
ce 


air 


By adding angles together, you enlarge your repertoire. You have more exact 
function values — not just the basic function values, but also all the possible 
sums of these more-common angles. In like fashion, you have even more pos- 
sibilities for finding the function values of angles when you use subtraction. 
For example, you can determine the sine of 15 degrees by using 45 degrees 
and 30 degrees and the appropriate identity. 


The subtraction, or difference, identities find the function for the difference 

between angles a and B: 
sin(a — B)=sinacos B - cosasin B 
cos(a@ - B)=cosacos B+ sinasin B 


_ tana —tan B 
tan(a- B) = 1+tanatan B 


Notice how each of the subtraction identities resembles its corresponding 
angle-sum identity. For the sine rule, the sign between the two products 
changed from + to -, which seems to make sense. The opposite is true for 
cosine. The addition rule for cosine has - in it, and the subtraction (or differ- 
ence) rule has + in it. The tangent rule has both + and — in it; the operation in 
the numerator mirrors the type of identity. 


Only the original three trig functions have truly usable difference identities — 
the identities for the reciprocal functions are pretty darned complicated. If 
you want the difference of a reciprocal function, your best bet is to use the 
corresponding basic identity and find the reciprocal of the numerical answer 
after you’re all finished. 
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To see one of the subtraction identities in action, check out the following 
example, which shows how you can find the sine of 15 degrees. 
1. Determine two angles with a difference of 15 degrees. 
To keep things simple, use 45 and 30. 
2. Substitute the angles into the identity for the sine of a difference. 
sin(a — B) = sinacos B - cosasin B 
sin 15°= sin(45°— 30°) = sin 45° cos 30° — cos 45° sin 30° 
3. Replace the terms with the function values and simplify the answer. 


sin(45°-30°)= 22.1 #2. ¥3 
#2 V6 _ 2-6 
"204° 4 


=sin15° 


Using radians introduces fractions to the picture, such as finding tan a by 
using the identity for the tangent of a difference. 


1, Determine which angles you need to get the difference. 
Te le sie Rh Say .. 3a Sen 
The two angles are 3 and 4° Siving you 3 - 7 = 75 ~ [9 = Jo° 


2. Substitute the angles into the identity for the tangent of a difference. 


_ tana —tanf 

tan (a B) ~ 1+tanatan B 

Ho 9 

tan =tan(Z-%)-— 3 
12 3 4) 1+tan#tan* 


3 4 


3. Replace the terms with the function values and simplify the answer. 


ut (3-1 _3- Tt 


1 
tan| = - = |=——=-—_ = = tans5 
Mielec eg oe 


The result is rather messy. You can simplify it even more by multiplying 
the numerator and denominator by the conjugate (same terms, different 
sign) of the denominator and simplifying the result: 


/3-1 1-/3_/3-3-1+/3 _2/3-4_ [342 
is to 1L=a6e 7 a2” ae 


In Chapter 10, I explain the opposite-angle identities. This next example uses 
the identity for the cosine of a difference along with the angle measuring 0 
degrees to determine an opposite-angle identity. You may like this explanation 
better than those in Chapter 10, and it just goes to show you how versatile and 
user-friendly trig identities are — and how they all get along so well together. 
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In this example, find cos(-#] by using the identity for the difference 
between angles. 
1. Determine which angles you need to get the difference. 


Using 0 and 3 and subtracting with the 0 first gives a negative result: 
o-Z4--2 


Sel Sis 
2. Substitute the angles into the identity for the cosine of a difference. 


cos(a@— 8) =cosacos B + sinasin B 


cos( 0 = 4 = cos0cos 3 + sin Osin 3 


3. Replace the angles with the function values and simplify the answer. 


cos(—# = cos0cos 3 + sin Osin 3 


This answer is exactly what you get if you use the opposite-angle iden- 
tity for cosine: cos(—@)=cos@ or cos(- 7} = cos(¥] = 7 


In the following example, two negatives make a positive. The angles are posi- 
tive, but their function values are negative. The two angles in question are a, 
which is in the fourth quadrant, and £, which is in the third quadrant. The 


known function values are sin a = -¢ and cos B = i. Find cos(a - B). 


1. Find the necessary function values to calculate the difference. 


The cosine of the difference of two angles uses both the sine and cosine 
of each angle involved. You already know the sine of @ and cosine of 

B, so you must determine the cosine of @ and the sine of B. Using the 
Pythagorean identity, you can solve for the missing values: 


e First, use the value for sin & to solve for cos @: 


sin’ a+cos’a=1 


Because angle @ is in the fourth quadrant, you know that the cosine 


of & is positive: cos & = 3. 
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¢ Now use the value for cos f to find sin B: 
sin’ B + cos’ B= 1 


5 2 
mee is = 
sin p+( =) 1 


ogee 20.2 4 
eee 169) 169 
igen ae eZ 
sin B=+ / 769 =* 13 
Angle f is in the third quadrant, where sine is negative, so 
in Bee 
sin B= 13° 
2. Insert the function values into the identity for the cosine of a 


difference. 


cos(a - 8) =cosacos B+ sinasin B 


mit 3 Vio. pr ee | eaalie 
-(3)(-5) *(-3)(-13) 
3. Simplify the identity and solve for the answer. 


cos(a@ - B) = (-z) a Ss 
_ 33 
65 


In the preceding example, the first angle is in the fourth quadrant, so its mea- 
sure is between 270 and 360 degrees. The other angle, which is in the third 
quadrant, is between 180 and 270 degrees. The difference between them could 
be anywhere between 0 and 180 degrees, meaning that the new angle is either 
in the first or second quadrant. The answer for the cosine of the difference 
came out positive. Chapter 8 tells you that the cosine is positive in the first 
quadrant and negative in the second, so the difference between the two angles 
must be somewhere between 0 and 90 degrees, which means that the new 
angle is in the first quadrant. 


The birthday puzzle 


Ever wonder what the likelihood is that two 
people in a room have the same birthday, 
assuming that no twins are in the room? 


have the same birthday? Would you guess 364? 
182? 91? Not even close. Using probability laws, 
you have a better than 50 percent chance (over 
half the time there wi// be a match) if you have 
only 24 people in a room. Each additional person 


Look around the room the next time you're at a 
small gathering. How many people would you 


guess would have to be in the room to have a 
better than even chance that two people will 


makes it even more likely that some two people 
will share their special day. 
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Doubling Your Money 


WLEs 
ot 
s&s 


Identities for angles that are twice as large as one of the common angles are 
used a lot in calculus and various math, physics, and science disciplines. 
These identities allow you to deal with a larger angle in the terms of a smaller 
and more-manageable one. A double-angle function is written, for example, as 
sin 20, cos 2a, or tan 2x, where 20, 2a, and 2x are the angle measures and the 
assumption is that you mean sin (26), cos (2a), or tan (2x). In this section, | 
show you how the double-angle formulas for sine and cosine came to be. | 
don’t go off on a tangent here, but all you need to know is that because tan- 
gent is equal to the ratio of sine and cosine, its identity comes from their 
double-angle identities. 


The double-angle identities find the function for twice the angle 9. Note that 
the cosine function has three different versions of its double-angle identity. 
sin 20 = 2sin0cos0 
cos 26 = cos’ 6 - sin’@ 
=2cos’@-1 
=]1-2sin’0 


__2tand 
Melis 1 —tan’@ 


One plus one equals two sines 


To show you where the double-angle formula for sine comes from, I use the 
identity for the sine of a sum, sin(a + B) = sinacos B + cosasin f. If a= B, 
then I can replace f with @ in the formula, giving me 


sin(a@ + @)=sinacosa+cosasina@ = sinacosa + sina cosa 
sin(2a@) =2sinacosa 


For example, you can use this double-angle identity to find the function value 
for the sine of 180 degrees. 
1. Determine which angle is half of 180 degrees. 
Twice 90 is 180, so the choice is 90 degrees. 
2. Substitute the measure into the double-angle identity for sine. 
sin 180° = sin2 (90°) = 2 sin 90° cos 90° 
3. Replace the angles with the function values and simplify the answer. 


sin 180°=2(1)(0) =0 


] bs 0 Part Ill: Identities 


Unlikely mathematician 


Napoleon Bonaparte is best known for his tri- equilateral triangles on the sides of any other tri- 
umphs and trials in French history. But did you angle and then join the centers of those triangles 
know that he was a closet mathematician? He with segments, those segments form another 
even has a rule named for him. Napoleonis cred- equilateral triangle. Here are some pictures illus- 
ited with discovering that when you construct _ trating Napoleon's theorem: 


Ke 


Three’s a crowd 


Finding the cosine of twice an angle is easier than finding the other function 
values, because you have three choices to use. You make your choice depend- 
ing on what information is available and what looks easiest. To show you 
where the first of the double-angle identities for cosine comes from, I use the 
angle-sum identity for cosine. Because the two angles are equal, you can 
replace B with a, so cos(a + B) = cosacos B-sinasin B becomes 


cos(@ + @) = cosacos a — sina sina = (cosa) — (sina) 
cos(2a@) = cos’ a — sin’ a 
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To get the second version, use the first Pythagorean identity, sin’ a + cos’ a@ = 1. 
Solving for sin’ a, you get sin’ a = 1 — cos’ a. Putting this result back into the 
double-angle identity for cosine and simplifying, you get 


cos(2a@) = cos’ a — (1- cos’ a) 
=cos’'a-1+cos’a@ 
=2cos’a-1 
To find the last version of the double-angle identity for cosine, solve the first 


Pythagorean identity for cos’ a, which gives you cos’ a@ = 1 — sin’@. Then sub- 
stitute this result into the first angle-sum identity for cosine: 


cos (2a) = (1 —sin’a) — (sin’a) 
=1-sin’a-sin’a 
=i 2 sin’ @ 


The biggest advantage to having three different identities for the cosine of a 
double angle is that you can solve for the cosine with just one other function 
value. The sum and difference identities for sine and cosine, on the other 
hand, as well as the double-angle identity for sine, all involve both the sine 
and cosine of the angles. 


Here’s an example showing off that advantage. Find cos 2a; the angle a is in 
the fourth quadrant, and sina = —0.45. 


1. Choose the appropriate double-angle identity. 
Because you know the value of the sine, use cos 2a = 1-2 sin’ a. 
2. Insert the given value in the formula and simplify. 


cos 2a =1- 2(-0.45) 
= 1] — 2(0.2025) = 1 — 0.4050 = 0.5950 


The resulting cosine is positive. The cosine is positive in the first and fourth 
quadrants, so how do you know which of those two quadrants the terminal 
side of this double angle lies in? Go back to the beginning of the problem — 
you know that the original angle is in the fourth quadrant. An angle in QIV 
measures between 270 degrees and 360 degrees. If you double those numbers 
(because you're working with a double angle), you get 540 degrees and 720 
degrees. The angles between those two values lie in the third and fourth 
quadrants. The cosine is positive in the fourth quadrant, so this double angle 
lies in the fourth quadrant. 
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The trig identities come in sums, differences, multiples, and halves. With these 
identities, you can get the value of a sine for a 15-degree angle by taking half of 
30 degrees. You can also get the value of the tangent of a 224degree angle by 
using half of 45 degrees. These identities just create more and more ways to 
establish an exact value for many of the more commonly used trig functions. 


The half-angle identities find the function value for half the measure of angle 0: 


__sin@ _1-cosé@ 
1+cos@ sin@ 


The half-angle identities are a result of taking the double-angle identities and 
scrunching them around. A more-technical term for scrunching is to solve for 
the single angle in a double-angle identity. Here’s how the half-angle identity 
for sine came to be: 


1. Write the double-angle identity for cosine that has just a sine in it. 
cos 20 = 1-2sin’@ 
Using the double-angle identity for cosine works better than the double- 


angle identity for sine, because the sine formula has both functions on the 
right side of the equation, and you can’t easily get rid of one or the other. 


2. Solve for sin 0. First, get the sin’ 0 term by itself on the left. 
cos 26 = 1-2sin’é 
2sin’@ = 1-cos20 
3. Divide each side by 2 and then take the square root of each side. 


Cee cos 8 


/sin®6 =+ fl oe 
sing = /1—59820 


4. Replace 20 with a and 6 with ., 


2 
Ra (OF /1-cosa@ 
sin =+ — 


By switching the letters, you can see the relationship between the two 
angles, that one is half as big as the other, more easily. 
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You can find the half-angle formula for cosine by using the appropriate choice 
of cosine’s double-angle identity and following similar steps to the preceding 
ones. With tangent, you use both the sine and cosine identities. But first, 
what’s this business of + or — in the sine and cosine half-angle identities? 


Explaining the + 


Trig identities are numerous. I list most of them somewhere in this chapter and 
in Chapter 10. You may be wondering, however, why these half-angle identities 
are in a league of their own — some of them have + in front of them. Continue 
on, dear reader, for the answer to that nagging question. 


What’s unique about the half-angle identities for sine and cosine is the fact 
that the sign attached depends on what quadrant the angle that you’re cut- 
ting in half is in or how big that angle is. If you want to know the sine of half 
a 30-degree angle, you look at what quadrant that half is in. Both 30 degrees 
and its half, 15 degrees, are in the first quadrant, so their sines are both posi- 
tive. Not so with the sines of 300 degrees and its half, 150 degrees, though. 
The sine is negative in the fourth quadrant, where the 300-degree angle is 
located (in standard position), but the sine of 150 degrees is positive. When 
you apply the half-angle formulas, you have to consider which quadrant each 
angle is in and apply the appropriate signs. 


Half a tangent is double the fun 


The half-angle identity for tangent has two versions. Rather than being a nui- 
sance, having more than one option is really rather nice, because you can 
choose the version that works best for your situation. The half-angle formu- 
las for the tangent involve both sine and cosine, but those functions switch 
places in the numerator and denominator of the fraction. Sometimes the sine 
of a function doesn’t have a radical in its exact value when the cosine does 
(or vice versa). Depending on the sine and cosine values, you choose the ver- 
sion of the half-angle tangent identity that’ll be easiest to work with after you 
input the values. The math is easier when you don't have to worry about 
those radicals in the denominator. 


First, where do these half-angle tangent identities come from? 


1. Use the ratio identity for tangent and fill in the half-angle identities 
for sine and cosine. 


- sin® 1 aces) 


if — = 
2 cpa) jdcaso 
2 2 


] Sh Partil((identiticc Gai 


You can leave off the + sign because you won't have to choose which 
sign to use with the tangent identity — the square-root sign squares out 
of the equation. 


2. Put the numerator and denominator under the same radical and then 
simplify the complex fraction. 


1—cos 


2 _ /l=cosé | & _ /[=cosé 
1+cosO 2 1+cos@ ¥1+cos0 
2 


3. Multiply the numerator and denominator by the conjugate (same 
terms, different sign) of the denominator. 


2 
_ fi=cos0 I—cos@ _ /(1—cos@) 
1+cos@ 1-cos@ = canton 


4. Replace the denominator by using the Pythagorean identity and then 
simplify by putting the radical over the numerator and denominator, 


individually. 
(l—cos@) _ /(1—cos@) 
1-—cos’@ — sin’@ 


_ ¥(1~cos®) _1~cosé 
/sin? a) sin@ 
To find the other form of this half-angle tangent identity, change the preced- 


ing Step 3 by multiplying the numerator and denominator of the fraction by 
the conjugate of the numerator instead of the denominator. 


Using half-angle identities 


By adding, subtracting, or doubling angle measures, you can find lots of exact 
values of trig functions. This section provides some examples of the types of 
angles and their functions that you can find with the half-angle identities. 


Pi gone wrong 


In 1853, William Shanks published his calcula- | even greater error occurred in 1897. That year, 


tion of the decimal value of pi to 707 decimal the General Assembly of the State of Indiana 
places, which he computed all by hand. Not enacted Bill Number 246, stating that pi was 
until 1945 did someone discover that the last 180 —_ legally equal to 4. 

digits of this computation were wrong. But an 
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Even though you can use a difference identity to find the sine of 15 degrees, 
you can also use the half-angle identity. 
1. Determine which angle is double the angle you’re working with. 


Half of 30 is 15, so the choice is 30 degrees. Stick to the more-common 
angles — the ones that have exact values (see Chapter 7) or are multi- 
ples of 30 and 45. 


2. Substitute that angle into the half-angle identity for sine. 


nS 1-—cos@ 

sins =a5 arm 

; oe 2 500. jl eos 30" 
sin15°= sin=- Sh aera re 


Because the sine of 15 degrees is a positive value, the sign in front of the 
radical becomes +. 


3. Fill in the function values and simplify the answer. 


1-43 {2_¥73 
sinis°= /L=¢0830° _ mea 2 /2—/3 
2 2 2 4 


The result isn’t a particularly pretty value, although beauty is in the eye 
of the beholder. Some would consider this answer to be wonderful, 
because it’s the exact value and not a decimal approximation. 


Now try using the half-angle identity with radicals. Find tan Z. 


1. Determine which angle is double the angle you’re working with. 
The angle a is double a 


2. Substitute the angle measure into one of the half-angle tangent 


identities. 
@ _1-cos@ 
ua 2) “sind 
is t 
> 1l-cos> 
oo 4 
tang = tan 7 = tr 4 


nly 
eae 


3. Fill in the function values and simplify the answer. 


ee es ee 22 2 = 2 
2 


tang = j2 co 1p a 2 /2 
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4. To get the radical out of the denominator, rationalize it by multiplying 
both parts of the fraction by the conjugate of the denominator. 


ope 
8 y2 /2 Z 2 
The other identity for the tangent of a half angle gives you exactly the same 


answer. That form isn’t any easier, though, because both the sine and cosine 
of this angle have a radical in them. If the problem involved an angle of 60 


degrees, though, the story would be different. The sine of 60 degrees is cep 
and the cosine is s, which practically begs you to use the form with the cosine 


in the denominator so you don’t have to mess with a radical in the denom- 
inator. Both identities work — the one you use is just a matter of personal 
preference. 


Chapter 12 
Proving Identities 


In This Chapter 


Brushing up on the major identities 
Working on one or both sides 
Changing back to sine and cosine 
Dealing with fractions 
Maneuvering with handy trig tricks 

- Using math operations to prove identities 


Oz major aspect that people remember about trigonometry, if they stud- 
ied it in school, is the time they spent proving identities — making one 
side of an equation match the other. Many people love these little puzzles. 
The challenge, followed by success, can be a real thrill. Others, though, find 
this task of proving identities to be less than exciting. What you find in this 
chapter are a game plan and suggestions so those who aren't so fond of solv- 
ing such puzzles may begin to actually enjoy it. For your reading pleasure, I 
divide this chapter into the methods that work best to prove the different 
types of identities. 


Why do you need to prove identities? Don’t you already know that they’re cor- 
rect if they’re called identities? Sure you do, but proving them is still helpful 
down the road when you’re solving complex trig problems, because the 
process to solving them is all in the preparation. Many of the trig expressions 
that you use to solve practical problems have rather complicated and nasty- 
looking terms. By doing substitutions and manipulations with the trig identi- 
ties, you can make those expressions more usable. All this practice with 
proving identities prepares you and gives you a heads-up as to what’s possible. 


Lining Up the Players 


Before starting to prove (or solve) identities, you need to look over the differ- 
ent equivalences that you use to solve them. 


Te ratiticwisl 


LES 
& 
a 9 : : 

Here’s a quick list for your reference: 


Reciprocal Identities 
at oo sed eae and = ale 
—_, = tan@ <sig = C088 1, =sin@ 
Ratio Identities 
wn 26 
cot@= a i 
Opposite-Angle Identities 
sin(-—0) = —sin@ 


cos(—@) =cos@ 
tan(—@) = —tan@ 
Pythagorean Identities 
sin’ @ + cos’ @ = 1; sin’?@ = 1—cos’@; cos’@ = 1-sin’@ 
tan’?@+1=sec’@; tan’?@=sec’@- 1 
1+ cot’@=csc’@; cot’?@=csc’O-1 
Sum and Difference Identities 
sin(a + B) = sinacos B + cosa sin B 
C= p 


sin( )= 
cos(a@ + 8) = cosacos B - sina sin B 
(a-B) 


sinacos B-cosasin B 


cos(a@-B)=cosacos B+ sina sin B 


_ tana+tan B 
on) asain 
tan(a - B) = tana —tan B 


1+tanatan B 
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Double-Angle Identities 
sin 20 = 2sin@cos@ 
cos 20 = cos’ @ — sin’ @ = 2cos?@ —-1=1-2sin’0 


_ 2tand 
oe = Tae6 


Half-Angle Identities 


6 sma | —cos?¢ 
1+cos0 sin@ 


Picking Sides 


QuLES 
& 
& 


When you prove identities, you usually work on only one side of the equation 
or the other — not both at the same time — and for good reason. In other math 
areas, such as solving antiderivatives in calculus, you need to change from one 
trig expression to another so you can do the problem; such a situation doesn’t 
have any sides, so you need to work on just the one term or expression. So 
solving trig identities on one side is good practice. The good news is that in 
these problems, you usually get to pick which side. 


Here are the guidelines for choosing sides. You may take your pick based on 
any one of them. 


Choose the side with the greater number of terms. 
Choose the side with factors that you need to multiply together. 
' » Choose the side with terms other than sine or cosine. 


. 


| & Choose the side with fractions that you need to add together. 


Of course, these guidelines aren’t all the possibilities, but they give you a 
good start. Enter the puzzle part of identities. You get to look for clues in 
each identity to help you decide which side to work on, as in the following 


examples. 


Prove the identity sec x- sin x tan x=cosx. 
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. Choose the side to work on. 


Next, prove the identity 


1. 


The left side has more terms, and two of the functions aren't sine or 
cosine, so you use two of the guidelines in making this choice. 


. Use the reciprocal identity to replace sec x and the ratio identity to 


replace tan x. 


* sinx _ 
— siNX: Gos x7 = COSX 


pee 
COs x 


. Multiply the two factors together in the second term. Then combine 


the two fractions, because they have a common denominator. 


1 sinx sinx _ 
cosx 1 COs 
1 sin’ x _ 
Cosx  cosx —COSx 
1—sin’x 


COSx COs Xx 


. Replace the numerator by using the Pythagorean identity 


cos’ x= 1-sin’x. 


2 
cos xX _ 
COSxX = COS X 


. Reduce the fraction on the left. 


H 
cos"* =cosx 
cosx 


cos X = COS X 


1-—cosx 4 —sinx 


sin x 1-—cosx =2cscx. 


Choose the side to work on. 


The left side has fractions that you need to add together. 


. Find the common denominator. 


The fractions have two different denominators, so multiply each by a 
fraction that equals 1 — the fraction with the other fraction’s denomina- 
tor in both the numerator and denominator. 


l-—cosx l-cosx sinx sin x 
Ane oo =—— =2cscx 


. Simplify the two fractions. Then add them together, because they have 


the same denominators. 


(1-cos x) sin’ x 
Se eee 
sinx(l-—cosx) sinx(1—cosx) 

(1-cosx) + sin’ x 
=2cscx 


sin x (1 — cos x) 
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4. Multiply out the squared part in the far-left term of the numerator. 


1 — 2cosx + cos’ x+sin’x _ Dose 

sin x (1 — cos x) _ 

5. Replace the last two terms in the numerator with 1, using the 
Pythagorean identity sin’ x + cos’ x= 1. 


1-2cosx+1 


sin —cosx) soo 


6. Combine the two 1s in the numerator, and then factor out the 2 from 
each of the terms. 


2-—2cosx 


sin x (1-cos x) Bese: 
Z(1~cosx) =9 
sinx(1—cosx) ~“°°* 


7. Cancel out the common factor in the numerator and denominator. 


2(1>cosx) 
sinx(I>eosx) “°° 


EICSGEx 


sin x 
8. Now just use the reciprocal identity for the sine to finish up. 


2 
sin x 


—iCSenG 


= = CSC xX, SO 
sin x - a 


The next example uses the multiplying-out guideline and the Pythagorean 
identity to make for a pretty result. 


Prove the identity that cos x (sec x - cos x) = sin’ x. 


1. Decide which side you'll work on. 


The left side just begs to be multiplied out by distributing cos x over the 
two terms in the parentheses. 


cos xsec x — cos’ x= sin’ x 


2. Cosine and secant are reciprocals, so their product is 1. Replace the 
term “cos x sec x” with 1. : 


1 -cos’ x= sin’ x 
3. Now just use the Pythagorean identity to replace the terms on the left. 


Si casi 
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As much fun as it is to work on just one side of an identity, sometimes work- 
ing on both sides at the same time is advantageous and permissible. Working 
on both sides of an identity is often necessary when you don’t have a clear- 
cut way to get from one side to the other. I’ve even had to resort to working 
on both sides when it wasn’t permissible; working backwards from one side 
to the result on the other side can give some valuable clues on how to solve 
the thing. 


With a trig identity, working on both sides isn’t really the same as working on 
both sides of an algebraic equation. In algebra, you can multiply each side by 
the same number, square both sides, add or subtract the same thing to each 
side, and so on. When you solve trig identities and equations (see Chapter 14), 
you can use all those algebra rules p/us you can do substitutions with the var- 
ious trig identities when you need them. You can even insert a different iden- 
tity on each side — the one big advantage of working on both sides of a trig 
identity. 


This first example is rather basic, but it gets the idea across. Solve the identity 
sin@ , cos 
csc@ secO 


= tan @cot @ by working on both sides. 


1. Change the two denominators of the fractions by using their recipro- 
cal identities. Also change the cotangent on the right by using its 
reciprocal. 


sin@ , cos@ _ peel 
ees | = tan@ tan @ 
sin@ ~cos@ 


2. Simplify the two fractions on the left by flipping the denominators 
and multiplying them by their numerators. Then multiply the two 
factors on the right together. 


sing SID8 + cosg. £080 1 


sin@ sin@ , cos@ cos@ = 
1 1 1 i 


sin’@+cos’@=1 
3. Replace the sum on the left by using the Pythagorean identity. 
You end up with 1 = 1. 


In the next example, you change everything to sines and cosines. Prove the 


identity ce =cotx+tan x. 
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1. Change the functions to their equivalences by using the reciprocal and 
ratio identities. 


1 
sinx _cosx , sinx 
COSX  sinx COS x 


2. On the left, flip the denominator and multiply it by the numerator. On 
the right, multiply each fraction by a fraction equal to 1 (by using the 
other fraction’s denominator) to get common denominators for all the 
fractions. 


ie lt cosa cosx. sinx sinx 
sinx COSX  sinx COSX COSX sinx 


3. Simplify the multiplied fractions. Add the two fractions on the right 
together. 
1 Sp COSeie em Si x 


sinxcosx sinxcosx sinxcosx 
_ cos’ x+sin’ x 
sin xcos x 


4. Replace the numerator on the right with the value from the 
Pythagorean identity. 


1 ] 


sinxcosx sinxcosx 


This last example requires a little creativity to get the job done. But working 
1+cota 


= A 2 
cota =a Oct CS Gaia COC. 


on both sides still works best when solving 
1. Split up the fraction on the left by writing each term in the numerator 
over the denominator. 


1 cota 


— 2 s 2 
cota t cota ~ anatese a@ cova 


2. Reduce the second fraction to 1. 


1 
cota 


+1=tana+csc’a-cot’a 
3. Now replace the csc’ a on the right with its equivalent by using the 
Pythagorean identity. 


1 = Se eae: 
cota + 1=tana +t (1+cot'a)—cot a 


4. Simplify the terms on the right — two are opposites of one another. 
1 2 a 
arg + l=tana+1+cota cot a 
=tana+1 
5. Replace the fraction on the left by using the reciprocal identity. 


tana+l=tana+1 
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The music of the spheres 


Pythagoras is best known for his theorem, which down the scale by increasing the length of the 
defines the relationships among the lengths of a _ taut string in smaller increments. 

right triangle’s sides, but his second most well- 
known contribution to humanity is his discovery 
of the mathematical basis of the musical scale. 
He found that a connection exists between musi- 
cal harmony — the stuff that sounds good — 
and whole numbers. If you pluck a taut string, 
listen to the note, and then pluck a string twice 
as long and equally taut, you hear a note one 
octave below the first note. You can also go 


Pythagoras believed that whole-number rela- 
tionships represent all harmony, all beauty, and 


all nature. He extended this theory to the orbits 
of the planets and believed that as the planets 
move through space, they must give off a heav- 
enly whole-number harmony. Hence the term 
the music of the spheres. 


Going Back to Square One 


With some identities, which side you should work on or what you should do 
with either or both sides isn’t clear. And in some instances, you're faced with 
such a conglomeration of functions that figuring out what’s going on is darn 
near impossible. Other times, the different terms have different powers of the 
same function. In such cases, simplifying matters by either changing every- 
thing to sines and cosines or by factoring out some function may be your 
best bet. 


Changing to sines and cosines 


In this first example, you can use either reciprocal or ratio identities, depend- 
ing on which side you're going to work on, to change everything to sines and 
cosines. Here’s how I'd solve the identity tan @ + cot @ = csc @sec 0: 


1. Replace the two terms on the left by using ratio identities. 


sin@ , cos@ 


cos@ sing °° Osec@ 


2. To get a common denominator, multiply both terms on the left by frac- 
tions equal to 1 (by using the other term’s denominator). 


sin@ sin@ , cos@ cos@ 
cos@ sin@ sin@ cos@ 


=csc@sec@ 
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3. Simplify the fractions and then add them together, because they have 
a common denominator. 


a4 2 
sin’ @ cos'O | 
cos@sin@  sin@cos@ — csc Osec @ 
Zp 9 
sin’ @+cos’@ 
=~ =csc@ 
cos @sin@ eOseco 


4. Replace the numerator on the left with its equivalent by using the 
Pythagorean identity. 


<osand =csc@sec@ 


5. Now use the reciprocal identities on the denominator and then flip 
each fraction and multiply. 


1 = esc @sec 0 
secO csc@ 
Sect? ; cat = csc Osec 0 


In the next example, only two terms aren’t already written as sines, so switch- 


ing those two to sines just seems natural when solving sin x + 8csc x = 
ee sinx+4cscx 

sin‘x+8 

sin?’ x+ 4° 


1. Change the two cosecants by using the reciprocal identity. 


: 1 
sin x+8( : : 
sinx/ _ sin’x+8 
: 1_)\ sin’x+4 
+ 4{ ——— 
sinx acre 
sinx+ 8 +2 
eemeneS Te eg) ee deat) 
; 4 sin’x +4 
+= 
sinx+ Sax 


2. Multiply each term in the numerator and denominator by sin x. This 
action amounts to multiplying by sine over sine, or by 1. 


sinx{sinx+ = : 

( sinx/ _ sin’x+8 
. ; 4 lie 
sin x (sinx+ Sees 

sinx-sinx+sinx: Soy f Sines 


: : : 4 sin’ x+4 
sinx-sinx+sinx: 575 
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3. Simplify the numerator and denominator. 
sin’ x + sinX- 2 
sin’ x + sinX- 


sin’ x+8 _ sin’x+8 
sin’ x+4  sin’x+4 


_ sin’x+8 
sin’ x+4 


aN 


This last example has so many functions and terms involved that figuring out 
where to start almost seems impossible. Although you have other ways to 
approach it, I change the fraction on the left to all sines and cosines. If you 
want to see another way to solve an identity like this one, refer to the “Finding 
a common denominator” section, later in this chapter. 


Solve the identity Lt secx - dan x =cotx(1+cosx). 


1. On the left side, change the secants by using the reciprocal identity 
and the tangents by using the ratio identity. 


ee 1 sin x 
COSX _ COSX _ 
Sa 1 cot x (1+ cos x) 
COs X cos xX 
2. Multiply each term in the numerator and denominator by cos x and 
simplify all the terms. 
ee sin x 
cosx(1+ cos) cos x cos) ; 
FT CC OO + 
cos x Sin i cot x(1+cosx) 
COs x Ce VCORE 
1 sin x 
cos x-1+cosx:aney cOosx: 
cos x. ue 1 
COS X COS X* cosx 


cosx+ Sask: cost: OO 
sin x 7 1 
Cos ae 
cosx aoe cosx hea 


= cot x (1+ cos x) 


COS xl sine 
From that mess, you get sine CO cea 
3. Find a common denominator for the two fractions on the left, add the 
fractions together, and simplify the result. 
cosx+)] sinx sinx — 
sna Ei oe (Leos) 
cosx+1_ sin’x 
sinx sin x 
cos x4 l= sin’ x 
sin x 


= cot x(1+cosx) 


= cot x (1 + cos x) 
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4, Now replace sin’ x with its equivalent by using the Pythagorean iden- 
tity, and simplify. 
cosx+1—(1—cos’ x) 

sin x 
cosx+1-—1+cos’x 
sin x 

cos x+ cos’ x 
sin x 


=cot x (1+ cos x) 
= cot x (1+ cos x) 
= cot x(1+cosx) 


5. Factor a cos x from each term in the numerator. 


cosx(1+cosx) | 
emer ne Cote Teo x) 

6. Finally, split the two factors in the numerator into two fractions that 
cos x 


are multiplied by each other. Then replace ein x 


identity. 


by using the ratio 


1+cosx 
ne O08) «cot x(1 COs) 


cot x (1 + cos x) = cot x (1+ cos x) 


Factoring 


The clue you'll get that says you need to factor an identity is when powers of 
a particular function or repeats of that same function are in all the terms on 
one side of the identity. 


For example, the identity sin‘ @ + 2sin’@cos’@ + cos‘ @ = 1 has three terms on 
the left that you can factor, because they’re the result of squaring a binomial. 
The pattern you need is the algebraic equation a*+ 2ab+ b’=(a+b). 


1. Factor the expression on the left as the square of a binomial. 
(sin’?@ + cos?0) = 1 
2. Now just replace the expression in the parentheses with its equivalent 
by using the Pythagorean identity. 
(in 
The preceding example was really simple — as long as you recognized the pat- 


tern. It’d be another thing altogether if you went off on some tangent (pardon 
the pun). 


In the next example, the factoring occurs in the numerator of the fraction, 
where powers of sin x appear. Solve the identity sma x = tan xcos’ x. 
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1. Factor sin x out of each term in the numerator. 


sin x (1 - sin’ x) 


= 2 
COSX = tan xcos' x 


2. Replace the expression in the parentheses with its equivalent by using 


the Pythagorean identity. 
sin x(cos’x) _ ' 
——cosx lal x cos x 


3. Now split up the fraction into a product of two fractions, carefully 
arranging the numerator and denominator. 


sinx (cos’x) 


= 2 
COSxX. i =tan xcos x 


4. Replace the first fraction with tan x by using the ratio identity. 
tan xcos’ x = tan xcos’ x 
This last example requires factoring by using the difference between two 


squares. The pattern here is the algebraic equation a’- b’=(a-b)(a+b) or 
a‘— b‘=(a’— b’)(a’+b’). Solve the identity csc’ + cot’ @ = csc*@ — cot’. 


1. Factor the two terms on the right by using the difference-of-squares 
equation. 
csc’ @ + cot’ = (csc’@ — cot’ @)(csc’@ + cot’d) 


2. In the left set of parentheses only, replace the csc’ @ with its equiva- 
lent in the Pythagorean identity. 


You want to keep the two terms in the right parentheses. 
esc’ + cot’@ = (1 + cot’@ - cot’@)(csc’@ + cot’ @) 

3. Now simplify the expression, getting rid of the two opposites. 
csc’@ + cot’@ = (1 + cor’ — cor’O )(csc’O + cot’0) 


esc’ + cot’@ = 1-(csc’O + cot’d) 


Using a little bit of both 


The examples in this section involve both changing the terms to sines and 
cosines as well as factoring. The hardest part is deciding what to do first. 


In this first example, your work goes more smoothly if you change everything 
to sines and cosines first. (Plus you may not recognize right away that the 
expression on the left is the result of squaring a binomial.) Solve the identity 


csc’ @ — 2csc Ocot @ + cot’@ = 1~cos@ 
1+cos@ 
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1. Change the terms on the left to sines and cosines by using reciprocal 
and ratio identities and then simplify the fractions. 


P22 cose, cos’ 6 _ 1—cos@ 
sin’@ sinO sin@  sin’?@ 1+cosO 
1 _ 2cos@ , cos’@ _ 1-cos@ 


sin’@ sin’@  sin’?@ 1+cosO@ 


2. Add the three fractions together, because they have the same 
denominator. 


1-2cos@+cos'@ _1~—cos@ 
sin’@ 1+cos@ 


3. Replace the denominator of the fraction by using the Pythagorean 
identity. 
1—2cos@+cos’@ _ 1—cosé 
1-—cos’@ 1+cos@ 


4. Factor the numerator as the square of a binomial; factor the denomi- 
nator as the difference of two squares. 


(1- cos 6) El =CcOs0 
(1-cos@)(1+cos@) 1+cos@ 


5. Factor out the common binomial in the numerator and denominator. 


(1-cos6y _1-cos@ 
(l>eos0)(1+cos@) 1+cosé 
l=cos? 2 liaicos®. 

1+cos@ 1+cos0 


In the next example, you see how to first do the factoring and then go to the 
sin@ 


cot 0cos’@ —- cot@ eget oN 


basics. Solve the identity 


1. Factor cot 6 out of each term in the denominator of the first fraction. 
sin@ 
>. — -sec0=0 
cot @(cos’@- 1) . 
2. Replace the value in the parentheses with its equivalent by using the 
Pythagorean identity. 
sin@ 
cot @(sin’@) 
3. Write everything in terms of sine and cosine by using reciprocal and 
ratio identities. 


sin@ Basel 57 
cos 0/.;2 cos 
sin@ (ant) 


—secO=0 
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4. Reduce the fractions in the denominator and simplify. 


sin@ = 
cos@/ sin*6) cos@ 


sin6\ 1 
Si6 | oe 


cos@sin@ cos@ wv 


5. Cancel out sin 6 from the first fraction and simplify. 


pat le 
cos@sin8 cosé 
1 1 


cos@ cos@ 


Fracturing Fractions 


The ratio and reciprocal identities involve fractions. The half-angle identities 
use fractions. You just can’t get away from them. Actually, an identity with 
fractions can work to your advantage. You can work toward getting rid of the 
fraction and, in the process, solve the problem. Some of the main techniques 
for working with fractions in identities are to either break them up into sepa- 
rate terms or to go in the other direction and find a common denominator. 


Breaking up is hard to do 


This section’s heading is very misleading. Breaking up fractions isn’t hard 
to do. In fact, when you can, doing so is one of the easiest and most produc- 
tive ways to solve identities. The trick is to break them up correctly. You can 
break up a fraction with several terms in the numerator and one in the 
denominator — but not the other way around. 


ec Dlg a 
Correct: Som aoe ely, + 77 
eed = Zee ee 
Incorrect: 5-7 Fath z 


Now apply this breaking up of fractions to a trig identity. In this first example, 


the fraction on the left has just one term in the denominator. Solve the iden- 
tity sinx+cotx 


TOSsx  ~tanx+cscx, 
1. Break up the fraction by writing each term over the denominator. 


Sings , Corse 
cosx + Cosx =tanx+cscx 
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2. Rewrite cot x by using the ratio identity. 


cos xX 


sin x Sine 
tosx + Cosx = tanx+csc x 


3. Simplify the complex fraction by flipping the denominator and multi- 
plying it times the numerator. Then reduce the result. 


sinx , C0s% 1 
+=. = + 
€OSK " sin cosk tan x+csc x 
sin x ] 


cosx + sinx 7 tanxtesex 


4. Replace the first fraction by using the ratio identity for tangent and 
the second fraction by using the reciprocal identity for cosecant. 


tan x+cscx=tanx+cscx 


You can also break up fractions that have more than one factor (but only one 
term) in the denominator by carrying them both along. For example, solve the 
: COLUM COS . b= six 

identity cotxcosx ~ COSXx 


1. Break up the fraction by writing each term in the numerator over the 
entire denominator. 


cot x cosx  _1-sinx 


cotxcosx cotxcosx COSX 


2. Reduce each fraction on the left side. 


cotx casks ~sinx 
cetxcosx cotxcosx  COsx 


i se leasine 
cOsx  cotx COSX 


3. Rewrite cot x in the second denominator by using the ratio identity. 
Then simplify the complex fraction by flipping the denominator and 
multiplying. 


ee Sines 

COSxX COSX } COSX 
sin x 

1__ . sinx _1-sinx 

cos Xx COStG ms BICOSNG 


4. The two fractions now have the same denominator. Rewrite the left 
side as all one fraction. 


1-sinx _l-sinx 
COSX ~ COSX 


20] 
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Finding a common denominator 


Fractions are your friends. You may find this to be unbelievable, but the more 
you work with trig functions, the more you’re swayed to my way of thinking. 
Finding a common denominator to combine fractions often paves the way to 
solving an identity. 


l1-sin@ _cos@ 
cos @ 1+sin0@ 

have nothing in common, so you multiply each fraction by the other’s 

denominator — or, rather, by that denominator over itself, which equals 1. 


In the identity = 0, the two denominators on the left 


1. Multiply each fraction on the left by an equivalent of 1 to create a 
common denominator. 


l1-sin@ 1+sin0 cos@ cos@ _ 


cos@ 1+sin@ 1+sin@ cos@ — 


2. Multiply the fractions together and simplify the numerators. Leave the 
denominator alone. 


(1-sin@)(1+sin@) — cos@cos@___ 
cos @(1+sin@) cos @(1+sin@) 
l=sin’O ___ cos’ @ -( 
cos@(1+sin@) cos@(1+sin@) 
3. Replace the first numerator with its equivalent by using the 

Pythagorean identity. The fractions are opposites of one another. 

cos’ 0 7 cos’ @ -0 
cosO(1+sin@) cos@(1+sin@) 

0=0 


In the “Changing to sines and cosines” section, I did a problem using that 
method and mentioned that you had another option — finding a common 
denominator. You have to decide which way you think is better. You may 
even be able to find an easier way to do it. Here you go: Prove the identity 


ise indi i 
ea - fan x = cot x (1 + cos x) by finding a common denominator. 


Archimedes 


Considered to be one of the creative geniuses 
of the ancient world, Archimedes was an 
Alexandrian mathematician who lived from 
about 287 to 212 B.c. One of his discoveries in 
which he took the most pride was a method for 


calculating the volume of a sphere. He found 


that the volume is two-thirds the volume of the 
smallest cylinder that the sphere can fit into. He 
even requested that a diagram with the cylinder 
and sphere be engraved on his tombstone. 


Chapter 12: Proving Identities 2 03 


1. Multiply each fraction on the left by the equivalent of 1, creating a 
common denominator. 


tanx SeCxX ~ seCX tan x ~Cotx(1+cos x) 


2. Simplify the numerators by multiplying out the fractions. 


secx+sec’x __tan’x 


tanxsecx ~ tanxsecx ~Cotx(1+cosx) 


3. Replace tan’ x with its equivalent by using the Pythagorean identity. 

Then combine the two numerators. 
Seer sec x sec xeil. 
tan xsec x tan xsec x 


sec x+ sec’ x—sec’x+1 
tan xsec x 


= cot x(1+cosx) 
= cot x(1+cos x) 


4. Simplify the numerator. Then rewrite the left side as the product of 
two fractions. 


secx+]1 
tan xsec x 


ane  $ECX 51 = cot x (1 +cos.x) 


=cot x(1+cos x) 


5. Multiply the fraction on the right by cos x divided by cos x, which is 
equivalent to 1. 


secx+1 cosx\_ 
cnx: secx £885) = cot x (1+ cos x) 


6. Multiply out the second fraction, distributing through the numerator. 


ike SCG: NCOs x 1 cos6 
tan x sec XCOS X 


= cot x(1+cosx) 
7. Because cos x and sec x are reciprocals, their product is 1. 
(Substitute 1 in both the numerator and the denominator.) 


1 ) beeces. x 
tan x 1 


8. Replace the reciprocal of tan x with cot x. 


)=cotx(1 +cosx) 


cot x (1+cos x) =cotx(1+cosx) 


Using Tricks of the Trig Trade 


When proving identities, sometimes the best way to handle them just leaps 
out at you — and sometimes the best way just stays in hiding. Usually, you 
can solve an identity in more than one way — the best way, the almost-as- 
good way, the reasonable way, and the absolutely dreadful way. The best 


204 Partin: identities 


way is the quickest and most efficient. But sometimes you have to pull some- 
thing out of your hat to accomplish the task of solving a particular identity. 
These little tricks amount to nothing more than some algebraic manipulation 
such as multiplying a fraction by a conjugate or squaring both sides of the 
identity. 


Multiplying by a conjugate 


First, what in the world is a conjugate? In mathematics, a conjugate consists 
of the same two terms as the first expression, separated by the opposite sign. 
For instance, the conjugate of x + Jy issxc= Ag In trig, especially, multiplying 
the numerator and denominator of a fraction by a conjugate can create some 
really nice results. 


Multiplying by a conjugate is a quick, easy way of solving the identity 


seex— tana (lidgaeer 


1. Multiply the numerator and denominator of the fraction on the left by 
the conjugate of the denominator. 


1 _secxt+tanx 


secx-—tanx secx+tanx ~ tanx+secx 


2. The two denominators multiplied together are the difference of two 
squares. 


tan x+ sec x 


; s— =tanx+secx 
SCCeGaaldlieexs 


3. Replace sec’ x in the denominator with its equivalent by using the 
Pythagorean identity. 


tanx+sec x 


=tanx+secx 
tan’ x+1-—tan’x 


4. Simplify the denominator by canceling out the two opposites. 


nx+ 
peel SEC X= taneee x 
tan’x + 1 - tan’x 


tanx+sec x=tanx+secx 


In the next example, you have to decide which fraction to multiply the conju- 
gate by. | choose the fraction on the right, because I see the conjugate of the 
numerator on the right in the denominator on the left. Solve the identity 
_tanx >= tacos x_ 

1+cosx sinxcosx’ 
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1. Multiply the numerator and denominator of the fraction on the right 
by the conjugate of the numerator. 


tamx _ l=cosx  1+cosx 
1+cosx  sinxcosx 1+cosx 


2. Multiply the fractions together, keeping the parentheses in the 
denominator. 


tanx  _ Least x 
l+cosx  sinxcosx (1 COS xX) 


3. Substitute the equivalent from the Pythagorean identity in the numer- 
ator of the fraction on the right. Then reduce the fraction. 


tanx _ sin’ x 
1+cosx sin xcosx(1+cosx) 
tanx _ sin’ x 
1+cosx  simxcos x (1+cos x) 
tamx sin x 


1+cosx  cosx(1+cosx) 


4. Rewrite the fraction on the right as a product of two fractions, care- 
fully arranging the factors. 


tanx  _ Ssinx . 1 
Preosx OSX (1 Fcosx) 


5. Replace the first fraction on the right with its ratio-identity equivalent. 
Rewrite the expression as one fraction. 


tan x 


————— Sle oe 
1+cosx 


(1+ cos x) 


tanx __tanx _ 
l+cosx 1+cosx 


The half-angle identity for the tangent function has two different forms. 
Multiplying by the conjugate is a good method for showing that these two 
sin0_.._ 1—cos@ 


forms are equivalent. In this example, | prove that "500° wHo 


1. Multiply the numerator and denominator of the fraction on the left by 
the conjugate of the denominator. 


sin@_ _1—cos@_1-cos@ 
1+cos@ 1-cos@ sin@ 


2. Multiply the two denominators together, but leave the numerator in 
factored form. 
sinO(1—cos@) 1-—cos@ 
l-cos’@ ___ sin® 
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3. Replace the denominator on the left with its equivalent by using the 
Pythagorean identity. 


slams = ces) —1enee 


sin’ @ sin@ 
4. Reduce the fraction on the left. 
six6(1-cos@) _1~-cosé 


sin’ 0 sind 
1=cos@ ~ l= cose? 
sin8 sin@ 


Squaring both sides 


One special case of working on both sides of an identity at the same time is 
to square both sides. Your biggest clue as to when to use this technique is 
usually when one side or the other has a radical. This method is also good 
to use when you're solving some types of trig equations. Squaring both sides 
has benefits twofold: It gets rid of radicals, and it creates terms that can be 
part of one of the Pythagorean identities. The Pythagorean identities have 
wonderful substitutions. 


This first example has only one radical, and it’s on the right side. Solve the 


identity oe = /1-2sinxcosx. 


1. Square both sides of the identity. 


Be sure to expand the squared binomial on the left correctly. 


(AegPk*) = ( 1 - 2sin xcos x) 
1-cotx) 
— 1-2sinxcosx 
es Z 
Lo scot xt cot x - 1 —2sinxeosx 


2. Rearrange the terms in the numerator. 


1+ cot'x—2cotx _ 


; — 2sin xcos x 
SEAN. 


3. Replace 1 + cot’ x with its equivalent by using the Pythagorean identity. 


*x-2 
Socex COlX - ) — Isinxcaer 
csc’ x 


4. Split up the fraction by writing each term in the numerator over the 
denominator. 


CSGax  2ZCOLx - ie 


; 5 2sin xcos x 
CS@-x | Cs x 
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5. Simplify the first term. Rewrite the numerator and denominator in the 
second term by using the ratio and reciprocal identities. 


cos x 
1. sinx 
il 


=1-2sinxcosx 


sin’ x 


6. Simplify the complex fraction by flipping the denominator and multi- 
plying it by the numerator. 


cosx sin’ : 
fe = = Fein rc0s x 

sinx 1 
1-2cosxsinx=1-2sinxcosx 


Identifying With the Operations 


Identities that have sums, differences, multiple angles, and half-angles have 
a suggested procedure just staring at you, because having all the functions 
in terms of the same angle — not twice one or the sum of the other two — is 
best. You just apply whatever identity the term in the equation is equal to — 
substitute in the equivalence of the identity — and proceed from there. 


Adding it up 


Sum and difference identities usually involve two different angles and then a 
third combined angle. To prove the identity, you need to get rid of that third 
angle. The first example involves a sum of two different angles. 


ces | xy) 
The identity cosxcosy = | - tanxtan y uses the angles x and y. 


1. Replace the cosine of the sum of the two angles with its identity. 


cosxcos y—sinxsiny _ 
aemeacoceioay = 7 et tan 


2. Break up the fraction by putting each term in the numerator over the 
denominator. 


yceosxcosy  sinxsiny 
' GOSXCOS Y ~ COSXCOSY 


3. Reduce the first fraction. Rewrite the second fraction as the product of 
two fractions. Then replace the two fractions in that product by using 
the ratio identity. 


sinx siny _ 


=1—-tanxtany 


1-—tanxtany 


1 -—tanxtan y=1-—tanxtany 
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The next example shows an identity for three times an angle: sin 30 = 3 sin 0 - 
Asin’ 6. 


1. 


Replace the 30 with the sum of 6 and 20 to create the identity for the 
sum of two angles. 


sin 30 = sin(@ + 20) 


. Apply the angle-sum identity for sine. 


sin(@ + 20) = sin @cos 20 + cos @ sin 20 


. Now replace cos 26 and sin 26 by using the double-angle identities. 


sin(@ + 26) = sin@(1—2sin’@) + cos@(2sin @cos@) 


You have to choose the right identity for the cos 20. I used the one that I 
did because | had an eye on what the final result is to be — all sines. 


. Multiply through on the right side. 


sin(@ + 20) = sin@ — 2sin°@ + 2sin@cos 0 


. Replace cos’ @ with its equivalent by using the Pythagorean identity. 


Then simplify the terms. 

sin(@ + 20) = sin@ — 2sin’°@ + 2sin@(1—sin’@) 
=sin@- 2sin°@+2sin0@—2sin’0 
=3sin0—4sin’°0 


What difference does it make? 


Using functions involving the difference between two angle measures has 
many of the same features as those with sums, so I added a couple of twists 
to the examples in this section. 


First, solve the identity cot (x — 45°) = Bea hich incorporates some 
function values for a 45-degree angle. 


1. 


2. 


tan x—- 1?’ 


Rewrite the cotangent of the difference by using the reciprocal identity, 
because the cotangent doesn’t have a standard difference identity. 


: 1 
ee 
oe ) tan (x — 45°) 
Now replace the tangent of the difference with its identity. 
1 1 


tan(x- 45°) ~ “tan x — tan 45° 
1+ tan xtan 45° 
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3. Flip the denominator and multiply it by the numerator, which is 1. 
t _ 1+tan xtan 45° 
tan(x-—45°) tan x—tan 45° 
4. The value of the tangent of 45 degrees is 1, so replace all those terms 
with 1. 


_ 1 i +tanx(1) _1+tanx 
tan(x-45°)  tanx-1 — tanx-1 


The next example proves that tan x is equal to itself. Yes, | know that seems 

a bit bizarre — obviously, it must be true. (As Gomer Pyle would say, “Surprise! 
Surprise!”) Discovering the technique involved is what makes going through 
the steps worth the effort. The trick here is to write tan x as the tangent of the 
difference of the angles 2x and x. 


1. Write the difference identity for tangent. 


_ _tan 2x - tan x 
1+ tan 2xtan x 


2. Replace tan 2x with its double-angle identity. 


tan x = tan(2x-x) 


2tan x 


—tanx 
1—tan’x 
tan x= 
1-—tan'x 


3. Get rid of the complex fraction by multiplying every term in the 
numerator and denominator by 1 — tan’ x. 


(212.4 - tan.x](1 - tan*x) 
0 Seema a ne 
(1+ 728282. tan.x (1 -tan‘x) 
7fian (1 - tan’x) ~ tan x (1 - tan’ x) 
aS ae = 2tan x t (lat n’x) 
1(1—-tan ae Tene an x a 


4. Simplify the fractions. 


—2tan X_ (1 — tant*x) - tan x (1 - tan’ x) 


1 stanx 


nae I(1-tan'x) + 7S rer tan (12 x ) 


_ 2tanx-tanx(1-tan’x) 
~ 1(1-tan’x) + 2tanx- tanx 
5. Multiply through the parentheses. 


2tan x -tan x + tan’ x 


Cese 1 —tan?x+2tan’?x 
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6. Combine the like terms in the numerator and denominator. 


tan x + tan’ x 


a 1+tan’x 


7. Factor the numerator. Then reduce the fraction. 


tanx (1+tarx) 
7 5 ee 


Multiplying your fun 


The only particular challenge involved in dealing with identities when using 
the multiple-angle formulas is in deciding which version of cos 20 to use or 
whether to add angles together or double them. Here are some examples that 
illustrate these situations. 


sin 20 + cos20 _ 954 .ot@ 


Solve the identity sin @cos@ 


decision. 


—tan@. You'll have to make a 


1. Apply the double-angle identities for sin 20 and cos 20. 


° in2 
2sin 6 cos@+ cos @-sin’@ _»5, .ot9—tan@ 
sin@cos@ 


Choosing the formula for the sine isn’t a problem, because you have only 
one to choose from. The cosine, however, takes some observations. 
Because you have both sine and cosine in the denominator, you don’t 
want to use the double-angle identities for cosine that have a 1 in them. 


2. Split up the fraction, writing each term in the numerator over the 
denominator. 
2sin@cosé cos’ @ sin’ @ 


sin@cos@ * sinO@cosO sin@coso 7 * ©tO- tan@ 


3. Reduce the fractions. 
sinbcost * sinOcosO  sinOcosd ~* SCP tan@ 


2+ cos@ _ sind@ 


SOleCdSO =2+cot@-tand 


4. Replace the fractions with their equivalents by using the ratio 
identities. 


2+cot@-tan@=2+cot@-—tand 
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Finding an identity for an angle with a multiple greater than 2 requires 
that you decide whether to use a sum identity or a double-angle identity. 
The best approach isn’t always clear. Sometimes the other terms in the 
equation give you a hint. Often, you just flip a coin. Solve the identity 
sin 4x = 4sin xcos* x— 4sin’ xcos x. 


1. Rewrite 4x as 2(2x). 
sin 4x = sin 2 (2x) 

2. Insert this new angle into the double-angle identity. 
sin 2 (2x) = 2sin 2xcos 2x 


3. Replace sin 2x and cos 2x with the double-angle identities, choosing 
the best cosine identity for the situation. 


In this case, because you have a difference of terms involving third- 
degree powers of sine and cosine, the cosine identity involving second- 
degree powers of sine and cosine seems to be a good choice. 


sin 2 (2x) = 2(2sin xcos x)(cos’ x - sin’ x) 
4. Multiply through. 


sin 2(2x) =4sin xcos* x—4sin® xcos x= sin 4x 


Halving fun, wish you were here 


The last type of identity that you can incorporate into solving an identity or 
doing identity problems is the half-angle identity. This identity actually comes 
in very handy in calculus — not by changing from a half-angle identity to 
angles that are larger, but by changing from larger angles to half-angle identi- 
ties. The examples in this section show some of the possibilities. 

Solve the identity tan $ = csc 0 - cot @ by using the half-angle identity for 
tangent. Neither side looks very promising for solving the identity until you 
notice that you have two different angles — one half the size of the other. You 
need to apply the half-angle identity to get everything in terms of the same 


angle. 


1. Substitute in the identity for the half-angle of tangent. 


Ce esinG ae l= cos 6 
ra een eecese sin@ 
You have two different versions to choose between. The easier one to work 
1—cos@ 


- =cescO-coté. 
sin@ 


with is the one with two terms in the numerator: 
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2. Split up the fraction on the left by putting each term in the numerator 
over the denominator. 


il cos@ 


sin@  sin@ = csc @— coté 


3. Replace the two terms on the left with their reciprocal and ratio 
identities. 
csc 6 - cot @=csc@-coté 


This last example incorporates the half-angle of the tangent as well as the 

9 

5° 

1. Use the reciprocal of the half-angle identity for cosine to replace the 
half-angle of secant. 


half-angle of a reciprocal function. Solve the identity sin asec’G = 2tan 


Hold off on deciding which version of the tangent’s half-angle formula to 
use until you see what you need. 

2 

@ 


= 2tans> 


sin@ 5 


: 0 

) a a gg 

sin Tyee 2tan 5 
2 


2. Flip the fraction in the parentheses and square the radical, leaving the 
terms with no radical. 


: 2 _ e) 
sind (72) = 2tan$ 


3. Choose the half-angle tangent identity that matches what you have on 
the left and simplify. 


: 2 e sin@ 
sind(7 255) =2(7S225) 
( 2sin@ \=( 2sin0 

1+cos@ 1+cos@ 


Part IV 


Equations and 
Applications 


By Rich Tennant 
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“WHAT EXACTLY ARE \WE GANING HERE" 


In this part... 


[« identities work for all values — you can put in any 
number in place of the variable and they’re true. Not 
so with trig equations, though, which usually have a bunch 


of very selective solutions. These equations are the topic 
of this important part. Here, you discover inverse trig 
functions, which are very useful when solving trig equa- 
tions. And then you run smack into the face of the law: 
the law of sines and law of cosines, that is. 


Chapter 13 


Investigating Inverse 
Trig Functions 


In This Chapter 
» Acquainting yourself with inverse notation 
Setting limits on inverse trig functions 
Solving inverse functions 
Using a scientific calculator correctly 
Dealing with multiple-angle inverse functions 
Digging deeper: Using identities to calculate inverses 


A s thrilling and fulfilling as the original six trig functions are, they just 
aren't complete without their inverses. An inverse trig function behaves 
like the inverse of any other type of function — it undoes what the original 
function did. Functions can have inverses if they’re one-to-one, meaning each 
output value occurs only once. This whole inverse idea is going to take some 
fast talking when it comes to trig functions, because they keep repeating values 
over and over as angles are formed with every full rotation of the circle — so 
you're going to wonder how these functions and inverses can be one-to-one. 
If you need a refresher on basic inverse functions, flip on back to Chapter 3 
for the lowdown on them and how you determine one. This chapter, on the 
other hand, takes you deeper into the world of inverses and shows how the 
inverses of trig functions work. You'll also see why you’d even want to bother. 


4 a a 
Writing It Right 
You use inverse trig functions to solve equations such as sin x = 7 SCCX——Z, 


or tan 2x = 1. In typical algebra equations, you can solve for the value of x by 
dividing each side of the equation by the coefficient or by adding the same 


Z ] 6 Part IV: Equations and Applications 


MBER 


thing to each side, and so on. But you can’t do that with the function sin x= 5 


Would it make sense to divide each side by sine? “Out, out thou sine!” Here’s 


1 1 
; sind 2 ' Fw 
what you'd get: Si 7 SHiacin: Goodness, no! That’s silly. 


Using the notation 


To find the inverse of an equation such as sin x = 7 solve for the following 


statement: “x is equal to the angle whose sine is 4 .” In trig speak, you write 


this statement as x= sin’(5). The notation involves putting a —1 in the 


superscript position. Here are some more examples of trig equations with 
their corresponding inverses and the translation. 


Function Inverse What It Means 

sec x= —2 x=sec™'(-2) x is the angle whose secant is —2 
tan2x=1 2x= tan (1) 2x is the angle whose tangent is 1 
cos6=0 6=cos '(0) 0 is the angle whose cosine is 0 
ESCO/—2— a=csc"'(-1) a@ is the angle whose cosecant is -1 


Interpreting the exponent 


You've undoubtedly seen and used the exponent —1 in math expressions before 
now. But that exponent does a different kind of job for inverse trig functions 
and relations. The notation for an inverse trig relation such as sin''x means 
that you want an inverse for the expression, not the reciprocal. (If you want 


on x you have to write (tan ie with parentheses.) The —1 exponent is where 


the exponential notation for trig functions makes a big exception. 


When raising trig functions to a power, sin’ x = (sin x) and cos‘ x = (cos x), 
but tan™'x means the inverse function, not raising tan x to the —-1 power. 


Alternating the notation 


Inverses of trig functions have an alternate notation that avoids the confusion 
over what the —-1 superscript means: the arc name. Another way of saying 
sin 'x is arcsin x. The inverse cosine is cos’'x, or arccos x. The other inverse 
functions are arctan x, arccsc x, arcsec x, and arccot x. This notation is longer 
to write out and is sometimes awkward to write, so the original superscript 
notation is often preferable. You’ll see inverse functions written both ways, 
though. 
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Triskaidekaphobia 


Are you a triskaidekaphobe? If so, you're in good 
company. Some famous triskaidekaphobes 
include Napoleon, Mark Twain, and presidents 
Herbert Hoover and Franklin Roosevelt. 
Triskaidekaphobia is the fear or avoidance of the 
number 13. To many, the number 13 means bad 
luck, which is why some hotels skip the number 
13 when they’re numbering the floors — too 
many people don’t want to stay on that floor. 


Where did this fear of the number 13 start? Many 
theories exist. Some say that it began in medieval 
Christian countries, because 13 people were at 
the Last Supper of Christ. The number 13 was 
also unlucky in Norse mythology. According to 
legend, an evil Norse god went uninvited to a 


party for 12 at Valhalla and caused the death of 
the god of light, joy, and reconciliation. 


A relatively recent disaster is linked to the 
number 13: the famous Apollo 13 space mission. 
This flight was launched on April 11, 1970. Now, 
are you ready for this? If you add up 4 (for the 
month), 11, and 70 (for the year), you get 85. And 
the sum of the digits in 85 equals 13. Also, the 
flight was launched from pad 39 (which is 13 
times 3) at 13:13 local time and was struck by an 
explosion on April 13th. 


To top it off, if you add a Friday to the mix and 
worry about Friday the 13th, you have several 
days a year that you need to stay in the house — 
or not. Have you noticed which chapter this is? 


Distinguishing between the few and many 


Technically, an inverse function is supposed to have only one answer. (Part 
of the definition of an inverse is that the function and inverse are one-to-one.) 
Each input has one output, and each output has one input. For all the practi- 
cal uses of trig inverses, you have a way around this rule. You can designate 
whether you want one answer or many answers by using either the inverse 
function or the inverse relation. A relation is a bit looser than a function; it 
allows more than one output to have the same input. To differentiate between 
these two entities, the common practice is to use capital letters for the func- 
tion and lowercase letters for the relation. 


Trig Functions Trig Relations 


Sin"'x or Arcsinx sin 'x or arcsinx 
Cos’'x or Arccosx cos 'x or arccosx 
Tan™'x or Arctanx tan"'x or arctanx 
Cot™'x or Arccotx cot’'x or arccotx 
Sec’'x or Arcsec x sec 'x or arcsec x 


Cse"'x or Arcesc x csc’'x or arcscs x 
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If you write the function sin"'( ae the result is 30 degrees (or ms radians). Just 


one answer exists, which is called the principal value of the inverse. But if you 


write sin'(3}, then the result can be 30 degrees, 150 degrees, 390 degrees, 


510 degrees, and so on (or a aE in. Ux aa an ..). It all depends on the 


situation — what you want at the time. Do you want just the principal value, 
or do you want multiple values? Or you may want a bunch of values within 
one full rotation — from 0 to 360 degrees. 


When you want lots and lots of angles or answers, listing them all can be 
tedious. In fact, listing every possible solution may not even be doable. Rather 
than making a list, you can give a rule, which allows you to define an angle 
with all its full-rotation multiples — the angles with the same terminal side. 


Let n represent any integer (..., -3, -2,-1, 0, 1, 2, 3,...). Using the n as a multi- 
plier, you can write a long list of angles more efficiently. Instead of saying x = 
30, 150, 390, 510, 750, 870, ... , divide the list into two groups: x = 30; 390; 750; 
1110; .. .; and x = 150; 510; 870; 1230; ... ; and then use the two rules that 
follow: 


x = 30 + 360n or x = 150 + 360n 


And then, in radians, instead of saying x= & Us OE en OT X= Sn lin 


2m , use these two rules: 


at 


= +2nn or ~-+2nn 


Here’s an example showing how to write all the angles that have a cosine equal 
fe) 5. The steps involve solving the inverse relation, not just finding the princi- 


pal value for the function. Solve for the values that satisfy cos'( 5}. 


1. List several solutions in both degrees and radians. 
cos"'(3;) = 60°, 300°, 420°, 660°, 780°, 1020" 


-if 1 on im Un 130 lin 
cos’'(5) = Ske il a 


2. Write the answers in degrees by using the first two angles plus multi- 
ples of 360. 


cos" a = 60°+ 360°n or 300° + 360°n 


3. Write the answers in radians by using the first two angles plus multi- 
ples of 2n. 


cos''(5) = 3 + 2nn or on + 2nn 
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Writing all the possible angles for inverse tangent is a bit easier than for sine 
or cosine. The tangent is positive in the first and third quadrants, which are 
cattycorner from one another (half a full rotation). Because of this fact, the 
angles that have the same function values are 180 degrees apart, and you can 
use nice multiples of 180 degrees or m to name all the answers. This isn’t the 
case with sine and cosine, though. The angles with the same function values 
are in quadrants that are adjacent to one another, so you have to use two sepa- 
rate rules — both with multiples of 360 degrees — to name all the answers. 


Here’s how to write all the angles that have a tangent equal to Bes Solve for 


B 3} 
values that satisfy tan} 
1. List several answers in both degrees and radians. 


tan-[ = 150°, 330°, 510°, 690°... 


3° 
-{_/3)_ 5m ln 17m 23n 
au [== SUE 23 


2. Write the answers in degrees by using multiples of 180. 


3 


3. Write the answers in radians by using multiples of x. 


ol or 


tan” ee = 76 +7 


tan [9 = 150°+ 180° n 


Determining Domain and Range 
of Inverse Trig Functions 


A function that has an inverse has exactly one output (belonging to the range) 
for every input (belonging to the domain), and vice versa. To keep inverse trig 
functions consistent with this definition, you have to designate ranges for them 
that will take care of all the possible input values and not have any duplica- 
tion. The output values of the inverse trig functions are all angles — in either 
degrees or radians — and they’re the answer to the question, “Which angle 
gives me this number?” In general, the output angles for the individual inverse 
functions are paired up as angles in Quadrants | and II or angles in Quadrants 
I and IV. The quadrants are selected this way for the inverse trig functions 
because the pairs are adjacent quadrants, allowing for both positive and neg- 
ative entries. The notation for these inverse functions uses capital letters 
(see the preceding section). 
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Inverse sine function 


The domain for Sin’'x, or Arcsin x, is from -1 to 1. In mathematical notation, 
the domain or input values, the ~’s, fit into the expression —1 < x < 1, because 
no matter what angle measure you put into the sine function, the output is 
restricted to these values. The range, or output, for Sin™'x is all angles from 


-90 to 90 degrees or, in radians, 5. to oe If the output is the angle 0, then you 
write these expressions as —90°< 6 < 90° or “5 205 = The inputs are 


angles in the adjacent Quadrants I and IV, because the sine is positive in the 
first quadrant and negative in the second quadrant. Those angles cover all 
the possible input values. 


Inverse cosine function 


The domain for Cos™'x, or Arccos x, is from —1 to 1, just like the inverse sine 
function. So the x (or input) values are —1 < x < 1. The range for Cos"'x con- 
sists of all angles from 0 to 180 degrees or, in radians, 0 to 1. If the output is 
the angle 0, then you write these expressions as 0°< 6 < 180° or OS O< 7. 
The inputs are angles in the adjacent Quadrants | and II, because the cosine 
is positive in the first quadrant and negative in the second quadrant. Those 
angles cover all the possible input values for the function. 


Inverse tangent function 


The domain for Tan™' x, or Arctan x, is all real numbers — numbers from 

—oo to oo. This is because the output of the tangent function, this function’s 
inverse, includes all numbers. The range, or output, of Tan”'x is angles 
between -90 and 90 degrees or, in radians, between = and > One important 
note is that the range doesn’t include those beginning and ending angles; 

the tangent function isn’t defined for -90 or 90 degrees. The range of Tan™' x 
includes all the angles in the adjacent Quadrants I and IV, except for the two 
angles with terminal sides on the y-axis. 


Inverse cotangent function 


The domain of Cot™'x, or Arccot x, is the same as that of the inverse tan- 
gent function. The domain includes all real numbers. The range, though, is 
different — it includes all angles between 0 and 180 degrees (between 0 and n). 
So any angle in Quadrants | and II is included in the range, except for those 
with terminal sides on the x-axis. Those two angles aren’t in the domain of the 
cotangent function (see Chapter 8), so they aren’t in the range of the inverse. 
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Inverse secant function 


The domain of Sec”! x, or Arcsec x, consists of all the numbers from 1 on up 
plus all the numbers from -1 on down. Letting x be the input, you write this 
expression as x > 1 or x <~1. In other words, the domain includes all the 
numbers from —co to oo, except for the numbers between -1 and 1. The range 
of Sec”' x is all the angles between 0 and 180 degrees (between 0 and x) — 
meaning all angles in Quadrants I and II, with the exception of 90 degrees, 

T 


or > 


Inverse cosecant function 


The domain of Csc”' x, or Arccsc x, is the same as that for the inverse secant 
function, all the numbers from 1 on up plus all the numbers from -1 on down. 
The range is different, though — it includes all angles between -90 and 90 


degrees or, in radians, between S and > In short, the range is all the angles 
in the Quadrants | and IV, with the exception of 0 degrees, or 0 radians. 


Summarizing domain and range 


Sometimes, looking at a chart or summary of the domains and ranges of the 
inverse trig functions is more informative than reading about them. Take a 
look at Table 13-1. You should notice some patterns — some similarities and 
differences. The ranges of three of the functions are in Quadrants I and II, and 
the other three are in Quadrants I and IV. The reciprocals sine and cosecant 
use the same quadrants. So do the reciprocals cosine and secant. The tan- 
gent and cotangent don’t use the same quadrants, though. 


Table 13-1 Domains and Ranges of the Inverse Trig Functions 


Inverse Trig 


Function Domain Range Quadrants in Range 
Sin"'x = Se es | —90°< 6 < 90° land IV 
Cos"'x ==) 0°< 6 < 180° | and Il 
Tan"'x =O X< 00 —90°< 6 < 90° land IV 
Cot'x =00|< X 5/00 0°<8 < 180° | and Il 
Sec™'x x=1lorx<-1 0°<6<180°,0490°  tandil 
Csc’'x x=1orx<-1 -90°<0<90°,040° landIV 


rn 


2 2 2 Part IV: Equations and Applications 


SSS 


Triangle dissection paradox 


Look at the two triangles in the following figure, same space, but one has a hole or gap. How 
made up of the same four pieces. They're sit- can that be? 
ting on the same grid, appearing to take up the 


+ 


This situation happens because the hypotenuse _ the bottom triangle is slightly bent out. Of course, 
of the main outer triangle isn’t really a straight you're not supposed to be able to notice this 
line. The slopes of the sides of the two triangles bend, but you can check it by laying a ruler or 
(the hypotenuses) making up that larger hypot- _ straightedge along the hypotenuse. You might 
enuse aren't the same; the hypotenuse ofthe top _ call this figure an optical illusion. 

triangle is slightly bent in, and the hypotenuse of 
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Working with Inverses 


The easiest way to work with inverse trig functions is to have a chart handy 
with the exact values of the functions, which you can find in the Appendix. 
When angles other than the most common or popular are involved, you can 
either use a table such as the one in the Appendix or get out your handy- 
dandy scientific calculator. 

?| 


This first example uses the exact value from a chart. Find Cos” 5 
1. Determine the reference angle that you need by using the absolute 
value of the input. 


/2 


The value ss is the cosine of 45 degrees or a radians. 


2. Use the sign of the input to determine the correct quadrant. 


/2 


Because a5 is negative, and of the two quadrants for the range (refer 


to Table 13-1), the cosine is negative in QII, then the answer is an angle 
in QII whose reference angle is 45 degrees. 


3. Determine the correct angle measure. 
The angle in standard position in QIl whose reference angle is 45 degrees 
/2 


is 180-45 = 135 or n- ra = SE, So Cos"! <e = 135° or ot, Refer to 


Chapter 8 for more on reference angles. 
The next example involves inverse cotangent. Find Cot '(/3). 


1. Determine the reference angle that you need. 


The value aS is the cotangent of 30 degrees or ee 


2. Use the sign of the input to determine the correct quadrant. 
Because /3 is positive in QI, then the answer is the angle in QI whose 
reference angle is 30° or ra 

3. Determine the correct angle measure. 
All angles in QI are the same as their reference angles, so Cot '(/3) = 30" 


TT 
toa 
= .6 


The problems that you encounter won't always involve nice numbers from 
the most common angles. When you're faced with a nasty little decimal value, 
you may have to use a table. In this next example, you start off with a decimal 
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value, and an answer to the nearer degree is the proper response. The deci- 
mal in the following example is rounded off to three decimal places. To do 
these problems, you find the closest answer. 


Find Arctan(—3.732). 


1. Determine the reference angle that you need. 


Use the Appendix, and you can see that the value 3.732 corresponds to 
the tangent of a 75-degree angle. This angle is the closest in whole 
degrees to having a tangent of 3.732. 


2. Use the sign of the input to determine the correct quadrant. 


Because -3.732 is negative, the answer is an angle in QIV whose refer- 
ence angle is 75 degrees. 


3. Determine the correct angle measure. 


In QIV, a reference angle of 75 degrees has a measure of either -75 
degrees or its positive equivalent (same terminal side), 285 degrees. 
So Arctan(-—3.732) = Tan" '(—3.732) = —75° or 285°. 


Getting Friendly with Vour Calculator 


ar 


Scientific calculators are wonderful tools — they make life easier and 
improve the quality (correctness) of the results. In most instances, comput- 
ing inverse trig functions with a calculator is quick and easy. You need to be 
aware of a couple of pitfalls, though. 


If you’ve already trekked to the store and left empty-handed and bewildered 
at the array of graphing calculators, your best bet is to hold your head high; 
confidently head back there; and pick up a model by Texas Instruments, Sharp, 
or Hewlett-Packard — those models seem to be the most popular. (For what 
it’s worth, I’m a Texas Instruments gal — especially when it comes to their 
graphing calculators.) 


Changing the mode 


Scientific calculators are very accommodating — they give you results in 
either degrees or radians, depending on which mode you set them in. This 
feature is great, but it trips up even the best mathematicians from time to 
time. Each calculator is different, but they always have either a single button 
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or a multiple-button sequence that switches from radians to degrees and 
back again — sort of like a toggle switch. Some calculators even have a legend 
at the top or bottom of the screen that tells you whether you're in degree or 
radian mode, perhaps as obvious as an R or D. Problems tend to arise when 
you use your calculator for more than one task. Perhaps you're studying both 
trigonometry and physics, and one calls for degree mode while the other calls 
for radian mode. Just be aware, and you won't get caught. 


Interpreting notation on the calculator 


Calculator notation, or the mumbo jumbo on the buttons, is somewhat tricky. 
Even though the -1 superscript indicates an inverse trig function when writ- 
ten in a book or on your paper, you can’t use the -1 button to find the value 
of an inverse trig function on a calculator. On scientific calculators, the —1 or 
x~' button means to find the reciprocal of a number. Look under the 2nd func- 
tions, which are different functions or operations written above the buttons, 
for the inverse trig functions. They’re usually above the original sine, cosine, 
and tangent buttons. Some calculators have a button labeled “2nd.” Others 
use alternate colors — usually yellow or green — to denote the second use of 
the button. And even when you find the inverse functions, you'll notice that 
they’re only for the three primary trig functions. The calculator doesn’t show 
any for cosecant, secant, or cotangent. So where are they? First, I discuss 
how to use the three buttons available and then I tell you how to calculate 
the other inverses. 


Using the inverse function button 


To explain this button, I use an example. Here’s how you find sin'(3) in 
degrees by using a scientific calculator. 


1. Decide whether you want your answer in radians or degrees. 


For this example, use the mode menu or whatever method your calcula- 
tor uses to change the mode to degrees. 


2. Enter the problem as given. 
The following are the typical keystrokes: (2nd|[Sin][.5|[Entey. The result is 


30, meaning 30 degrees. 


Calculating the inverse of a reciprocal function 

To determine the inverse of a reciprocal function, such as Cot™'(2) or Sec’'(—1), 
you have to change the problem back to the function’s reciprocal — one of the 
three basic functions — and then use the appropriate inverse button. 


225 
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What would Babe and Hank think? 


Mathematicians are always looking for patterns 
and relationships among numbers. When some- 
one makes a discovery, they get to give the new 
pattern or relationship a name, which is why 
some pairs of numbers are called Ruth-Aaron 


Pairs. 


When two consecutive numbers have the sums 
of their prime factors (all the prime numbers 
whose product is that number) equal in value, 
they're called a Ruth-Aaron Pair. The pair of 
numbers that inspired this name is 714 and 715. 
The prime factors of 714 are 2, 3, 7, and 17. The 


prime factors of 715 are 5, 11, and 13. The sums 
are 2+3+7+17=29 and 5+11+ 13=29. These 
two numbers correspond to Hank Aaron's 
record-breaking 715th home run, which he hit in 
1974 to break Babe Ruth’s record of 714 home 
runs. 


Some other Ruth-Aaron Pairs are 5 and 6, 24 
and 25, 49 and 50, and 77 and 78. These particu- 
lar pairs work if you only count multiple factors 
once. The number 24 has a factor of 2 three 
times, but you only count it once — and so it 
goes with 25, which has two factors of 5. 


When changing to the function’s reciprocal, you flip the number with 


1 


that function, too. For example, Cot™'(2) becomes Tan’'(5). You change 


to Arccos 


{3 


Arcsec 


| Cse™'(1) to Sin"'(1), and so on. 


Working around the inverse cotangent 


The other big pitfall you encounter when using a scientific calculator involves 
the inverse cotangent. The inverse tangent, Tan™' x, has its range in QI and 


QIV, but Cot™' x has its range in QI and QII. If you want Cot "(- /3), for exam- 


ple, and you use ran-| Js and your calculator, you get an answer in the 


fourth quadrant. You have to be aware that this quadrant isn’t correct; you 
got it because you changed functions so you could use the calculator. Just use 
the answer from the calculator and determine the corresponding angle in QII. 
Here’s an example. 


Find Cot '(- /3) in degrees. 


1. Set the mode to degrees. 


2. Change the function and value to their reciprocals. 


Cot (- /3) becomes Tan |- al 


ve 


3. Find the value of the inverse function by using a calculator. 


Enter (-)1/ /3\[Enter]. On some calculators, parentheses will 


automatically pop up for you to enter the tangent value inside them. If 
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they don’t, then you should insert parentheses around the fraction your- 
self. The result is -30 degrees. 


4. Find the angle in QII that has the same reference angle. 


The angle in QIl with a 30-degree reference angle is an angle of 150 
degrees. 


Multiplying the Input 


Multiple-angle functions are those such as sin 20, cos 3x, tan 68, and so on. 
When considering inverse relations (which give multiple answers) for these 
angles, the multiplier usually indicates how many more times as many answers 
that problem has as compared to a similar problem without a multiplier. For 


1 


example, the equation sin @ = oe has two different answers if you consider all 


the angles between 0 and 360 degrees: 6 equals 60 and 120 degrees. But if you 


change the equation to sin 20 = es you get twice as many, or four, answers 


between 0 and 360 degrees: @ equals 30, 60, 210, and 240 degrees. These angles 
are all within one rotation, but putting them into the original equation and 
multiplying gives angles with the same terminal side as the angles within one 
rotation. 


Here are some examples to show you how this multiplication works and how 


13 


to find the answers. First, | show how I got the answers to sin 20 = se for 
0°< 6 < 360°. 


1. Write the inverse equation. 
20 = sin |S 


2. List all the angles in two rotations, 0°< 6 < 720’, that have that sine, 
and set them equal to 20. 


20 = 60°, 120°, 420°, 480° 
The second two angles are just 360 more than the first two. 
3. Divide the terms on both sides of the equation by 2 to solve for 0. 


20 _ 60° 120° 420° 480° 
a Ee Re A aes 
@ = 30°, 60°, 210°, 240° 
Notice how all the solutions for @ are between 0 and 360 degrees — just 
as asked. 
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Now solve cos 3x = eer for any x such that 0 < x < 2n. 


1. Write the inverse equation. 


sreeoe (A 


2. List all the angles in three rotations, 0 < x < 67, that have that cosine, 
and set them equal to 3x. 


_ 3m 5m Tin lan don 2in 

4? 4) feed ae 
The second two angles are just 27 greater than the first two, and the last 
two are 2n greater than the second two. 


3. Multiply both sides by i to solve for x. 


7 


1 ape ee Sel lin 1 13n 1, ene Ai 


- A eee2 ioe 22 4 


This result shows the big advantage of radians — the numbers don’t get 
‘ as big as they do with degrees. The disadvantage may be having so 
many fractions. 


Solving Some Mixed Problems 


When working with inverse trig functions, it’s always more convenient when 
the numbers you’re working with are the results of applying one of the trig 
functions to a common angle measure. When the angle isn’t a common one, 
though, you need a calculator or table. 


By using inverse trig functions, you can solve some interesting problems, 
where you never even need to know the angle measure. You just need to know 
a function value, a quadrant, and a few trig identities. For example, you can 


find cos{ sin’ ine )) which says to “find the cosine of an angle whose sine is 


equal to 1. ” You don’t need to know the angle measure to solve this prob- 
lem, but you do need to know the quadrant that the terminal side lies in, 
because otherwise, two different angles can be correct answers. The sine is 
positive in Quadrants I| and Il, so this problem could involve an angle in either 
of those quadrants, but cosine isn’t positive in both of those quadrants. 
Consider the following example. 


Find cos| sin ic ) if the terminal side of the angle is in QII. 
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1. Use the Pythagorean identity to find the cosine of the angle. 


Put the value in for sin 0, get the cosine term alone, and then take the 
square root of both sides. 


sin’@+cos’@=1 


(12) +cos @= il 


eo oa aa 160 aa169 
a ee ree 
cos@=+ 169 7+ 13 


2. Choose the sign of the answer. 
Because the angle’s terminal side is in QII, and the cosine is negative 
=( 12 BD: 
there, the answer is cos(sin (33))= = —73° 
The quadrant isn’t a mystery in a problem that uses the inverse trig function. 
To find tan(Cos(-Z)}, you can assume that the angle has its terminal side 
in Ql, because the inverse cosine function is negative in that quadrant. 
1. Use the reciprocal identity and reciprocal of the number to find the 
secant. 
The problem involves the angle whose cosine is - i I call that unknown 


angle 6 and rewrite the expression in terms of the cosine of 9 with that 
measure. I write the expression this way in order to change from an 
inverse trig function to a trig function so I can use the identity. 

61 


-it then Sec 6 = ails 


2. Use the Pythagorean identity to solve for the tangent. 


If CosO= — 


tan’@ + 1=sec’@ 
2 
tan’@+1= (-tr) 


2 - 3721 
tan°@+1= 121 


+a. 3721_ , _ 3600 
tan’@ = “foy ~ 1 = “To1 


3600 _, 60 
tanO=+ /*for =+ 77 


3. Choose the sign of the answer. 


Because the terminal side is in QII and the tangent is negative in that 


quadrant, tan(Cos"(-Z1)} = — 80. 
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Chapter 14 
Solving Trig Equations 


In This Chapter 


Solving equations within limits 


» Expanding the pool of answers for equations 


Incorporating algebra techniques 


Creatively using identities 


Solving multiple-angle equations 


Letting a graphing calculator do the dirty work 


¢ MBER 
& 


Sov equations involving trigonometric expressions takes a pinch of 
this, a dab of that, a gentle stirring, and just the right temperature. No, 
this book isn’t for a cooking class, but solving these equations requires the 
proper preparation and some skill — just like a successful dish. 


Trig equations aren’t identities. An identity is true for any angle in the domain 
of the function involved. A trig equation is true for some specific angles or 
input — if the equation has a solution at all. 


Some trig equations require factoring skills from algebra or even the quadratic 
formula. Successfully solving most of them involves incorporating trig identi- 
ties at the proper time. All the equations require knowledge of the function 
values and how inverse trig functions work (so head on back to Chapters 8 
and 13 if you need a refresher). For the equation-solving enthusiasts, this chap- 
ter is where all the concepts come together for maximum fun and challenge. 


The methods and techniques that you see in this chapter are those that people 
most frequently use to solve trig equations. A few more ways exist, but they 
don’t come up as often. Also, you usually have more than one way of solving 
a particular trig equation. Your goal should always be to do it as quickly and 
efficiently as possible, but don’t be alarmed if you seem to take the long way 
around. Sometimes that way just seems to make more sense. If a particular 
method works for you, go for it. 
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Generating Simple Solutions 


The simplest type of trig equation is the one that you can immediately rewrite 
as an inverse in order to determine the solutions. Some examples of these 
types of equations include cos x= 1, 2sinx + 1 =0, and cot x - /3 = 0. Here’s 
how to solve them. 


To solve cos x= 1: 


1. Rewrite the equation as an inverse function equation. 
x= cos ‘(1) 

2. List the solutions for values of x when 0°< x< 360°. 
x= 0° 


The only time that the cosine is equal to 1 is when the angle, or input, is 
0 degrees. The terminal sides of angles of 0 and 360 degrees are the 
same, so you don’t have to list the angle measure twice. 


3. List all the solutions in general. 
x=0°+ 360°n 
Steps 2 and 3 illustrate the different ways that you can write the answers: 


either as a few within a certain interval, or as all that are possible, with a rule 
to describe them. 


Now solve 2sin x + 1 =0 only for values of x such that 0 < x< 2n: 


1. Rewrite the equation as an inverse function equation. 
First, subtract 1 from each side; then divide each side by 2. 


2sinx= —-1 


2. List the solutions. Use the chart in the Appendix to find the angles that 
work. 


_ in 11x 
PG 6 


This last example involves a reciprocal function. Your best bet is to begin by 
using a reciprocal identity and changing the problem. 
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a the equation cot x — /3 = 0 for all the values of x, in radians, that sat- 
isfy it: 
1. Solve for the trig function by adding the radical value to each side. 
cot x= /3 
2. Use the reciprocal identity and the reciprocal of the number to change 


to the tangent function and then multiply both parts of the fraction by 
the denominator to get rid of the radical. 


lees 


ne ase 3 


3. Rewrite the equation as an inverse function equation. 


stan | 


4. Write the general statements that give all the solutions. 


These statements mean that all the angles you find by adding or sub- 
tracting multiples of x will provide solutions for this equation. 


Factoring In the Solutions 


The same type of factoring that algebra uses is a great help in solving trig 
equations. The only trick is to recognize that instead of just x’s, y’s, or other 
single-letter variables, trig variables such as sin x or sec y exist. Look for the 
patterns and apply the factoring techniques. Here’s a list of the basic factor- 
ing patterns. 


Factoring binomials: 


Greatest common factor: ab+ cb= b(a+c) 
Difference of squares: a’- b’=(a+b)(a-b) 
a’+b*=(a+b)(a’—ab+ b°) 


_ Sum or difference of cubes: a°— b'=(a—b)(a’+ ab+b’) 
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Factoring trinomials: 


- Greatest common factor: ax’+ ax+ac=a Co c) 
 Un-FOIL: abx’ + (ad+ bc) x+ cd=(ax+c)(bx+d) 


_ abxy+ adx + bey + cd 
Factoring by grouping: =ax (by+ d)+c (by+ d)=(ax+ c)(by+ d) 


Finding a greatest common factor 


The trig equations that require finding a greatest common factor, factoring 
it out, and then solving the equation could look like these two equations: 
2sinxcosx-—sinx=0 or cosxtan x= vs cos x. I solve both of these 
equations in this section. 


Solve 2sin xcos x — sin x = 0 for all the values of x such that 0°< x < 360°. 


1. Factor out sin x from each of the two terms. 
sin x (2cosx-—1)=0 

2. Set the two different factors equal to 0. 
sinx=0 or 2cosx—1=0 


3. Solve for the values of x that satisfy both equations. Use the table in 
the Appendix. 


If sin x= 0, then x=sin"'(0) = 0°, 180°. 
If 2cos x-—1=0, then x= cos"(5] = 60°, 300°. 


All these values are solutions for the original equation. The complete list 
is x= 0°, 60°, 180°, 300°. 


Now solve cos xtan x = /3 cos x for all the possible values in degrees. 


1. Move the term on the right to the left by subtracting it from each side. 
cos xtan x — /3cosx= 0 

2. Factor out the cos x from each term. 
cos x (tan x— /3) =0 


You don’t want to divide each side by cos x, because you'll lose a solu- 
tion if you do. 
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3. Set the two different factors equal to 0. 
cosx=0 or tanx- /3 =0 
4. Solve for the values of x that satisfy both equations. 
If cos x= 0, then x= cos '(0) = 90°, 270° or 90°+ 180°n. 
If tan x— /3 = 0, then x=tan"'(,/3) = 60°, 240° or 60°+ 180°n. 


So the solutions are all of the form x = 90° + 180°n or x = 60° + 180°n. 


Factoring quadratics 


Quadratic equations are nice to work with because, when they don’t factor, 
you can solve them by using the quadratic formula (see the respective sec- 
tion later in this chapter). The types of quadratic trig equations that you can 
factor are those like tan’x = tan x, 4cos’x-—3=0, 2sin’x+5sinx-—3=0, 

and csc’x + csc x- 2 = 0. Notice that they all have the telltale trig function 
raised to the second degree. I show you how to handle them in the following 
examples. 


The first two examples have just two terms. One has two variable terms, and 
the other has just one variable term. In the first example, you put both terms 
on the left and then factor out the variable or trig term. 


Solve tan’ x = tan x for the values of x such that 0 < x< 2n. 


1. Move the term on the right to the left by subtracting it from both sides. 
tan’ x- tan x=0 
Don’t divide through by tan x. You'll lose solutions. 
2. Factor out tan x. 
tan x (tanx-1)=0 
3. Set each of the two factors equal to 0. 
tanx=0 or tanx—1=0 
4. Solve for the values of x that satisfy both equations. 
If tan x=0, then x=tan"'(0) = 0,7. 


If tan x— 1=0, then x= tan™‘(1) = Eo. 


In this next example, the binomial doesn’t factor easily as the difference of 
two squares, because the 3 isn’t a perfect square, and you have to use a radi- 
cal in the factorization. A nice, efficient way to solve this equation is to move 
the 3 to the right and take the square root of each side. 
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Solve for all the possible solutions of 4cos’ x — 3 = 0 in degrees. 


I. 


Move the number to the right by adding 3 to each side. 


4cos’x=3 


. Take the square root of each side. Then solve for cos x by dividing 


each side by 2. 
wAcos %— = 3 
2COSig—-= /3 


/3 


cos x=+t "> 


. Solve the two equations for the values of x. 


i3 cos 


If cosx= “7 then 2 


x = 30°+ 360°n or 330°+ 360° n 


*| = 30°, 330° 


=-1 
x= cos 
2 


x = 150°+ 360° or 210°+ 360°n 


When you consider all the multiples of 360 degrees added to the four 
base angles, you find that this equation has lots and lots of solutions. 


-|- 150 210: 


lf cos x= zr then 


The next two examples involve using un-FOIL — a technique for determining 
which two binomials give you a particular quadratic trinomial. Sometimes, 
when the pattern in the trinomial is obscured, you may want to first substi- 
tute some other variable for the trig function to help figure out how you factor 
it. | do this when I solve 2 sin’ x + 5sin x -— 3 = 0 for all the values of x between 
0 and 360 degrees. 


1 


. Replace each sin x with y. 


2y?+ 5y-3=0 


. Factor the trinomial as the product of two binomials. 


(ae 1)(y+3)=0 


. Replace each y with sin x. 


(2sinx— l)(sinx+3)=0 


. Set each factor equal to 0. 


2sinx-—1=0 or sinx+3=0 


. Solve the two equations for the values of x that satisfy them. 


If 2sinx—=)=0; Zsinx= 1 sinx= } then x= sin'(5) = 30°, 150°. 
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If sinx+3=0, sinx= —3, then x= sin"'(—3). This result is nonsense, 
because the sine function only produces values between -1 and 1 — so 
this factor doesn’t produce any solutions. Go to Chapter 8 for information 
on the range of the sine function. 


The only two solutions are 30 and 150 degrees. 
This next example factors fairly easily, but it involves a reciprocal function. 
Solve csc’ x + csc x— 2 = 0 for any angles between 0 and 2z radians. 
1. Factor the quadratic trinomial into the product of two binomials. 
(csex+2)(cscx=1)=0 
2. Set each factor equal to 0. 
csc x+2=0 or cscx-1=0 
3. Solve the two equations for the values of x that satisfy them. 
If cscex+2=0, csc x= —2, then x=csce"'(-2) = & Un 
iesex—1—0,esex = 1, then x= esc ‘(1) = 5: 


An alternate way of dealing with these two binomial equations is to 
change them by using the reciprocal identity and writing the reciprocal 
of the number. For the first equation, you’d change from cosecant to 


sine: csc x+2=0, csc x= —2, sinx= -4. Do the same for the second 


equation: csc x- 1=0, csc x= 1, sinx= 1. You’d then solve the inverse 
equations. 


Increasing the degrees in factoring 


Factoring quadratics is a breeze — well, I guess it gets a bit windy at times. 
Factoring equations with higher degrees can get a bit nasty if you don’t have 
a nice situation such as just two terms or a quadraticlike equation. You may 
have the possibility of factoring by grouping, but I cover that method in the 
next section. In this section, the problems that | have in mind are those like 
2sin’ x= sinx and 2cos‘x-9cos’x+4=0. 


The first equation has just two terms, so you can factor it by finding a great- 
est common factor. Solve 2sin’ x = sin x for all the possible angles in degrees. 
1. Move the term on the right to the left by subtracting it from each side. 
2sin’ x- sinx=0 
2. Factor out sin x. 


sin x (2sin’ x—- 1=0) 
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ar 


3. Set each factor equal to 0. 
sinx=0 or 2sin’x-1=0 
4. Solve the two equations for the values of x that satisfy them. 
If sinx = 0, then x=sin’'(0)=0°, 180°,... or 0°+ 180°n. 
If 2sin’?x— 1=0, 2sin’?x=1, sin’ x= 5: then you end up with a quadratic 
equation. 
5. Take the square root of both sides of the equation and solve for x. 


Multiply both parts of the fraction by the denominator to get the radical 
out of the denominator. 


vsin, x == i 
f2 


sin x=+—- 
2 


Now, considering both solutions: 


we 


If sinx= oe then 2 


or 45°+ 360°n, 135°+ 360°n 


ete sin {2 avis ioe sae 


x= sin"! -¢| AS es |S ea 


2 
or 225° + 360°n, 315°+ 360°n 


If sinx= ae then 


This fourth-degree trig equation has a whole slew of answers: 


col ni 

x = 45° + 360°n 

x= 135° 4 360%n 

G= 229 +000 A 

x = 315° + 360°n 
You can combine these last four equations for x, the ones that begin with 
multiples of 45 degrees, to read x = 45° + 90°n. This equation generates all the 
same angles as the last four statements combined. How do you know you can 
simplify this way? Because the angles of 45, 135, 225, and 315 degrees are all 


90 degrees apart in value. By starting with the 45 and adding 90 over and over, 
you get all the listed angles as well as the infinite number of their multiples. 
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The next example is also a fourth-degree equation, but this one is quadratic- 
like, meaning that it factors like a quadratic trinomial with two binomial factors. 
This problem has the possibility of having a great number of solutions — or 


none. Solve 2cos‘ x - 9cos’ x + 4= 0 for the solutions that are between 0 
and 2n. 


1. 


Factor the trinomial as the product of two binomials. 
(2cos’ x— 1)(cos’x- 4) =0 


. Set each factor equal to 0. 


2cos’x-1=0 or cos’x-4=0 


. Solve for the function in each equation by getting the terms with 


cosine in them alone on one side of the equation. 


2cos’x-1=0, 2cos’?x=1, cos’x= 5 


cos’x-4=0, cos’x=4 


. Take the square root of each side of each equation. 


/cos’ x =+ is 
/2 


cos x=+t "> 


/cos?x =+/4 


COShG—-E 


. Solve for the values of x that satisfy the equations. 


(2 /2)_m 7 


If cos x= “5-, then x= cos" 7} oeAr 


i /2)_ 3x 5x 


If cos x= -*7 then x=c05'|—¥- ray me 


If cos x = +2, then you have a problem — that equation doesn’t com- 
pute! The cosine function results in values between -1 and 1. (Find out 
more about the range of cosine in Chapter 8.) This factor doesn’t give 
any new solutions to the original problem. 


Factoring by grouping 


The process of factoring by grouping works in very special cases, when the 
original equation is the result of multiplying two binomials together that have 
some unrelated terms in them. You usually can apply this type of factoring 
when you're facing an even number of terms and can find common factors in 
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different groups of them. The types of equations that you can solve by using 
grouping look like 4sin xcos x — 2sinx- 2cosx+1=0 or sin’ xsec x + 

2 sin? x = sec x + 2. In the first equation, the first two terms have an obvious 
common factor, 2 sin? x. The second two have no common factor other than 
1, but to make grouping work, factor out -1. 


Solve 4sin xcos x — 2sinx-—2cosx+1=0 for all the possible answers 
between 0 and 2r. 
1. Factor 2 sin x out of the first two terms and —-1 out of the second two. 
2sin x (2cosx—-1)-1(2cosx-1)=0 
Now you have two terms, each with a factor of 2cos x- 1. 
2. Factor that common factor out of the two terms. 
(2cosx- 1)(2sinx—1)=0 
3. Set the two factors equal to 0. 


2cosx-1=0, 2cosx=1, cosx= 5 
2sinx—1=0, 2sinx=1, sinx=5 


4. Solve for the values of x that satisfy the equation. 


ee. | 8 ae 

If cosx= 3, then x= cos aoe 
Park Ba ere (a 9 

If sinx= 5, then x= sin (5)= 3. 


This next example of grouping requires that you begin by moving the two 
terms on the right to the left. Another twist is that one of the resulting factors 
turns out to be a quadratic. How can math be much more fun than this? 


Solve sin’ xsec x + 2 sin’ x = sec x + 2 for all the angles between 0 and 360 
degrees. 


1. Move the terms on the right to the left by subtracting them from both 
sides. 
sin’ xsec x + 2sin’ x — sec x-2=0 

2. Factor sin’ x out of the first two terms and —1 out of the second two. 
sin’ x (sec x + 2) —- 1(secx+2)=0 

3. Now factor sec x + 2 out of the two terms. 


(sec x+2)(sin’x—-1)=0 
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4. Set the two factors equal to 0. 


SEC M+ Ye), axerees —Y 


sin’ x~ 1 =0, sin’? x= 1, sinx=+1 when you take the square root of 
both sides. 


5. Solve for the values of x that satisfy the equations. 
If sec x= —2, then x= sec™'(—2) = 120°, 240°. 
If sin x = 1, then x= sin™'(1) = 90°. 
If sin x = —1, then x= sin™'(-1) = 270°. 


Using the Quadratic Formula 


av? 


When quadratic equations factor, life is good. When they don’t, you can still 
survive, thanks to that wonderful quadratic formula. In case you’ve forgotten 
the exact formula, here it is. 


The quadratic formula says that if you have a quadratic equation in the form 
-b+ /b’—4ac 

2a i 
In trig, a trig function replaces the x or variable part of the quadratic formula. 


For example, find the solution of sin’ x — 4sin x — 1 = 0 for all angles between 
0 and 360 degrees. Instead of just x’s, the variable terms are sin x’s. 


ax’ + bx+c=0, then its solutions are x= 


1. Identify the values of the a, b, and c in the formula. 
The values are a = 1, b=-4, andc = -1. 


2. Fill in the quadratic formula with these values and simplify. 


~(-4) + f(-4) -4(1)(-1) 


sin x= 2(1) 


ees Ee get 
4228 Sos 


3. Find i: values for sin x from the solved form. 


Using a scientific calculator, 2 + J/5 x 2+ 2.236. So sin x is either about 
4.236 or -0.236. 


4. Use a table of values to find approximate angles with these sines. 


If sin x = 4.236, you get an impossible result. The value of the sine ranges 
from —1 to 1, so sin x can’t have this value. 
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If sinx = —0.236, then x= sin '(—0.236) ~ —-14° or 346°. These are the 
same angle. First, you write it as a negative angle and then as its positive 
equivalent. 


Another angle satisfies this equation, too. The other negative angle that 
has a 14-degree reference angle is the third-quadrant angle of 194 degrees. 
Refer to Chapter 8 for more on reference angles. 


Incorporating Identities 


Some trig equations contain more than one trig function. Others have mix- 
tures of multiple angles and single angles with the same variable. Some 
examples of such equations include 3 cos’ x= sin’x, 2secx=tanx+cotx, 


cos 2x+cosx+1=0, and sinxcos x= 7 To get these equations into a more- 


manageable form so that you can use factoring or one of the other methods 
in this chapter to solve them, you use identities to substitute some or all of 
the terms (for more on trig identities, see Chapter 10). For example, to solve 
3cos’ x = sin’ x for all the angles between 0 and 2z, apply the Pythagorean 
identity. 


1. Replace sin’ x with its equivalent from the Pythagorean identity, 
sin’x+cos’x=1 or sin’x=1-cos’x. 
3cos’x = 1-cos’x 


2. Add cos’ x to each side and simplify by dividing. 


Acos x= 1 
cos*x=4 


3. Take the square root of each side. 
/cos x =+ is 
cosx=+ 


4. Solve for the values of x that satisfy the equation. 


ae yl ee eee 
If cos x= 3, then —ICOS (5)= 373° 
ered, = zy eae een 
If cos x= g: then x=cos"'( 3)= 


In this next example, you begin with three different trig functions. A good 
tactic is to replace each function by using either a ratio identity or a recipro- 
cal identity. Using these identities creates fractions, and fractions require 
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common denominators. By the way, having fractions in trig equations is good, 
because the products that result from multiplying and making equivalent frac- 
tions are usually parts of identities that you can then substitute in to make 
the expression much simpler. Solve 2sec x = tanx + cot x for all the possible 
solutions in degrees. 


1, 


Replace each term with its respective reciprocal or ratio identity. 


| eae ~ sinx , cosx 
CoS x cOosSx sin x 

2. _ sinx , cosx 
cosx ~ COSX " sinx 


. Rewrite the fractions with the common denominator sin x cos x. 


Multiply each term by a fraction that equals 1, with either sine or cosine 
in both the numerator and denominator. 


Ze Sil Six) SIX | COS COS X 
COSX sinx COSX sinx sinx COSxX 
ZSiX esi COs.% 
sinxcosx sinxcosx sinxcosx 


. Add the two fractions on the right. Then, using the Pythagorean iden- 


tity, replace the new numerator with 1. 


Zsinx Sin’ x cos x 
sin xcos x sin xcos x 
Cabs aie a 1 
sinxcosx sinxcosx 
. Set the equation equal to 0 by subtracting the right term from each side. 
six =) 
sin xcos x 


. Now set the numerator equal to 0. 


2sinx—1=0 or 2sinx=1, sinx= 4 


If the numerator is equal to 0, then the whole fraction is equal to 0. The 
denominator can’t equal 0 — such a number doesn’t exist. 


. Solve for the values of x that satisfy the original equation. 


Se ay a 
x=sin (5)=30 my aU 
x= 30°+ 360°n or x= 150°+ 360°n 


In the next example, two different angles are in play. One angle is twice the 
size of the other, so you use a double-angle identity to reduce the terms 

to only one angle. The trick is to choose the correct version of the cosine 
double-angle identity. 
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Solve cos2x+cosx+1=0 for x between 0 and 27. 


1. Replace cos 2x with 2cos’ x - 1. 
2cos’x-1+cosx+1=0 


This version of the cosine double-angle identity is preferable because 
the other trig function in the equation already has a cosine in it. 


2. Simplify the equation. Then factor out cos x. 


2cos’x+cosx=0 
cos x (2cosx+1)=0 


3. Set each factor equal to 0. 


cosx=0 or 2cosx+1=0, 2cosx= —l, cosx= -4 


4. Solve for the values of x that satisfy the original equation. 


If cos x= 0, then x= cos '(0) = 5 St 


zal Bef) \c onan 
lficos— 3» then x=cos"'( 3 373° 


This last example can be deceptively simple. The catch is that you have to 
recognize a double-angle identity upfront and make a quick switch. This 
example is also a nice segue into the next section on equations with multiple— 


angle solutions. Solve sin xcos x = 5 for all the solutions between 0 and 360 
degrees. 
1. Use the sine double-angle identity to create a substitution for the 
expression on the left. 
Starting out with the identity and multiplying each side by 7 you get 


sin 2x = 2sinxcosx 


$sin 2x = sin xcos x 


2. Replace the expression on the left of the original equation with its 
equivalent from the double-angle identity. 


=e 
sin xcOS x= 5 
5 sin 2x = 4 
3. Multiply each side of the equation by 2. 
ee ae 
2 5) sin 2x = 9 2 


sin 2x = 1 
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4. Rewrite the expression as an inverse function. 
2x = sin”'(1) 
See Chapter 13 for more on inverse functions. 
5. Determine which angles within two rotations satisfy the expression. 
2x = sin™'(1) = 90°, 450° 
You use two rotations because the coefficient of x is 2. 


6. Divide each term by 2. 


2x _ 90° 450° 
2 BID 
ses 4l5y Des; 


Notice that the resulting angles are between 0 and 360 degrees. 


You can generalize the double-angle technique from the preceding example 
for other multiple-angle expressions. 


Finding Multiple-Angle Solutions 


QULES 
& 
& 


Multiple-angle expressions are those where the angle measure is some multi- 
ple of a variable — for example, 2x or 3y. In this section, I show you how to 
take these expressions apart and solve for all the additional solutions that 
are possible. Because the trig functions are periodic (meaning they repeat 
their patterns infinitely), the number of possibilities for solutions increases 
tremendously. The larger the multiplier, the more solutions. 


When solving a trig equation of the form ax=f '(x) where you want the solu- 
tion to be all the angles within one complete rotation, write out all the solu- 
tions within the number of complete rotations that a represents. Then divide 
each angle measure by a. 


Problems that lend themselves to this technique are those such as 2 sin’ 5x = 1 
and cos( 5 x) = ae In the first example, I solve 2 sin’5x = 1 for all the 


angles between 0 and 2n. 


1. Divide each side by 2; then take the square root of each side. 
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2. Solve for 5x, which represents the angles that satisfy the equation 
within one rotation. 


j BAZ Se “2 its 31 
If sin 5x =->-, then 5x = sin “5° |= quae: 
If sin5x= au then 5x = sin {2 = on it. 


3. Extend the solutions to five rotations by adding 27 to each of the origi- 
nal angles four times. 


Geen! 3x 9n 11x 17m 19m 25n 27n 33n 350 


” AAO AT eA AS? AR A 4 A A 
By = ot 7x 13m 15n 21n 23m 29n 31ln 37x 39n 


4A” Apa? 4° 4" 4? A ee 
4. Divide all the terms by 5 and simplify. 
_ © ot On lin lin 19m 25m 2in 33m Son 


20°20" 20°20 20) oreo 20° 20" 20" 
_% 7x 13m 3m 21m 23m 29 31n 37x 39x 


~~ 420° 20° 4° 20° 20" 30° 20° 20" 20° 


Notice that all 16 solutions are angles with measures less than 2r. 


This next example has a proper-fraction multiplier rather than a multiplier 
greater than 1. 
/3 


Solve cos( 5 x) roe for all the solutions between 0 and 360 degrees. 
1. Rewrite the equation as an inverse trig equation. 


1 /3 


—_ = “1 —_-— 
9 * cos | 5) 


2. Determine which angles satisfy the inverse equation within one full 
rotation. 


5x= cos" = 150-210: 


3. Multiply all the terms by 2. 
x = 300°, 420° 


4. Throw out the second angle, because its measure is greater than 360 
degrees. 


The only solution is 300 degrees. When you replace the x in the original 
equation with this angle measure, you get a true statement. 
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Squaring Both Sides 


When solving trig equations, you have so many choices to choose among. 
Many times, more than one method will work — although one method is usu- 
ally quicker or easier than another. And then you'll come across a trig equa- 
tion that defies your finest attempts. Two last-ditch efforts that you can use 
when solving trig equations are to square both sides of the equation or to 
multiply each term through by a trig function that you’ve carefully selected. 
I show you the first of these two methods here, and I show you the second 
method in the next section. Examples of equations that respond well to 
squaring both sides include sin x + cos x = /2 and cos x- /3 sinx=1. 


Solve sin x+ cos x= ve for all the possible angles in degrees. 


1, Square both sides of the equation. 
When squaring a binomial, be sure not to forget the middle term. 
(sin x + cos x) = (/2) 
sin’ x + 2sinxcos x+ cos’ x=2 
2. Use the Pythagorean identity to replace sin’ x + cos’ x. 


sin’? x + cos’-x + 2sinxcosx=2 
1+2sinxcosx=2 


3. Subtract 1 from each side. Then replace the expression on the left 
with the sine double-angle formula. 


2sinxcos x= 1 
sin 2x = 1 


4. Solve for the value of 2x by using the inverse function. Then write a 
few angle solutions to determine a pattern. 


2x = sin™'(1) = 90°, 450°, 810"... 


Because you're supposed to find all the possible solutions, you're not 
bound by only two rotations. 


5. Divide every term by 2. 
2x = 90°, 450°, 810°... 
N= 4A5.,229. 400 os: 
6. Write an expression for all the solutions. 
ap + 1505 
In the next example, you need to doa little shifting at first. To solve 


COShG= we sin x= 1, get the term with the radical in it to one side of the 
equation by itself. Otherwise, when you square both sides, you end up with 
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a radical factor in one of the terms. That situation isn’t always bad, but deal- 
ing with it is usually a little more awkward than not. 


Solve the equation for all the possible angles from 0 to 360 degrees. 


1. Add the radical term to both sides and subtract 1 from both sides. 
You get cos x-1= /3sinx. 
2. Square both sides. 
(cos x— 1)= (/3 sin x) 
cos’ x- 2cosx+1=3sin’x 
3. Replace sin’ x with 1 - cos’ x from the Pythagorean identity. 


Doing so creates an equation with terms that have all the same func- 
tions, cos x, in them. 


cos’ x— 2cosx+1=3(1-cos’x) 


4. Simplify the equation by distributing the 3 on the right and then 
bringing all the terms to the left to set the equation equal to 0. 


cos’ x —- 2cosx+ 1=3-3cos’x 
4cos’x-2cosx-2=0 
5. Divide every term by 2. 
2cos' x-cosx-—1=0 
6. Factor the quadratic equation. 
(2cos x+1)(cosx-1)=0 


7. Set each factor equal to 0. 


2cosx+1=0 or cosx-—1=0 
2cosx= —l cosx=1 
cos x= -5 


8. Solve each equation for the value of x. 


If cos x= -5, then x= cos'(-5) = 240°, 300°. 


If cos x= 1, then x= cos™'(1) = 0°, 360°. 


The angles 0 and 360 degrees have the same terminal side. You usually 
list just one of them: 0 degrees. 
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Multiplying Through 


The technique of multiplying through a trig equation by a carefully selected 
function shouldn’t be your first choice — or your second, third, or fourth 
choice. This method is usually a last resort. Not that the method is terribly 
hard; it just requires sitting back and looking at the equation, and magically 
coming up with the best function to multiply through by. You can find the best 
function by guess or by golly, but then, that would take all the fun out of it — 
you want to guess right the first time. Here’s an example of an equation that 
this technique works well on. 


Solve 2sin x — csc x= 1 for all the solutions between 0 and 27. 


1. Multiply each term by sin x. 


Why sin x?I chose that function because I could see that the products 
of the individual terms would be either different powers of sine or just 
a number. Notice that the product of csc x and its reciprocal, sin x, is 1. 


2sinx:sinx-—cscx-sinx=1-sinx 
2sin’x-—1=sinx 
2. Subtract sin x from each side to set the equation equal to 0. 
2sin’ x — sinx—-1=0 
3. Factor the quadratic equation. 
(2sinx+1)(sinx-1)=0 
4. Set each factor equal to 0. 
2sinx+1=0 or sinx—1=0 


sinx= -5 sinx=1 


5. Solve for the values that satisfy the equations. 


( a a 


lisine= mt then x= sin" =o" 6 ar 


2 3 


If sinx = 1, then x=sin™'(1) = a 


Solving with a Graphing Calculator 


Some of the more-advanced graphing calculators can make short work of 
solving trig equations. A graphing calculator comes in very handy when the 
equation is complicated, has several different functions or angle multiples, or 
has fractional or decimal values that don't lend themselves to the traditional 
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Figure 14-1: 
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of y=cos 
2x and y= 

2 COS X. 
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solving methods that I discuss throughout this chapter. For example, I prefer 
to use a graphing calculator to solve equations like cos 2x = 2cos x and 
cos’ x— 0.4sin x= 0.6. 


First, here’s how to solve cos 2x = 2cos x for all solutions between -—27 and 2n. 


1. Put the expression on the left side of the equation in the y menu (the 
graphing menu) of your calculator. Put the expression on the right as 
a second entry. 
y= cos 2x 
Y2=2cosx 


2. Set the window of your calculator to show the graphs. 


Set the x values from —2z to 2n. In decimal form, let x = -6.5 to 6.5 to give 
a little room on either side of the left and right ends. 


Set the y values to go from -3 to 3. Doing so gives room above and below 
the graph. If you have an auto fit capability, use it to make the graph fit 
automatically after you choose the x values you want the graph to 
encompass. 


3. Graph the two functions, and see where they intersect (see Figure 14-1). 


4. Use the intersect feature on the calculator to determine the solutions. 


The x-coordinates of the intersection points are the solutions (rounded 
to four decimal places): x = —4.3377, -1.9455, 1.9455, and 4.3377. These 
solutions are in radians — the x value is already multiplied through. 


You can also find the solutions to the preceding example with a graphing cal- 
culator’s solver feature, but usually, you still need to look at the graph anyway 
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So you know how many solutions you’re trying to find. The solver feature usu- 
ally finds only one solution at a time, and you need a hint to know where to 
find them. 


This next example has decimals built in, so you probably can’t factor it. You 
can solve it by using identities and writing it as a quadratic, and then using 
the quadratic formula. This calculator method gives you another option. 


Solve cos’ x — 0.4sin x = 0.6 for all angles between -n and 7. 


1. Put the expression on the left in the graphing y menu of your calcula- 
tor. Put the expression on the right as a second entry. 


yi=cos’x-0.4sinx 
y2 = 0.6 
2. Set the window of your calculator to show the graphs. 


Set the horizontal, x values from —x to nr. In decimal form, use x = -3.2 to 
3.2 to give a little room on either side of the ends. 


Set the vertical, y values to go from -3 to 3. Doing so gives room above 
and below the graph. If you have an auto fit capability, use it to make the 
graph fit automatically. 


3. Graph the two functions, and see where they intersect (see Figure 14-2). 


i 
Figure 14-2: 
The graphs 
of y= cos’ x 

—0.4 sin x 
and y=0.6. 
> 


4. Use the intersect feature on the calculator to determine the solutions. 


The x-coordinates of the intersection points are the solutions (rounded 
to four decimal places): x = -2.0998, -1.0418, 0.4817, and 2.6598. These 
solutions are in radians — the nm value is already multiplied through. 
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Chapter 15 
Obeying the Laws 


In This Chapter 
Finding missing parts in triangles 
Understanding the laws of sines, cosines, and tangents 
- Computing the areas of triangles 


[ize are very useful figures. Since humankind figured out how to 
keep records, people have documented the applications of triangles in 
mathematics and many other sciences. The right triangle gets the most use; 
Pythagoras saw to it that others recognized right triangles for the powerful 
polygon that they are. But oblique triangles (those that aren't right triangles) 
have their place, too. You can’t always arrange to have a nice right triangle 
when you want it. Here’s where oblique triangles and the laws of sines and 
cosines come into play. 


The law of sines uses, believe it or not, the sines of a triangle’s angles. With 
three carefully selected parts of the triangle, you can solve for the sizes of the 
other parts. Of course, you have to obey the law, and the choices you can make 
are limited. That’s where the law of cosines comes in to save the day. This law 
isn’t as user-friendly, but it picks up where the law of sines falls short. And 

to rescue you when all else fails, the law of tangents throws out a lifejacket 
(although this law isn’t nearly as popular as the other two). 


Trigonometry opens up all sorts of possibilities for solving area problems. By 
using the tools in this chapter, you won’t find a triangle that you can’t lick. 


Describing the Parts of Triangles 


When it comes to triangles, you’ll find right triangles and nonright triangles, 
called oblique triangles. Other classifications exist too, such as acute, obtuse, 
isosceles, and so on. But no matter what you call it, any triangle has exactly 
six parts: three angles and three sides. After you have information about the 
parts of a triangle, you can make all sorts of computations and manipulations, 
using triangles to model situations and solve problems. 
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Figure 15-1: 
Naming the 
parts of a 
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Standardizing the parts 


Usually, when you name the parts of a triangle, you follow a system or pattern. 
Having this system helps sort out the information, even when you don’t have 
a picture of the triangle to help you. The most common system is to name the 
angles of the triangle with capital letters, usually A, B, and C, and name the 
sides opposite each of the angles with the lowercase letter that matches. 
Figure 15-1 shows what this labeling looks like. 


Another common practice is to name the angles with Greek letters, such as @, 
B, and y, but in this chapter, I stick with the capital and lowercase letters. 


Determining a triangle 


Even though every triangle has six parts, you only need to have information 
on or know the measures of three particular parts to determine the others. 
For example, if you know the measures of the three sides, then you know that 
the three angles are uniquely determined. You can’t construct more than one 
shape and size of triangle from those three sides. 


After you know the values for three carefully chosen pieces of a triangle, then 
you can use any of the three different rules or laws that allow you to find the 

other three parts of the triangle. | discuss all three laws in their own sections 
later in this chapter. 


Finding the one and only 


Several combinations of parts uniquely determine a triangle. Here’s a list of 
them all. 
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To uniquely determine a triangle (find only one possible shape), you need 


SSS: The measures of the three sides 
| SAS: The measures of two sides and the angle between them 
ta ASA: The measures of two angles and the side between them 


’ & AAS: The measures of two angles and one of the sides 


The last rule is actually just another version of the one directly before it. 
When you have two angles, you can determine the third, so the side lies 
between two known angles. Figure 15-2 shows these situations. 


You may have noticed that I didn’t mention one combination — AAA, where 
all three angles are the same. | left it out on purpose because, in such a case, 
all you can be sure of is that the two triangles are similar — they’re the same 
shape but not necessarily the same size. 


Dealing with the ambiguous case 


Four situations allow you to uniquely determine a triangle, and I list them in 
the preceding section. One other case can be helpful, even though you may 
end up with two different triangles instead of one unique triangle: SSA, the 
measures of two sides and an angle that isn’t between them. This situation is 
a little tricky, because often, two different triangles are possible — which is 
why it’s known as the ambiguous case. Sometimes, this case is still better 
than nothing — as long as you’re aware that more than one triangle can exist. 
Figure 15-3 illustrates such a situation. In the two triangles, sides a and c and 
angle A are the same measure. The angle measure B and the length of side b, 
however, aren’t the same in both triangles. 


B B 
— Le 
A if; 
A P b 


SSS: abe SAS: cAb 
>= B B 
Figure 15-2: | } ; 
Ways of P a c S 
determining 
the one 
andonly A C A A c 
triangle. b 


a ASA: AbC AAS: BAb 
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Figure 15-3: 
The A if 
ambiguous b 
case. 
a SSA: acA 


Following the Law of Sines 


When you already have two angles, as in the case of ASA or AAS (see the pre- 
ceding section), you can use the law of sines. This law uses the ratios of the 
sides of a triangle and their opposite angles. The bigger a side, the bigger its 
opposite angle. The longest side is always opposite the largest angle. Here’s 


how it goes. 

«Rules 

» 

£& The law of sines for triangle ABC with sides a, b, and c opposite those angles, 
respectively, says 
sind _ site. SiC gg ae ee 
a b c sinA sinB sinC 
So the law of sines says that in a single triangle, the ratio of each side to its 
angle is equal to the ratio of any other side to its angle. 
as 


For example, consider a triangle where side a is 86 inches long and angles A 

and B are 84 and 58 degrees, respectively. Figure 15-4 shows a picture of the 

triangle, and the following steps show you how to find the missing three parts. 
1. Find the measure of angle C. 


The sum of the measures of a triangle’s angles is 180 degrees. So find the 
sum of angles A and B, and subtract that sum from 180. 


180 — (84+ 58) = 180 — 142 = 38 


Angle C measures 38 degrees. 
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aaa 58° 
Figure 15-4: 
Finding the a= 86 
three 
missing 
parts of a 
triangle. 
a b 


2. Find the measure of side b. 


¢ Using the law of sines and the proportion 
values that you know. 
86 __ ib 
sin84° sin 58° 
Use the given values, not those that you’ve determined yourself. 
That way, if you make an error, you can spot it easier later. 


b Fone 
an = Sin B Lill in the 


¢ Use the table in the Appendix or a calculator to determine the 
values of the sines. 


86 b 


0.995 ~ 0.848 


e Multiply each side by the denominator under b to solve for that 
length. Because the original measures are whole numbers, round 
this answer to the nearer whole number. 


(0.848) 5995 = 138 se 
73.294 = b 
Side b measures about 73 inches. 


3. Find the measure of side c. 


e Using the law of sines and the proportion Ane Bain aval fill in the 
values that you know. 
Shee 


sin84° sin 38° 
Again, it’s best to use the given values, not those that you deter- 


mined. In this case, however, you have to use a computed value, 
the angle C. 


Use the table in the Appendix or a calculator to determine the 
values of the sines. 
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¢ Multiply each side by the denominator under c to solve for that 
length. Because the original measures were given as whole num- 
bers, round this answer to the nearer whole number. 


(0.616) 5995 = gare (2-66) 
53.242 = c 


Side c measures about 53 inches. 


Although knowing how to find the missing measures in an oblique triangle 
seems wonderful, you may wonder, “What’s the point?” One major reason for 
solving triangles is so you can apply them to practical problems. For example, 
the question, “How tall is it?” seems to be a reasonable request. 


Suppose a tree is growing on a hillside. The tree is completely vertical, but 
the hillside inclines at a 10-degree angle from the horizontal. Josh is standing 
100 feet downhill from the tree. The angle of inclination from Josh’s feet to 
the top of the tree is 32 degrees. How tall is the tree? First, take a look at a 
visual of the situation in Figure 15-5 and then review the steps that follow. 


~~ 
Figure 15-5: 
How tall is 
the tree? 
ae 


100 feet 


1. Determine the oblique triangle that you can use to solve the problem. 


You know that one side is 100 feet long, and you can determine two 
angles, so use the triangle that Figure 15-6 shows. 


2. Determine the two angles on either side of the base of the triangle. 


¢ You determine the angle on the right of the 100-foot base by sub- 
tracting the hill’s 10-degree inclination from the tree’s 32-degree 
inclination: 32 — 10 = 22 degrees. (These angles are also known as 
angles of elevation, which you can find out more about in Chapter 9.) 
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Figure 15-6: 
The oblique 
triangle that 
you should 
use to 
calculate 
the height of 

the tree. 100 feet 
Pi. Ce, 

e The angle on the left of the 100-foot base is supplementary to the 
angle in the right triangle that you can draw below the oblique tri- 
angle (see Figure 15-7). Drawing a right angle with the vertical leg fol- 
lowing the tree, you determine an angle of 80 degrees by adding the 
90-degree angle and the 10-degree angle and subtracting that sum 
from 180, the total number of degrees in a triangle. Supplementary 
angles also add up to 180, so the angle supplementary to the 
80-degree angle is 100 degrees. Another way to find this 100-degree 

og Wwles angle is to use the exterior-angle rule that follows. 
& The measure of an exterior angle of a triangle is equal to the sum of the 


two nonadjacent interior angles. 


Se 
Figure 15-7: 
Extending 
the triangle -— 
to do : 80 
calculations. g 100 feet 


Oo 


10° 


3. Calculate the measure of the third angle. 


Adding the two base angles together and subtracting their sum from 180 
degrees, you get 180 - (22 + 100) = 180 — 122 = 58 degrees. 
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4. Determine the height of the tree. 


¢ The tree is the side opposite the angle measuring 22 degrees. Using 
the law of sines, you can write the proportion 


tree__ _ 100 
sin22° sin58° 
¢ Solve for the height of the tree. 
tree___ 100 
sin 22° sin58° 
tree 2100 
0.375 0.848 
tree 100 
(9.375) 0 375 ~ 0.848003") 
tree = 44.222 


The tree is about 44 feet tall. 


Continuing with the Law of Cosines 


The law of cosines comes in handy when you have two or more sides — as in 
situations involving SSS and SAS — and need the measures of the other three 
parts. When you have two sides, you need the angle between them. If the angle 
isn’t between the two sides, then you have the ambiguous case, SSA. Although 
such a situation isn’t impossible, you must deal with it carefully. (See the sec- 


tion “Determining a triangle,” earlier in this chapter, for more on these cryp- 
tic notations.) 


Defining the law of cosines 


The law of cosines has three different versions that you can use depending 
on which parts of the triangle you have measures for. Notice the pattern: The 
squares of the three sides appear in the equations, along with the cosine of 


. the angle opposite one of the sides — the side set equal to the rest of the stuff. 
QUuLES 

S 

CS 


~ The law of cosines for triangle ABC with sides a, b, and c opposite those 


angles, respectively, says 


a’= b?+c’— 2bccosA 
b’=a’+c’-2accosB 
c’=a’+ b’- 2abcosC 
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Figure 15-8: 
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In plain English, these equations say that the square of one side is equal to 
the squares of the other two sides, added together, minus twice the product 
of those two sides times the cosine of the angle opposite the side you’re solv- 
ing for. Whew! 


Law of cosines for SAS 


When you have two sides of a triangle and the angle between them, you can 
use the law of cosines to solve for the other three parts. Consider the triangle 
ABC where a is 15, c is 20, and angle B is 124 degrees. Figure 15-8 shows what 
this triangle looks like. 


15 


B 20 A 


Now, to solve for the measure of the missing side and angles: 


1. Find the measure of the missing side by using the law of cosines. 


Use the law that solves for side 5. 
b’=a’+c’-2accosB 
b’= 15°+ 20°— 2(15)(20) cos 124° 
= 225 + 400 — 600(-0.559) 
= 960.4 


You end up with the value for b’. Take the square root of each side and 
just use the positive value (because a negative length doesn’t exist). 


b’= 960.4 
b= 30.990 
The length of side b is about 31. 


. Find the measure of one of the missing angles by using the law of 


cosines. 
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Figure 15-9: 
Pentagonal 
stadium and 

an inner 
triangle. 
el a ell 


Using the law that solves for a, fill in the values that you know. 
a’=b’+c’-2bccosA 

15°= 31? + 20’- 2(31)(20) cos A 

Solve for cos A by simplifying and moving all the other terms to the left. 


225 = 961+ 400—- 1240cos A 
— 1136= -1240cosA 


—1136 
—1240 
0.916=cosA 


Using Appendix A or a scientific calculator to find angle A, you find that 
A=cos '(0.916) = 23.652, or about 24 degrees. 


Tip: You can also switch to the law of sines to solve for this angle. Don’t 
be afraid to mix and match when solving these triangles. 


=cosA 


3. Find the measure of the last angle. 


Determine angle B by adding the other two angle measures together and 
subtracting that sum from 180. 


180 - (124 + 24) = 180 - 148 = 32. Angle B measures 32 degrees. 


How about an application that uses this SAS portion of the law of cosines? 
Consider the situation: A friend wants to build a stadium in the shape of a 
regular pentagon (five sides, all the same length) that measures 920 feet on 
each side. How far is the center of the stadium from the corners? The left 
part of Figure 15-9 shows a picture of the stadium and the segment you’re 
solving for. 


920 


You can divide the pentagon into five isosceles triangles. The base of each tri- 
angle is 920 feet, and the two sides are equal, so call them both a. Refer to the 
right-hand picture in Figure 15-9. Use the law of cosines to solve for a, because 
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you can get the angle between those two congruent sides, plus you already 
know the length of the side opposite that angle. 


1. Determine the measure of the angle at the center of the pentagon. 


A circle has a total of 360 degrees. Divide that number by 5, and you find 
that the angle of each triangle at the center of the pentagon is 72 degrees. 


2. Use the law of cosines with the side measuring 920 feet being the side 
solved for. 
c*=a’+a’—2aacosC 
920° = 2a? — 2a’ cos 72° 
Because the other two sides are the same measure, write them both as a 
in the equation. 
3. Solve for the value of a. 
920° = 2a’ - 2a’ cos 72° 
846, 400 = 2a’(1 — cos 72°) 
846, 400 aon 
Recos (2 


846,400 _, 
Ton05 <7 


846, 400 
0.691 


1,224, 891.462 = 2a’ 
Glee (31— 07 
782.589 = a 
The distance from the center to a corner is between 782 and 783 feet. 


= 20° 


Law of cosines for SSS 


When you know the values for two or more sides of a triangle, you can use the 
law of cosines. In the following case, you know all three sides but none of the 
angles. Solve for the measures of the three angles in triangle ABC, which has 


sides where a is 7, bis 8, and c is 2. 


As you can see in Figure 15-10, the triangle appears to have two acute angles 
and one obtuse angle, the obtuse angle being opposite the longest side. 


1. Solve for the measure of angle A. 


Using the law of cosines where side a is on the left of the equation, sub- 
stitute the values that you know and simplify the equation. 


263 
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Figure 15-10: 
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SSS 

triangle. 
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a’=b’+c’-2bccosA 

7?=8'+ 2?—2(8)(2)cosA 

49 = 64+ 4-32cosA 
-19= -—32cosA 


= = cos. A 


0.594= cos A 

Now use the table in the Appendix or a scientific calculator to find the 
measure of A. 

A= cos '(0.594) = 53.559 


Angle A measures about 54 degrees. 


. Solve for the measure of angle B. 


Using the law of cosines where side 6 is on the left of the equation, input 
the values that you know and simplify the equation. 
b’=a’+c’-2accosB 
8’= 7°+ 2’-2(7)(2)cosB 
64=49+4-28cosB 


11= —28cosB 
7 =cosB 
-—0.393=cosB 


The negative cosine means that the angle is obtuse — its terminal side is 
in the second quadrant. Now use the table in the Appendix or a scientific 
calculator to find the measure of B. 
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oT 
Figure 15-11: 
The 
ambiguous 
case — 

two possible 
triangles. 


B= cos '(-—0.393) = 113.141 
Angle B measures about 113 degrees. 
3. Determine the measure of angle C. 


Because angle A measures 54 degrees and angle B measures 113 degrees, 
add them together and subtract the sum from 180 to get the measure of 
angle C. 


180 - (54 + 113) = 180 — 169 = 11. Angle C measures only 11 degrees. 


Being ambiguous 


Many people are visual learners, solving problems better by using a picture. 
This characteristic will serve such people well when it comes to solving tri- 
angles that are SSA, meaning that they know the measures of two sides and 
an angle that isn’t between those sides. Drawing a picture helps explain why 
the situation may have more than one answer. When you use this setup in an 
actual application, the correct answer is usually pretty clear. First, | show you 
how to do one of these problems in general and then I show how it may actu- 
ally play out in real life. 


Find the missing parts of the triangle ABC that has sides a and b measuring 85 
and 93, respectively, and angle A measuring 61 degrees. Figure 15-11 presents 
the situation. 


1. Find the length of side c by using the law of cosines with a on the left- 
hand side of the equation. 
Use this form because after you input the known values, it’s the only one 
that will have just one variable to solve for — even though that variable 
has two powers. 
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e Enter the values into the law of cosines. 
a’=b’+c’- 2bccosA 
857 = 937+ c?- 2(93)(c) cos 61° 


¢ Simplify the equation by performing all the operations and getting 
the variables alone on the right side. 


7225 = 8649 + c*— 186(c) 0.485 
—1424=c’-90.21c 


You end up with a quadratic equation. 


¢ Use either the quadratic formula or a calculator to determine the 
solutions. 


0=c’-90.21c + 1424 
c = 69.813 or 20.397 


So c measures either 70 or 20. 
2. Let c measure 70, and find the measures of the other two angles. 


This time, take a departure from the law of cosines and use, instead, the 
law of sines. 


e Use angle A and side a, and pair the ratio with angle C and side c 


to get 
sinA _ sinC 
a G 
sin6l’ _ sinC 
85 70 


¢ Now multiply each side by 70, and solve for the sine of C. 


705 sin 61° = sinC wie 


85 i) 
0875 — 
70 <= sinC 
OLA = sinc 


¢ Solve for the angle with that sine. 
C= sin™'(0.721) = 46.137 
The measure of angle C is about 46 degrees. 


If angle A is 61 degrees and angle C is 46 degrees, then angle B is 180 
degrees minus the sum of A and C: 180 - (61 + 46) = 180 - 107 = 73 degrees. 


3. Now let c measure 20, and find the measures of the other two angles. 


Go back to the law of cosines to do this part. You can compare the two 
methods — the one in this step and the one in Step 2 — to see which one 
you like better. 


Chapter 15: Obeying the Laws 2 6 7 


e Use the law with c on the left-hand side of the equation to solve for 
the cosine of angle C. 


c’=a’+b’- 2abcosC 
20’ = 85’ + 93’— 2(85)(93) cosC 
400 = 7225 + 8649 — 15,810cosC 


elo dee 
=15-S10° °o° 


0.979 =cosC 


¢ Use the table in the Appendix or a calculator to find the measure of 
angle C. 


C= cos '(0.979) = 11.763° 


Angle C measures about 12 degrees, which means that angle B is 180 - 
(61 + 12) = 180 - 73 = 107 degrees. 


The ambiguous case causes a bit of confusion. Why would you want two 
answers? The following example may help clear up this mystery. You really 
don’t want two answers. You just want the one that answers your question. 


Slim and Jim are both sitting at the intersection of two roads, which forms a 
50-degree angle. They leave the intersection at the same time — Slim in his 
old, slow, beat-up pickup truck, and Jim in his nifty-swifty Jeep. When Jim was 
400 yards down the road, the two of them were 320 yards apart. How far had 
Slim driven at that point? 


You definitely need a picture for this problem. See Figure 15-12. 


ee 
Figure 15-12: 
Slim (S) 

and Jim (J) 
travel on 
two roads 
that make a 
50-degree 
angle at 
their inter- 
section (I). 
a 
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Two wrongs make a right 


When students are first introduced to fractions, When a student mistakenly crosses out the 
they're often tempted to take some liberties with _ two like digits, the result is actually the correct 
the rules that can get them into trouble. Imag- #4 4 a $8 8 7 $5 -5 
ine the frustration to the teacher and student ; 


if ir i 


alike when the student stumbles on one of the 65 _5 


: ; acne nd 
four fractions, with two digits in the numerator a gw 


and denominator, where incorrect cancellation fractions exist. 
results in a correct answer. The four fractions 


where such a situation can occur are 4 3 


> Thank goodness only four such 


You can safely assume that Slim couldn’t have gone farther than Jim in his 
old clunker — unless his truck had hidden powers. Figure out how far Slim 
drove, the distance from /to S (in this example, I call the distance j to be con- 
sistent with the triangle labels) by using the law of cosines. The side s is 400 
yards, and angle / is 50 degrees. 


1. Write the law of cosines, and replace the letters with the values. 
P=s'+j’—2(s)(j) cos] 
320’ = 400’ + j?— 2(400)( 7) cos 50° 
102, 400 = 160, 000 + 7’ — 8007 (0.643) 
0=57,600+/?- 514.4; 
This equation simplifies to a quadratic equation with the variable j. 
2. Solve the quadratic equation. 
0=/°- 514.47 + 57,600 
Use a calculator or the quadratic formula, and you get two solutions: 
x = 349.676 and x = 164.723. Either answer gives you a distance smaller 


than the distance that Jim traveled. Refer to Figure 15-12, and choose the 
answer that appears to be correct. 


Including the Law of Tangents 


The law of tangents isn’t nearly as popular as the law of sines or the law of 
cosines, but leaving it out just doesn’t seem fair. You use this law with SAS — 
when you have two sides and the angle between them. The law of tangents 
may look a bit intimidating, but it’s really quite nice. 
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WLES 
A 


A In triangle ABC, with sides a, b, and c opposite the respective angles A, B, and 


C, the law of tangents states 
aoe tan $(A-B) 
Gb tan (A+B) 


1 
NSE . tan5(B-C) 
ore tan 5(B + CG) 


1 
C= x tan 5(C- A) 
TS tan d(C+A) 


The best way to show how the law of tangents works is with an example. In 
triangle ABC, a is 52, bis 28, and angle Cis 80 degrees. To find the remaining 
parts of the triangle: 


1. Use the law of tangents involving sides a and b. 


Fill in the values that you know and simplify. 


1 
Feb e tan 5(A— B) 


GED tan 5(A+B) 


2. Multiply each side by the denominator on the right. 


1 
tanz(A-B 
tan=(At B) 


1 oo 
tan5(A +B) iO a 


tan3(A+B) vat = tan5(A-B) 


3. Determine A + B. 


The sum of angles A and B equals 180 degrees minus the measure of 
angle C: A + B = 180-80 = 100. 


4. Replace (A + B) with 100 and simplify. 


Use the table in the Appendix or a scientific calculator to do the 
calculations. 
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tans 5(100): 3 =tan$(A- B) 


3 = 
tan 50° To ae B) 


3 
1.192- 45 


see 


=tan> 5(A-B) 


5. Find the value of A - B. 
3(A-B) = tan""(0.3576) = 19.677 


4(A-B) = 19.677 
A- B= 39,354 
The difference between angle A and angle B is 39.354, or about 39 degrees. 


6. Determine A and B by solving the system of equations for A + B and 
A-B. 
Eliminate one of the variables by adding the two equations together. 


A+B= 100 
A-B=39 
2A. =139 


a = 132 - 695 


Because A is 69.5, B equals 100 minus 69.5, or 30.5. Rounding these 
values to whole numbers, you get A = 70 and B = 30. 


7. Solve for side c by using the law of sines. 
c a 


sinC sinA 
CoE 
sin80° sin 70° 
é Gy? 


0.985 0. a 
55 (0. 985) = 54.489 


aa 


Side c is about 54 units long. 


Finding the Areas of Triangles 


Finding the area of a triangle sounds relatively easy. Most grade-school chil- 
dren get plenty of chances to do just that. They’re given a triangle and the 
length of the base and the height, or altitude, drawn to that base. Simple! Just 


= 
Figure 15-13: 
A triangle 
with a base 
and height 
drawn. 
=== 
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plug those values into the formula, and you have it. But think about it: How 
many times do you have a triangular plot of land or triangular sail for a boat 
and have the measure of the altitude? 


What you find in this section is a formula for every occasion. Give me a tri- 
angle, and I can find the area. Although the base and altitude would be nice, I 
can also do the problem with the measures of the three sides. You have two 
sides and an included angle? Sure, I can do that. How about two angles and 
an included side? I have a formula for that, too. 


Of course, if you don’t have the measurements for one of these exact situa- 


tions, you can go to the law of sines, cosines, or tangents to fill in the blanks 
and find the sides or angles that you need. 


Finding area with base and height 

The most basic formula for finding the area of a triangle occurs when you know 
the base and the height. The height is drawn perpendicular to the base up to 
the vertex opposite that base. Figure 15-13 shows you what I mean. 


The equation for the area (A) of a triangle with base b and height his A= i bh. 


Base 


For example, to find the area of a triangle with a base measuring 12 inches and 
a height measuring 5 inches, input the values into the equation. You find that 


A= 5(12)(5) = 30, or 30 square inches. 
If the triangle happens to be a right triangle, then you're really in business. The 


base and height are the legs, or the two sides that are perpendicular to one 
another. Just find half of the base times the height. Here’s an example. 


ee 
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Kirsten has a corner lot and wants to make a triangular garden where the two 
sidewalks meet. She has a 20-foot piece of border to go along the diagonal, or 
hypotenuse, of the triangle. She wants one side along the sidewalk to be 12 
feet. How many square feet of garden will she have? Figure 15-14 illustrates 


the situation. 


= 


— 12 feet 


Figure 15-14: 
Kirsten’s 
triangular 
garden. 
el 


1. Find the length of the other leg of the right triangle. 
Using the Pythagorean theorem, and calling the missing length x, you get 
Meer 2 = 208 
x’+ 144= 400 
x’= 400 - 144 = 256 
ey 256 = 16 
The other side is 16 feet long. 
2. Find the area of the triangle. 
The base is 12 feet, and the height is 16 feet. Using the formula, you get 


A= 5 bh= 4(12)(16) = 96 


The area is 96 square feet, which is a lot of garden to weed! 


MBER 


_— —— 
Figure 15-15: 
Triangular 
corrals 
made from 
240 yards 

of fencing. 
tel 
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Finding area with three sides 


Suppose that you have 240 yards of fencing, and you decide to build a triangu- 
lar corral for your llama. Why triangular? You heard that llamas favor the shape, 
of course. You want the llama to have enough room to run around, so you need 
to know the area. What should the lengths of the triangle’s sides be? You can 
solve this little problem by using Heron’s Formula for the area of a triangle. 


Heron’s formula says that if a triangle ABC has sides of lengths a, 6, and c oppo- 
site the respective angles, and you let the semiperimeter, s, be half of the tri- 


angle’s perimeter, then the area of the triangle is A= /s(s-—a)(s—b)(s—c). 


In the problem of the fencing and the llama, you have many ways to make a 
triangular corral from 240 yards of fencing. Figure 15-15 shows a few of the 
possibilities. Notice that in each case, the lengths of the sides add up to 240. 
For the sake of this problem, don’t worry about a gate. 


80 
117 80 
62 100 80 
43 
80 
78 


Which triangle has the greatest area? Obviously, one of them is a bit on the 
scrawny side, even though it uses up 240 yards of fencing, like the others. 
Here’s how to compute the areas for the three triangles. 


1. Find the semiperimeter, s, for each triangle. 
Referring to Figure 15-15: 
° Left triangle: 5 (62 + 100 + 78) = 5 (240) = 120 
© Center triangle: 5(117 + 80 + 43) = 4 (240) = 120 
Right triangle: 5 (80 + 80 + 80) - 3,(240) = 120 


Not surprisingly, all the semiperimeters are the same, because all the 
perimeters are 240. 
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2. Use Heron’s Formula to find each area. 


Again, referring to Figure 15-15: 


° Left triangle: A = /120(120 — 62)(120— 100)(120 — 78) = 


120(58)(20)(42) = 2417.933 


¢ Center triangle: A= /120(120- 117)(120 — 80)(120- 43) ~ 
/120(3)(40)(77) = 1052.996 
° Right triangle: A = /120(120— 80)(120 — 80)(120— 80) = 
120(40)(40)(40) = 2771.281 


The triangle on the right has the greatest area. Of the shapes in Figure 15-15, 
that triangle is the best. But you may be wondering whether another shape 
gives more area than that one. The answer: no. With calculus, you can prove 
that an equilateral triangle gives you the greatest possible area with any 
amount of fencing. Without calculus, you just have to try a bunch of shapes 
to convince yourself. 


Finding area with SAS 


When you know the lengths of two of a triangle’s sides plus the measure of 
the angle between those sides, you can find the area of the triangle. This 
method requires a little trigonometry — you have to find the sine of the angle 
involved. But the formula is really straightforward. 
Rules 
& If triangle ABC has sides measuring a, b, and c opposite the respective angles, 


then you can find the area with one of these formulas: 
A= 5 absinC, A= 5 bcsin A, or A= 5acsin B 


For example, look at the 30-60-90 right triangle in Figure 15-16. I use this par- 
ticular example because the numbers come out so nicely. 


First, find the area by using angle B and the two sides forming it. 


1. Choose the correct version of the formula. 


The formula that uses angle B is A= 4 acsinB. 
2. Find the sine of the angle. 


sin 60°= a 


3. Substitute the values into the formula and simplify. 


AaH pj g = BY 
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| nc TY 
Figure 15-16: 
Finding the 
area of the 
30-60-90 
triangle. A B 60° B 
=, 9 


Now find the area by using angle C and the two sides forming it. 


1. Choose the correct version of the formula. 


The formula that uses angle Cis A= 4 absinC. 


2. Find the sine of the angle. 


a Ailes UE. 
sin 30 => 


3. Substitute the values into the formula and simplify. 
alee lee eye 
A= 9(J8 \(9/3)5=—3 


Using the method involving angle A gives you the same result, of course. For 


a quick comparison, just use the ie A=1 bh to find the area, because 
you're dealing with a right triangle: A = $(9)(9 /3)= = ai . The methods all 


produce the same result. 


Finding area with ASA 


As you probably suspected, when you have two angles and the side between 
them, you can find the area of a triangle. The formulas go as follows. 


QuLes ; 
& In triangle ABC, if the measures of the sides are a, b, and c opposite the 
respective angles, then you can determine the area by using one of the fol- 


lowing equations: 


275 
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_a’sinBsinC ,_ b’sinAsinC - _c’sinAsinB 
A= 2sin A » A= 2sinB ,or A= 2sinC 


These formulas are actually built from the formula for finding the area with 
SAS, with a little help from the law of sines. Here’s how one of them came to be. 


1. Start with the SAS rule for area. 


A\= 5 absinC 


2. Write the law of sines involving angles A and B. 
G2 20 
sinA sinB 
3. Solve for b. 
‘ ieee 
sinB- SA > and sinB 


sinB-a _ 
sin A =o 


4. Substitute the equivalent for b into the area formula. 


_ a’sin BsinC 
2sin A 


Now consider an example. Say you have a triangle with angles A, which is 45 
degrees, and B, which is 55 degrees, and the side between them, c, equal to 
10. Find the area. 

1. Choose the correct formula — the one with c’ in it. 


A-£-sinAsinB 
2sinC 


2. Find the sines of the two given angles. 


The sine of 45 degrees equals 0.707, and the sine of 55 degrees equals 
0.819. 


3. Find the sine of the third angle. 
Angle C measures 180 - (45 + 55), or 180 - 100, which equals 80 degrees. 
The sine of 80 degrees equals 0.985. 

4. Substitute the values into the formula and solve. 


_ 10°(0.707)(0.819) 
~~ 2(0.985) 


The area is a little over 29 square units. 


= 29.393 


Part V 


The Graphs of 
Trig Functions 


The 54 Wave By Rich Tennant 
Gone Zee 


no 


;———— = 


Tm mathematically dyslexic. 
But its not that unusual - 100 
out of every 15 peopk are. 


In this part... 


A picture is worth a thousand words, or so they say. 


The graphs of the trigonometric functions certainly 
qualify here. In that case, this part is theoretically about 
1,000 pages long, because | provide all the graphs you 
need to see the similarities and differences among the six 
basic trig functions, their variations, and the inverse trig 
functions. 


Chapter 16 
Graphing Sine and Cosine 


In This Chapter 


Looking at the basic graphs of sine and cosine 
Working with variations of the graphs 


Using sine and cosine curves to make predictions 


fT: graphs of the sine and cosine functions are very similar. If you look at 
them without a coordinate axis for reference, you can’t tell them apart. 
They keep repeating the same values over and over — and the values, or out- 
puts, are the same for the two functions. These two graphs are the most recog- 
nizable and useful for modeling real-life situations. The sine and cosine curves 
can represent anything tied to seasons — the weather, shopping, hunting, and 
daylight. The equations and graphs of the curves are helpful in describing what 
happens during those seasons. 


The ABCs of Graphing 


You can graph trig functions in a snap — well, maybe not that fast — but you 
can do it quickly and efficiently with just a few pointers. If you set up the axes 
properly and have a general knowledge of the different functions’ shapes, 
then you’re in business. 


Different kinds of values represent the two axes in trig graphs. The x-axis is in 
angle measures, and the y-axis is in plain old numbers. The x-axis is labeled in 
either degrees or radians. Often, a graph represents the values from -2n to 27 
to accommodate two complete cycles of the sine, cosine, secant, or cosecant 
functions (or four complete cycles of the tangent or cotangent functions). If 
the x-axis is labeled in degrees, it typically ranges from —360 to 360, which is a 
wide number range. That range is in sharp contrast to the y-axis, which often 
just goes from —5 to 5. You'll find that radians — which are real numbers — 
are preferable. The y-axis is labeled in real numbers; how high and low the 
range extends depends on the particular function or variation of a function 
that you’re graphing. 
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If you’re using a graphing calculator, you need to be aware of what mode you’re 
in when creating graphs. Otherwise, you’ll get completely baffling results or 
none at all. For more on changing your calculator’s mode, head on back to 
Chapter 13. It just takes the press of a button or two, and you're in the right 
mood — oops, mode. 


Waving at the Sine 


[— =e 
Figure 16-1: 
The graph of 
y=sin x. 
we 


The graph of the sine function is a nice, continuous wave that rolls along 
gently and keeps repeating itself. The domain, or x-values, of the sine function 
includes all angles in degrees or all real numbers in radians, so the curve has 
no breaks or holes. The range, or y-values, of the sine function consists of all 
the numbers between -1 and 1, including those two values. Figure 16-1 shows 
a graph of the sine function from about ~—2z to 27 (or from about —360 to 360 
degrees). 


Figure 16-1 shows two complete cycles of the sine curve — the curve goes 
through its routine twice on the graph. If you could see the sine curve forever 
in either direction, it wouldn’t look any different. The curve repeats the same 
pattern over and over again, to infinity and beyond. 


Describing amplitude and period 


The sine function and any of its variations have two important characteris- 
tics: the amplitude and period of the curve. You can determine these charac- 
teristics by looking at either the graph of the function or its equation. 


Chapter 16: Graphing Sine and Cosine 28 ] 


Gaining height with the amplitude 


The amplitude of the sine function is the distance from the middle value or 
line running through the graph up to the highest point. In other words, the 
amplitude is half the distance from the lowest value to the highest value. In 
the sine and cosine equations, the amplitude is the coefficient (nultiplier) of 
the sine or cosine. For example, the amplitude of y = sin x is 1. To change the 
amplitude, multiply the sine function by a number. Take a look at Figure 16-2, 


which shows the graphs of y = 3sin x and y= 4 sin x. 


y=3sin x 


1 
y=7sinx 


Ct 
Figure 16-2: 
The graphs 
of y= 3sin x 

and y= 
zsin x 
SS 


As you can see, multiplying by a number greater than 1 makes the graph 
extend higher and lower. The amplitude of y = 3sin x is 3. Conversely, multi- 
plying by a number smaller than 1 (but bigger than 0) makes the graph shrink 


in value — it doesn’t go up or down as far. The amplitude of y = ssin xis 5 


The sound of music 


Sounds are created by vibrations. Tuning forks 
can produce pure tones when they vibrate, and 
sine waves can model those tones. A formula for 


a pure tone is y=A sin(2zft), where A stands for 
amplitude (loudness), fis for frequency (vibra- 
tions per second), and tis a unit of time. If a 
string, tuning fork, or something similar vibrates 
at the rate of 256 times per second, then you hear 
middle C. When you double the frequency of any 


pure tone, you go up one octave, so 512 vibra- 
tions per second gives you the C above middle C. 


If you add waves of different frequencies and 
loudness together, you get more-interesting and 
complex tones. The string of a violin or the inside 
of an oboe, for example, can vibrate with more 
than one frequency at the same time. 
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— 
Figure 16-3: 
Graphs 

of y= 

sin 3x and 


y=sin aK 


WING! 
RY 


Punctuating with the period 


The period of a function is the extent of input values it takes for the function 
to run through all the possible values and start all over again in the same 
place to repeat the process. In the case of the sine function, the period is 2r, 
or 360 degrees. Pick any place on the sine curve, follow the curve to the right 
or left, and 2x or 360 units from your starting point along the x-axis, the curve 
starts the same pattern over again. 


Multiplying the angle variable, x, by a number changes the period of the sine 

function. If you multiply the angle variable by 3, such as in y = sin 3x, then the 
curve will make three times as many completions in the usual amount of space. 
So multiplying by 3 actually reduces the length of the period. In the case of y = 


sin 1, only half of the curve fits in the same space. So a coefficient less than 


2 
1 increases the number of inputs that the function needs to complete a cycle. 
Figure 16-3 shows pictures of these two graphs. 


y=sin 3x y=sin 4x 


Ogee 
ce ie a ee 


The location of the multiplier makes a big difference. Multiplying the sine 
function by 4 and its angle variable by 4 results in two completely different 
graphs. The graph of y = 4sin x is much higher than usual — the amplitude is 
greater than that of the standard sine function. The graph of y = sin 4x has an 
amplitude of 1, but the period is smaller and the curve is more scrunched 
together — it repeats over and over more quickly. 


Formalizing the sine equation 


A general equation for the sine function is y = A sin Bx. The A and B are 
numbers that affect the amplitude and period of the basic sine function, 
respectively. 


< 


ULES 
o* 


SEE 
Figure 16-4: 
The graph of 
y= Asin 2x. 
=e 
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The graph of the function y = A sin Bx has an amplitude of A and a period of 
a The amplitude, A, is the distance measured from the y-value of a horizon- 
tal line drawn through the middle of the graph (or the average value) to the 
y-value of the highest point of the sine curve, and B is the number of times 
the sine curve repeats itself within 2x, or 360 degrees. 


By keeping these two values in mind, you can quickly sketch the graph of 
a sine curve — or picture it in your head. For example, when graphing y = 
Asin 2x: 


1. Adjust for the amplitude. 


The amplitude is 4, so the curve will extend up 4 units and down 4 units 
from the middle. To allow for some space above and below, set the y-axis 
to go from -5 to 5. 


2. Take into account the period. 


Two complete graphs of the sine are within the space that usually 
houses only one. 


3. Graph the curve from -2r7 to 2x (see Figure 16-4). 


You can see that the graph goes from -4 to 4 and that four complete 
cycles are in the space that usually houses only two. 


Translating the sine 


Playing around with the amplitude and period of the sine curve can result in 
some interesting changes to the basic curve. That curve is still recognizable, 
though. You can see the rolling, smooth curve crossing back and forth over 
a middle line. In addition to those changes, you have two other options for 
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ee] 
Figure 16-5: 
The graphs 
of y=sinx+ 
4and y= 

sin x-1. 
=e 


altering the sine curve — shifting the curve up, down, or sideways. These 
shifts are called translations of the curve. (Flip back to Chapter 3 for a basic 
discussion on translating functions.) 


Sliding up or down 

You can move a sine curve up or down by simply adding or subtracting a 
number from the equation of the curve. For example, the graph of y = sin x + 4 
moves the whole curve up 4 units, with the sine curve crossing back and forth 
over the line y = 4. On the other hand, the graph of y = sin x - 1 slides every- 
thing down 1 unit. Figure 16-5 shows what the two graphs look like. 


As you can see, the basic shape of the sine curve is still recognizable — the 
curves are just shifted up or down on the coordinate plane. 


Shifting left or right 

By adding or subtracting a number from the angle in a sine equation, you can 
move the curve to the left or right of its usual position. This shift, or transla- 
tion, relates the sine curve to the cosine curve. But the translation of the sine 
itself is important: Shifting the curve left or right can change the places that 
the curve crosses the x-axis or some other horizontal line. For example, the 
graph of y = sin (x + 1) is the usual sine curve slid 1 unit to the left, and the 
graph of y = sin (x — 3) slides 3 units to the right. Figure 16-6 shows the graphs 
of the original sine equation and these two shifted equations. 


Take a look at the point marked on each graph in Figure 16-6. This point illus- 
trates how an intercept (where the curve crosses an axis) shifts on the graph 
when you add or subtract a number from the angle variable. 
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y=sin x y=sin(x+1) 


y=sin (x—3) 
ane es | 
Figure 16-6: 1 
Comparing 
the graphs 
of y=sin x, a 
y= 
sin (x +1), 
and y= 
sin (x— 3). 
De ed 
“nel Note the difference between adding or subtracting a number to the function 
= and adding or subtracting a number to the angle measure. These operations 
affect the curve differently, as you can see by comparing Figure 16-5 and 
Figure 16-6. 
y=sinx+2 Adding 2 to the function raises the curve by 2 units. 
y=sin (+ 2) Adding 2 to the angle variable shifts the curve 2 units to 


the left. 


Graphing Cosine 


The graph of the cosine function looks very much like that of the sine function. 
This quality is due to the fact that they’re related by domain and range and 
also by several identities. An identity involving a shift explains the relationship 
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Figure 16-7: 


The graphs 
of y=sin x 
and y= 


cos xon the 
same axes. 


best, because that shift can make the graph of the sine function look like the 
cosine function. 


Comparing cosine to sine 


The relationship between the sine and cosine graphs is that the cosine is the 
same as the sine shifted to the left by 90 degrees, or a The equation that 


represents this relationship is cos x = sin (x + 3: Look at the graphs of the 


sine and cosine functions on the same coordinate axes, as shown in Figure 
16-7. The graph of the cosine is the darker curve; note how it’s shifted to the 
left of the sine curve. 


The graphs of the sine and cosine functions illustrate a property that exists 
for several pairings of the functions. This property is based on the right tri- 
angle and the two acute or complementary angles in a right triangle. The 
identities that arise from the triangle are called the cofunction identities. 


The cofunction identities are 
sin @ = cos(90°- 0) esc @ = sec(90°- 0) 
cos 8 = sin(90°- @) sec 0 = csc (90°- 0) 
tan @ = cot (90°- 6) cot @ = tan(90°- 0) 
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These identities show how the function values of the complementary angles 
in a right triangle are related. For example, cos @ = sin(90°~ 0) means that if @ 
is equal to 25 degrees, then cos 25° = sin(90°- 25°) = sin 65°. This equation is 
a roundabout way of explaining why the graphs of sine and cosine are differ- 
ent by just a slide. You probably noticed that these cofunction identities all 
use the difference of angles, but the slide of the sine function to the left was 
a sum. The shifted sine graph and the cosine graph are really equivalent — 
they become graphs of the same set of points. Here’s how to prove it. 


1. Write an equation with the sine slid to the left set equal to the cofunc- 
tion identity involving cosine. 


sin(x+ a = sin( F =) 
2. Apply the two identities for the sine of the sum and difference of two 
angles (see Chapter 11). 
The two identities are 
sin(a+ b)=sinacosb+ cosasinb 
sin(a—b)=sinacosb-cosasinb 


Substituting in the x’s and angles, 
sin xcos 3 +cos xsin 5 = sin > cos Xx — cos a sinx 


3. Simplify the terms by using the values of the functions. 
sin x (0) + cos x (1) =(1) cos x- (0)sinx 
cos x= cos x 


So you see, the shifted sine graph is equal to the cosine graph. 


Using properties to graph cosine 


The cosine function has the same amplitude and period as the sine function: 
The amplitude is 1, and the period is 27, or 360 degrees. The variations on the 
cosine work the same way as on the sine. If you want to change the amplitude, 
multiply the cosine function by a number. If you want to change the period, 
multiply or divide the angle variable by a number. To slide the whole curve up, 
down, right, or left, add or subtract a number from the whole function or the 
angle variable. Here are some examples. 


For the equation y = 3cos x, the amplitude is 3, meaning the graph stretches 
up and down to 3 units. The graph of y = cos (x — 3) is shifted 3 units to the 
right. Figure 16-8 shows you the graphs. 
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y= 3cos x y= cos (x—3) 
asics NW 
Figure 16-8: 
The graph of 
y=3cos x 
and y= 
cos (x— 3). 


The graphs of sine and cosine are difficult to tell apart when they’re shifted 
about. But that fact just shows how much those functions have in common, 
which can work to your advantage when you’re applying them. 


Applying the Sines of the Times 


The sine curve and its cofunction, cosine, are great for modeling situations 
that happen over and over again in a predictable fashion. Some examples 
include the weather, seasonal sales of goods, body temperature, the tide’s 
height in a harbor, average temperatures, and so on. In this section, | show 
you a few examples of how you can use these functions in practical situations. 
In each case, I point out how the graph and formula illustrate the amplitude, 
period, and any shifts (for more on those concepts, check out the “Waving at 
the Sine” section, earlier in this chapter). 


Sunning yourself 


San Diego, California, is a gorgeous part of the world. Whether it’s summer 

or winter, you want to be there. But what if you’re someone who likes long, 
sunny days? When is the best time to go there? Assume that the following for- 
mula gives you the number of hours of daylight in San Diego when you input 
any day of the year. Letting t be the day of the year (from 1 to 365), you can 
figure the number of hours of sunlight, H, with the equation H (ft) = 2.4sin 
(0.017t— 1.377) + 12. Figure 16-9 shows the graph of this equation. 


Chapter 16: Graphing Sine and Cosine 289 


ae 
Figure 16-9: 
The number 
of hours of 
sunlight, H, 
in San Diego 
on Day t 
——— 


A protractor is a familiar instrument to grade- 
school and high-school students. They use this 


flat, semicircular instrument, which is marked 
with degrees from 0 to 180 degrees, to construct 
and measure angles. 


June 27th — 14.4 hours 


180 
Day of the year 


The amplitude of the sine curve is 2.4, which means that the number of day- 
light hours extends 2.4 hours above and below the average number of daylight 
hours. The average number of daylight hours is 12, which is the translation 
upward, meaning that the hours of sunlight range from 14.4 to 9.6, depending 


on the time of year. The period is nice = 370, which is a little longer than a 


year because of the rounding in the formula. The coefficient on the t means 
that 0.017 of the curve takes up the usual amount of space for one curve, 27 
units. As you can see on the graph, the day with the most sunlight is June 27. 
You can determine that high point by using a graphing calculator that finds it 
for you — as well as the y-value of when ¢f equals 14.4, or you can use calculus 
to solve it! Do you know, now, when you want to go to San Diego? 


Trusty old protractors 


The protractor has been around for a very long 
time. The first protractors were used in naviga- 
tion to plot the positions of ships on navigational 
charts. In 1801, Joseph Huddart, a U.S. Navy cap- 
tain, invented an instrument called a three-arm 
protractor, or station pointer. 
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Figure 16-10: 
The aver- 
age daily 

temperature 
in Peoria, 
Illinois, on 

Day x. 
Se 


Averaging temperature 


A relatively reasonable model for the average daily temperature in Peoria, 
Illinois, is T (x) = 50—-42cos(0.017x— 0.534), where x is the day of the year 
starting with January 1 as Day 1. The 7(x) represents the temperatures in 
degrees Fahrenheit. The graph is in radian measure, because radians are real 
numbers, as opposed to degrees — you need numbers to count off the days. 
Figure 16-10 shows what the graph of the function looks like for the whole year. 


ila Day of year eu 


The multiplier on the cosine function is 42, so the amplitude of the curve is 
42. Don’t worry about the negative sign in front of the 42. The curve goes 
upward and downward anyway, so the negative sign just makes it go down- 
ward and then upward, instead of the reverse. 


The period is affected by the multiplier 0.017. The result of that multiplica- 
tion is that only 0.017 of a cosine curve takes up the usual amount of space 
for an entire curve, which is 2z, or a little over 6 units. Because this graph is 
for a whole year, the curve has to spread out over 365 units, so that each of 
the horizontal units has just a little part of it. 


The shift upward of 50 units is the middle temperature for the year. Add the 
amplitude of 42 to this number, and the average temperature gets up to 92 
degrees; subtract the amplitude, and the average gets down to 8 degrees. Note 
that the curve starts a little to the right of the y-axis to account for when the 
seasons change. If you want more details on curve translations to the left, 
right, up, and down, go to Chapter 19. 
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What do you do with the graph? You can estimate when the highest and lowest 
temperatures occur and get an idea of the types of temperatures to expect if 
you move to Peoria, Illinois. Figure 16-11 shows the graph of the average tem- 
peratures with points for some days of the year and the average temperatures 
on those days. A graphing calculator is indispensable when graphing these 
figures and calculating values. You can either input x-values to find out what 
the y-values are at those points, or you can trace along the curve to get the 
measures. 


July 4— 86 degrees 


50 


Figure 16-11: 
Dates and 
average 
temper- 
atures in 
Peoria, 
Illinois. 
Orr es 


April 1 — 28 degrees 


December 25 — 18 degrees 


Day of year 


Taking your temperature 


The temperature of a person’s body fluctuates during the day instead of stay- 
ing at a normal 98.6 degrees. And actually, not everyone has a “normal” tem- 
perature. Lots of people run either hot or cold. 


If you’re one of the special people with a normal temperature, then your 
temperature goes up and down by about 1 degree each day. The formula 
T (x) = sin (x + 0.262) + 98.6 may be a model of your temperature during a 
24-hour period. The variable x is the number of hours since midnight, so 
this equation uses a 24-hour clock. The temperatures are given in degrees 
Fahrenheit. The graph is in radians, so you can enter the numbers for the 
hours. Figure 16-12 shows what a graph of the temperatures may look like, 
noting a few times and temperatures. 
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9 p.m. — 99.3 degrees 


90 
4 a.m. — 97.7 degrees 


Figure 16-12: 
The body 
temperature 
of a certain 
person over 
a 24-hour 
period. 
OO — 


Making a goal 


Even though people in many parts of the world play soccer year-round, cer- 
tain times of the year show an increase in the sales of outdoor soccer shoes. 
Here’s a model for the sales of pairs of shoes where JN is in millions of pairs 
and m is the month of the year: N (m) = 44sin(0.524m) + 70. From the equa- 
tion, you can tell that the average number of pairs sold is 70 million, which 

is the vertical shift upward. That number fluctuates between 26 million and 
114 million, which you find by adding and subtracting the amplitude, 44, from 


the average. The period of this model is ae = 11.99, or 12 months. Figure 
16-13 shows a graph of this function. : 


A graph like the one in Figure 16-13 can help distributors and retailers with 
their plans for sales. 


Theorizing with biorhythms 


Many years ago, the public showed great interest in a person’s biorhythms, 
which are the physical, emotional, and intellectual cycles that a person ex- 
periences in life. Many people even wrote books about them. Some believe 
that these cycles affect how a person reacts to situations in his or her life. 
They even go so far as to say that the positions of these curves influence 
major decisions of famous movie stars and politicians. 
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Figure 16-13: 
The sales 

of soccer 
shoes in 
millions of 
pairs of 
shoes. 
[tel 


Figure 16-14: 
The three 
biorhythm 

cycles, 
starting at 
birth. 


March — 114 million 


July — 48 million 


Month of the year 


What do biorhythms have to do with trigonometry? Everything! This bio- 
rhythm theory uses the sine curve. Supposedly, our life cycles start at birth 
and fluctuate like sine curves. The physical cycle is 23 days long, the emo- 
tional cycle is 28 days long, and the intellectual cycle is 33 days long. If you 
plot all these cycles on a graph, starting on the day you were born, you can 
see where these cycles are right now and what they’ll look like in the future. 
Figure 16-14 shows a graph of the three biorhythm cycles. 


Emotional 


Physical 


Intellectual 
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[Ex 
Figure 16-15: 
John Doe’s 
biorhythm 
cycles for 
March. 
a. 


In Figure 16-14, you can see how the different cycles have different periods. 
Imagine these sine curves going on for years and years, crossing over the x-axis 
and over one another. Figure 16-15 shows some biorhythm cycles plotted for 
some imaginary person for some year in the month of March. 


Emotional Intellectual 


Physical 


If you believe in the biorhythm theory that says these curves exist, you can 
see that on the 12th of the month, all the cycles are above the x-axis, and on 
the 24th, they’re all below the x-axis. Supposedly, when a curve is above the 
x-axis, everything is bright and sunny — a person is in good health, emotion- 
ally fine, and very smart and with it. When the curve is below the x-axis, he 
or she tends to be sick, depressed, and dull. In addition, the theory says that 
when the cycles cross from above to below the axis, or vice versa, those days 
are critical. A critical day is when upheaval and crises are possible. Such a 
day is a good time to stay in bed — if that’s even safe. | guess there’s no way 
to prove or disprove this theory, but it sure makes interesting use of the sine 


curve! 


Graphing Tangent 
and Cotangent 


In This Chapter 


Comparing tangent and cotangent 
Drawing lines where one curve ends and another begins 
Moving a graph up, down, and all around 


T°: tangent and cotangent functions have lots of similarities. You can write 
both functions in terms of sine and cosine, so they share the same func- 
tion values. They just don’t have those function values in the same places for 
the x-values in their domain — they shift from left to right. Even though their 
domains (or x-values) are restricted, tangent and cotangent are the only trig 
functions with ranges (or y-values) that go all the way from negative infinity 
to positive infinity. The challenges in graphing tangent and cotangent are in 
dealing with the domain restrictions and asymptotes (dotted vertical lines 
used to determine the shape of a curve), as you see in this chapter. 


Checking Out Tangent 


The tangent function can be written as the ratio of the sine divided by the 
sin@ 
cos 0" 
Chapters 7 and 8.) The sine and cosine functions have values for every x-value, 
so no matter what number you put in for x, you’ll get an answer. The only prob- 
lem occurs when the cosine function is equal to 0, because a fraction can’t 
have a 0 in the denominator. So wherever the cosine function is equal to 0, 
the graph of the tangent curve has asymptotes. Another interesting property 
comes into play with the fact that the sine and cosine are both positive in the 


cosine: tan 0 = (For more information on the tangent function, see 
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first quadrant and negative in the third quadrant. As a result, the tangent is 
positive in those two quadrants and negative in the other two, because either 
the sine or cosine is negative, but not both. 


Determining the period 


The sine aréd cosine functions have a period of 2z, or 360 degrees, which 
means that after every 27, the function pattern starts all over again. In the case 
of the tangent function, though, the length of the period is only x — half as long 
as that of sine or cosine. The tangent function repeats its pattern over and over 
twice as frequently as sine and cosine. 


Assigning the asymptotes 


An asymptote is a line that helps give direction to a graph. This line isn’t part of 
the function’s graph; rather, it helps determine the shape of the curve by run- 
ning tangent to the curve. Asymptotes are usually indicated with dashed lines. 


The asymptotes for the graph of the tangent function occur regularly, each of 
them n, or 180 degrees, apart. They separate each piece of the tangent curve, 
or each complete cycle from the next. 


The equations of the tangent’s asymptotes are all of the form y= 5(2n ol): 


where n is an integer. Under that stipulation for n, the expression 2n + 1 always 
results in an odd number. By replacing n with various integers, you get lines 


such as y= -o y= 2k y= -3f, y= 5 y=5 y= e y=, and 
y= ae The reason that asymptotes always occur at these odd multiples of 5 


is because those points are where the cosine function is equal to 0. As such, 
the domain of the tangent function includes all real numbers except the num- 
bers that occur at these asymptotes. 


Figure 17-1 shows what the asymptotes look like when graphed alone. 


Figure 17-1 isn’t all that exciting, but it does show how many times the tan- 
gent function repeats its pattern. Now take a look at Figure 17-2, which shows 
one cycle of the tangent function on a graph. The tangent values go infinitely 
high as the angle measure approaches 90 degrees. The values go infinitely 
low as the angle measure approaches —90 degrees. 


In Figure 17-3, | put more of the tangent on a graph, asymptotes included, to 
give you a better idea of what’s going on. 
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Figure 17-1: 
The 
asymptotes 
of the 
tangent 
function. 
—= | 
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Figure 17-2: 
The graph of 
the tangent 
function 
between 
at and os 
or —90 and 
90 degrees. 
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Figure 17-3: 
The graph of 
the tangent 
function 
between 
-& and 
IK or 630 
and 630 
degrees. 
=. 


As you can see, the tangent function repeats its values over and over. The main 
difference between this function and the sine and cosine functions is that the 
tangent has all these breaks between the cycles. As you move from left to 
right, the tangent appears to go up to positive infinity. It actually disappears 
at the top of the graph and then picks up again at the bottom, where the 
values come from negative infinity. Graphing calculators and other graphing 
utilities don't usually show the graph disappearing at the top, so it’s up to you 
to know what's actually happening, even though the picture may not look 
exactly that way. 


One of the peculiarities of graphing calculators is that they try to connect 
the tangent function to make it continuous across the screen. For this reason, 
you'll usually see some lines between the different parts of the curve. Ina 
way, these lines are errors — they aren’t the asymptotes, although you may 
be tempted to think they are. The only way to get rid of those extra lines is to 
turn your calculator to the dot mode (as opposed to the connected mode). 
Most calculators have ways to set the settings (or mode) for things such as 
degrees and radians, dotted graphs and connected graphs, floating decimals 
and fixed decimals, and so on. The changes are usually easy to do — just see 
your calculator’s manual for specific instructions. The hard part is remem- 
bering what setting you’re in. 
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Fiddling with the Tangent 


You can alter the tangent function with multiplication, addition, and subtrac- 
tion. In some cases, the effects are similar to those that occur when you alter 
the sine and cosine functions. Because these results aren’t similar all the time, 
you should consider the alterations on a case-by-case basis. 


Multiplying the tangent 


You can multiply the tangent function by a number, but doing so doesn’t affect 
the function the way that it affects the sine function. Multiplying the sine by a 
number changes its amplitude, making the function include larger and smaller 
values. The tangent values, however, already go from negative infinity to posi- 
tive infinity. So when you multiply the entire tangent function by a number, 
here’s what happens: If you multiply by a number bigger than 1, the function 
gets steeper more quickly; if you multiply by a fraction between 0 and 1, it 
gets flatter. And if you multiply by a negative number, the curve flips over the 
x-axis. For more on these flips (called reflections), go to Chapter 3. Figure 17-4 
shows graphs of the basic tangent function (y = tan x) and two multiples to 
illustrate this property. 


In Figure 17-4, notice how the multiplier of 6 makes the tangent curve steeper, 
whereas the multiple of 0.2 makes it flatten out. Both functions still have 
values that go from negative infinity to positive infinity, but the rate at which 
they get there changes. 


Multiplying the angle 


Multiplying the angle variable in the tangent function has the same effect as 
it does with the sine and cosine functions. If the multiple is 2, as in y = tan 2x, 
then the tangent function makes twice as many cycles in the usual amount of 


space. In other words, the period is on which is the tangent’s usual period, 7, 


divided by 2. Because multiplying the angle variable of the tangent function 
mirrors the results of doing the same with the sine and cosine functions, | 
don’t go into detail here — for more information, please refer to Chapter 16. 


Figure 17-5 shows a few graphs to illustrate the effect of multiplying the angle 
variable by a number greater than 1 and then by a number between 0 and 1. 
The graph of y = tan 3x doesn’t show all the asymptotes, but that graph has 
three times as many tangent curves as usual. The graph of y = tan 5x has 


only half as many cycles — or it takes twice as long to complete one cycle. 
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Figure 17-4: 
The graphs 

of the 
tangent 
function and 
two 
multiples. 
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y=tanx 


Adding to tangent 


Adding a number to the tangent function results in raising the curve on the 
graph by that amount. Likewise, subtracting a number drops the curve. 
Because the tangent function has values from negative infinity to positive 
infinity, adding to or subtracting from the function doesn’t change what 
values the tangent has — it just changes where they happen. When you add 
or subtract, the point of inflection in the tangent curve (where the curve 
appears to flatten out a bit) shifts up or down. Figure 17-6 shows some 
graphs to illustrate this shift. 
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y=tan 5x 
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Figure 17-5: 
The graph of = 
the tangent ss 
function 
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y=tanx+3 y=tanx—3 


———Ss 
Figure 17-6: 
The tangent 

function 
raised and 
lowered by 
3 units. 
Sa ewrs= 


3 0 2 Part V: The Graphs of Trig Functions 


SSS 


Jacob Bernoulli 


interested in astronomy and produced a work 
on the theory of comets, which was incorrect. 


Jacob (Jacques) Bernoulli was born in Basel, 
Switzerland, in 1654 and died in 1705. His father 
owned a thriving spice business, and his mother 
came from an important family of bankers and 
local officials. Jacob’s parents encouraged him 
to study philosophy and theology, and he gradu- 
ated with a master’s degree in philosophy in 1671. 


While earning his degrees in philosophy, 
Jacob — much to the dismay of his parents — 
also studied mathematics and astronomy. In 
1676, Jacob moved to Geneva, where he 
worked as a tutor. He traveled over the next few 
years, meeting up with leading mathematicians 
and scientists in Europe. He became deeply 


When Jacob returned to Switzerland, he taught 
mechanics and gave many important lectures 
onthe mechanics of solids and liquids. Through 
this time, though, he never gave up on his true 
love for mathematics and theoretical physics. 


Bernoulli made important contributions on the 
parallels of logic and algebra and in geometry. 
He's probably best known for the /emniscate 
of Bernoulli, a curve whose parametric equa- 
tion is r’>= a’ cos (20). Here's a picture of his 
lemniscate. 


Adding or subtracting a number from the angle variable of the tangent func- 
tion has the same effect as with the sine and cosine — it moves the curve to 
the left or right. The graph of y = tan (x + 1) shifts one unit to the left, includ- 
ing the asymptotes. The graph of y = tan (x - 1) moves everything to the right 
one unit. Figure 17-7 shows a comparison of the tangent function and the two 
shifted curves. 
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y=tan(x+1) 


a 
Figure 17-7: 
The tangent 


function 
moved left 
and right 

1 unit. 


Wherefore didst thou come, radian? 


In 1873, a man named James Thomson defined 
and named the radian, the angle measure equiv- 
alent to about 57 degrees. Thomson was a math- 


ematics professor at Queens College in Belfast, 
Northern Ireland. He was the brother of the 
famous physicist William Thomson, also known 
as Lord Kelvin. Although James's work seems to 
affect more people directly — everyone who 


studies or uses radian measure — his brother 
gained more recognition. William, Lord Kelvin, 
was also a mathematician who used mathemat- 
ics to connect physics and electrostatics. He 
was the target of T.H. Huxley, an evolutionist who 
had some issues with mathematics and claimed 
that Kelvin underestimated the age of Earth. 
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If you have a tough time telling these graphs apart, just look for the point of 
inflection of the tangent curve. The point of inflection is a good reference mark 
when looking at all these variations. 


Confronting the Cotangent 


——s 
Figure 17-8: 
The graph 

of the 
cotangent 
function. 
PSE 


The graphs of the tangent function lay the groundwork for the graphs of the 
cotangent. After all, they’re cofunctions and reciprocals, and have all sorts of 
connections. The two graphs are similar in so many ways: They both have 
asymptotes crossing the graph at regular intervals, go from negative infinity 
to positive infinity in value, and are affected by multiplying and adding. The 
biggest difference is in the direction the graphs are drawn. The values of the 
tangent function appear to rise as you read from left to right. The function goes 
upward, disappears off the graph, and then reappears down below to start all 
over again. The cotangent function does the opposite — it appears to fall when 
you read from left to right. 


The asymptotes of the cotangent curve occur where the sine function equals 
cos 0 
sin®@ 
where nis an integer. Some examples of the asymptotes are y = -3n, y = —2n, 
y=-n, y=0, y=, y= 2n, and y =3n. (For an explanation of asymptotes, refer 
to the section “Assigning the asymptotes,” earlier in this chapter.) Figure 17-8 
shows the cotangent function graphed between —3z and 3z. 


0, because cot 0 = . Equations of the asymptotes are of the form y = nn, 
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Like the other functions, cotangent repeats the same values over and over. 
You can apply the same types of variations to cotangent that you can to tan- 
gent (refer to the section “Fiddling with the Tangent” for the details). Figure 
17-9 depicts three examples of variations: multiplying the angle variable, sub- 
tracting from the function, and adding to the angle variable. 


y= cot 2x y=cotx—3 
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v= cot (x+5) 


Figure 17-9: 
Variations 
on the graph 
of the 
cotangent 
function. 
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Chapter 18 
Graphing Other Trig Functions 


In This Chapter 


Using sine and cosine to graph their reciprocals 
Drawing the inverse functions on a graph 


T°: functions cosecant and secant have similarities not only because 
they’re the reciprocals of sine and cosine, but also because their graphs 
look very much alike. As you see in this chapter, the easiest way to sketch the 
graphs of these two functions is to relate them to the graphs of their recipro- 
cals. Doing so helps determine the asymptotes (where the curve approaches 
infinity or negative infinity), turning points, and general shape of the curves. 


Seeing the Cosecant for What It Is 


The cosecant function is the reciprocal of the sine function (meaning, the 
cosecant equals 1 divided by the sine). Even though the sine function has a 
domain that includes every possible number, that characteristic can’t be true 
of its reciprocal. Whenever the sine function is equal to 0, the cosecant func- 
tion doesn’t exist. That fact helps determine the asymptotes you use to graph 
the cosecant function. 


Identifying the asymptotes 


The domain of the cosecant function is any number except multiples of 7, 
because those measures are where the sine function is equal to 0. You can 
use this situation to identify the asymptotes by simply writing equations that 
use multiples of x. The asymptotes of the cosecant function are of the form 

x = nn, where n is some integer. Some examples of the asymptote equations 
are x =-30, X =-20, X=-0, X= 0, x=, x = 20, x = 3n, and x = 4n. 
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Using the sine graph 


One really efficient way of graphing the cosecant function is to first make a 
quick sketch of the sine function. With that sketch in place, you can draw the 
asymptotes through the x-intercepts (where the curve crosses the x-axis). You 
can also use the maximum and minimum values on the sine function to locate 
the minimum and maximum points (known as turning points) of the cosecant 
function. 


To graph y = csc x: 


1. Sketch the graph of y = sin x from —4n to 47, as shown in Figure 18-1. 


hay 
Figure 18-1: 
A sketch of 
the sine 
function. 

ar Fe 


2. Draw the vertical asymptotes through the x-intercepts, as Figure 18-2 
shows. 


3. Draw y = csc x between the asymptotes and down to (and up to) the 
sine curve, as shown in Figure 18-3. 


The cosecant goes down to the top of the sine curve and up to the 
bottom of the sine curve. 


After using the asymptotes and reciprocal as guides to sketch the cose- 
cant curve, you can erase those extra lines, leaving just y = csc x. Figure 
18-4 shows what this function looks like all on its own. 
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Figure 18-2 
The vertical 


asymptotes 
of cosecant 


the graph 


of sine. 


Figure 18-3: 
Drawing the 


cosecant 


using the 


The range of the cosecant function includes all values equal to or greater 


than 1 and all values equal to or less than — 


1. In Figure 18-4, you can see that 


a gap in function values lies between 1 and -1. The cosecant curve, just like 
all the other trig functions, keeps repeating its pattern over and over. 
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Figure 18-4: 
The graph of 
V=CSe x. 
—————— 


Varying the cosecant 


How can you make changes to the cosecant function? This function is affected 
by the same multiplication, addition, and subtraction principles that affect 
the other functions (check out Chapter 16 for more-detailed info). 


Adding or subtracting a number to or from the cosecant function results in 
slides of the graph up or down. Adding or subtracting numbers to the angle 
variable slides the graph left or right. And now | get right to it and do two slides 
for the price of one, sliding the graph to the left by 2 units and up by 2 units. 
The equation of that graph is y = csc (x + 2) + 2. To find out why adding to the 
angle, x, moves the graph left, head on back to Chapter 3. Meanwhile, Figure 
18-5 shows the graph of this equation. 


Although I left out the asymptotes, you can still tell where they are — the 
shape of the graph is pretty clear. 


Multiplying by a number changes the steepness and period of the cosecant 
function. If you multiply the function by 2, the curve gets steeper and has 
more space between its bottom and top. If you multiply the angle variable by 
2, twice as much of the curve fits in the usual amount of horizontal space. 
Figure 18-6 shows both changes in the graph of y = 2csc 2x. 


<a" as 
Figure 18-5: 
The graph 


——________________ Chapter 18: Graphing Other Trig Functions 3 ] ] 
of y= 


csc (x+ 2) 


2, | 
a, 


_ 
Figure 18-6: 
The graph of 
y= 26sec 2x. 
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Unveiling the Secant 


The techniques that you use to graph the secant curve parallel those that 
you use to graph the cosecant. First, identify the asymptotes by determining 
where the reciprocal of secant — cosine — is equal to 0. Then sketch in that 
reciprocal, and you can determine the turning points and general shape of the 
secant graph. 


Determining the asymptotes 


Because the secant equals 1 divided by the cosine, the secant function is 
undefined, or doesn’t exist, whenever the cosine function is equal to 0. You 
can write the equations of the asymptotes by setting y equal to those values 


where the cosine is equal to 0, so the asymptotes are x= at X= -3E, 
3n T t 3m 5n 7H 
t= == = — a, X= X= Xk = Ge) X= 4) aid SOON. Anotme! woe 
2 2 2 2 2 2 (Qn+1)n 
express the equations of all the asymptotes is to write x = aT ae where 


nis some integer. 


Sketching the graph of secant 


Using the graph of the cosine to sketch the graph of the secant function is the 
easiest method. Graph the cosine very lightly or with a dotted curve — the 
same with the asymptotes. A lot of busywork is associated with this graph, 
but you just have to ignore all the extra stuff and zoom in on the graph that 
you want. To sketch the graph of the secant function: 


1. Sketch the graph of y = cos x from —4n to 47, as shown in Figure 18-7. 


2. Draw the vertical asymptotes through the x-intercepts (where the 
curve crosses the x-axis), as Figure 18-8 shows. 


3. Draw y = sec x between the asymptotes and down to (and up to) the 
cosine curve, as shown in Figure 18-9. 


The secant goes down to the top of the cosine curve and up to the 
bottom of the cosine curve. 


Fooling around with secant 


The secant graph is different from the cosecant in several ways, but one of 
the most obvious ways is that this graph is symmetric about the y-axis. The 
secant is a mirror reflection over that axis. You can use this property to do 
something interesting to the graph. 
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Figure 18-7: 
A sketch of 

the cosine 
function. 

— 


Figure 18-8: 
The vertical 
asymptotes 
of secant 
drawn on 
the graph 

of cosine. 
Ss 


The usual translations and multiplications (refer to Chapter 3) affect the 
secant graph. If you multiply the function by ‘ and add 2z to the angle vari- 


able, as in the equation y= 4 sec (x+ 2r), Figure 18-10 shows what happens. 
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Figure 18-9: 
Drawing the 
secant 
curve by 
using the 
cosine as 

a guide. 
a el 


Compared to y = sec x, the graph in Figure 18-10 is much closer to the x-axis 
and seems to be flattened out between the asymptotes. These changes happen 
when you multiply the function by a number between 0 and 1. The turning 
point is still in the same place, but the y-value is much closer to 0. 


rH 
Figure 18-10: 
The graph of 


y= 


sec (x+ 2n). 
es 
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Now you see it; now you don't 


One optical illusion, called the Kanizsa Triangle, triangle where none is actually drawn. Here 
causes the eye to perceive a white equilateral itis: 


The other curiosity is that the asymptotes don’t seem to be different. They 
aren't — and they shouldn't be. By adding 27 to the angle variable, you shift 
the graph 2z units to the left. The graph really has shifted, but you can’t tell, 
because the new graph lies completely on the old one. When the shift is equal 
to the period of the function (the length of the interval that it takes for the 
function values to start repeating over again), then the change isn’t apparent. 


Laying Out the Inverse Functions 


The inverse trig functions — y= sin"'x, y=cos'x, y=tan™'x, y=cot™'x, 
y=sec’'x, and y=csc 'x —are useful when solving trigonometric equa- 
tions or doing applications involving trigonometry. The graphs of the inverse 
trig functions are rather unique; inverse sine and inverse cosine are rather 
abrupt and disjointed, but inverse tangent and inverse cotangent seem to go 
on forever, within narrow confines. Why in the world are they of any impor- 
tance? For the same reason that all pictures are important — for their visual 
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Figure 18-11: 
The graphs 
of y=sin' x 
and 

V=c0st x, 
Sa 


impact. Especially in the world of trig functions, remembering the general 
shape of a function’s graph goes a long way toward helping you remember 
more about the function values and using them effectively. 


Before diving into this section, you may want to go back and review the mate- 
rial in Chapter 3 on inverse functions if you need to reacquaint yourself with 
the domains and ranges of these functions and their respective values. 


Graphing inverse sine and cosine 


The first two graphs sort of go together — they have a common characteris- 
tic. The input values for both y=sin"'x and y=cos ‘x are all the numbers 
from —1 to 1, including those numbers. The inputs are restricted to those 
values because they’re the output values of the sine and cosine. 


The output, or range, values for these two inverse functions are different. 
The range of y= sin™'x consists of angles in the first and fourth quadrants. In 


radians, the range is oy to 33 in approximate decimal values, the range is 


~1.571 to 1.571. The range of y= cos 'x, on the other hand, consists of angles 
in the first and second quadrants, or angles from 0 to x. In approximate deci- 
mal values, that range is 0 to 3.142. 


Figure 18-11 shows what the graphs of inverse sine and cosine look like. 


y=sin ‘x y=cos |x 


1 
=| 
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The points indicated on the graphs are at x = -1 and x = 1. These points are 
the extreme values of the inputs. The y-values represent the angle measures. 
If you want to find a point on either graph, just find some number between -1 
and 1, and find the place on the graph corresponding to that x-value. 


Taking on inverse tangent and cotangent 


The tangent and cotangent functions have restricted inputs — certain angles 
don’t jibe with them. But their outputs go through all the real numbers. If you 
switch those two groups of numbers to fit the inverses of tangent and cotan- 
gent, you can say that the inputs go through all the real numbers, and the 
outputs are restricted. The graphs of these two inverse functions are quite 
interesting because they involve two horizontal asymptotes. The asymptotes 
help with the shapes of the curves and emphasize the fact that some angles 
won’t work with the functions. 


The two horizontal asymptotes for the inverse tangent function are y= — 


Nla 


and y= > because the tangent function doesn’t exist for those two angle 


measures. The tangent function isn’t defined wherever the cosine is equal 
to 0. If you need to review the tangent function, go to Chapters 7 and 8. The 
graph of the inverse tangent has x-values from negative infinity to positive 
infinity, with all y-values between those two asymptotes. 


The two horizontal asymptotes for the inverse cotangent function are y = 0 
and y = 7. As with the inverse tangent, the inverse cotangent function goes 
from negative infinity to positive infinity between the asymptotes. Check out 
both graphs in Figure 18-12. 


y=tan ‘x y=cot'x 


Figure 18-12: 
The graphs 
of y=tan' x 
and 

y=cot x. 
— 


3 ] § Part V: The Graphs of Trig Functions 


Figure 18-13: 
The graphs 
of 

y=sec x 
and 

y= csc’ x. 
ee 


The main differences between these two graphs is that the inverse tangent 
curve rises as you go from left to right, and the inverse cotangent falls as you 
go from left to right. Also, the horizontal asymptotes for inverse tangent cap- 
ture the angle measures for the first and fourth quadrants; the horizontal 
asymptotes for inverse cotangent capture the first and second quadrants. 
The measures between these asymptotes are, of course, consistent with the 
ranges of the two inverse functions. 


Crafting inverse secant and cosecant 


The graphs of the inverse secant and inverse cosecant will take a little 
explaining. First, keep in mind that the secant and cosecant functions don’t 
have any output values ( y-values) between -1 and 1, so a wide-open space 
plops itself in the middle of their graphs. This idea translates into a wide- 
open space between the x-values —1 and 1 in the graphs of their inverses. 
Also, the graphs of secant and cosecant go infinitely high and infinitely low 
along the y-axis. So the graphs of the inverses have a horizontal asymptote. 
All this talk probably seems like nonsense, so take a look at Figure 18-13, 
which shows the graphs. 


y=sec’'x y=csce 'x 


The graph of y= sec™'x lies between 0 and x on the y-axis. All the output 
values are in the first and second quadrants. But a horizontal asymptote runs 


through the graph: the line y= oe The secant isn’t defined at OD so its inverse 


won't have an output value there. The graph of the inverse secant goes from 
the point (1,0) and moves upward, staying below the horizontal asymptote 

as the x-values go to positive infinity. It also comes from negative infinity along 
the x-axis above the horizontal asymptote, moving upward to the point (-1,z). 
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The graph of y=csc’'x lies between = and oe with a horizontal asymp- 


tote of y = 0. (The cosecant isn’t defined at x = 0, so its inverse doesn’t have 
an output value there.) The graph of inverse cosecant covers angle measures 
from the first and fourth quadrants. On the right, the graph goes from the point 


(1, $) down toward the horizontal asymptote as the x-values go to positive 
infinity. On the left, the graph’s x-values come from negative infinity, where 


they’re just below the asymptote, and move down to the point G ile 4) 
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Chapter 19 


Topping Off Trig Graphs 


In This Chapter 
Identifying the graph from the trig equation 
Combining functions to fit real-life applications 
Comparing graphs to everyday scenarios 


T°: graphs of the trigonometric functions can take on many variations 

in their shapes and sizes. As wonderful as they are just by themselves, 
they’re even better and more useful when you adjust them to fit a particular 
situation. In Chapters 16, 17, and 18, | show you how to make the trig func- 
tions slide about by moving them up, down, left, and right. I also show you 
how to make them steeper and flatter. In this chapter, | complete the trig story 
with additional transformations, as well as the even-more-exciting possibili- 
ties that occur when you combine graphs. I start off with a basic template 
for a trig function and progress from that point. 


The Basics of Trig Equations 


You can identify all the different transformations that you can perform on a 

trig function from a certain form of the function’s equation. First, check out 

the general equation and then consider some examples of what the specific 
QUuLES equations may look like. 


17 
Np 


The general form for a trig equation is y= Af [B Gere )] + D, where 


 frepresents the trig function 
 Arepresents the amplitude, or steepness 
e +A means the graph is oriented as usual 
e —A means that the graph is flipped over a horizontal line 


’  B determines the period of the graph (the length of the interval needed 
for the graph of the function to start repeating itself) 
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 Cdetermines a shift to the left or right 


 D determines a shift up or down 


Some examples of trig functions using this format are 


a9 


y= -2cos| 3(x+ n)| -—3 


y=3sin +1 


y= -tan2x+7 


Each of the numbers changes the basic graph in a particular way. I graph the 
preceding three equations in the section “Graphing with the General Form,” 
later in this chapter, but first | explain what happens when the first number, 
A, is negative. 


Flipping over a horizontal line 


When you multiply the trig function by a negative number, then all the output 
values are reversed. The positive values become negative, and the negative 
values become positive. The effect that this operation has on the graph is 
that it appears to have a reflection or flip over a horizontal line. For example, 
Figure 19-1 shows the graph of y = -sin x compared to y = sin x: 


- | 


aa 1 

Figure 19-1: 
The graph of 
y=-sin xis 
the mirror 
image of 
y=sin x, 

Q 
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See how the two graphs compare? The original graph appears to be flipped 
over the x-axis. 


Interpreting the equation 


The different letters of the general equation for a trig function each have a 
purpose. Here’s a more-detailed explanation of each part. 


A is for amplitude 


The letter A represents the amplitude of the sine or cosine function, and it 
affects the steepness or flatness of the graphs of any of the trig functions. If 
the absolute value (ignore the + or — sign) of A is some number greater than 1, 
then the graph is steeper than usual. If the absolute value of A is between 0 
and 1, then the graph is flatter. The higher the number, the steeper the curve. 
The closer the number is to 0, the flatter the curve. 


GB is for becoming (The period) 


The multiplier B affects the length of the graph’s period, or how far it goes 
along the x-axis. The sine, cosine, cosecant, and secant all normally have a 
period of 2x. The tangent and cotangent have a period of a. If you divide the 
normal period of the function by the value of B, then you get the length of the 
new, adjusted period. Another way to put it: B tells you how many complete 
cycles the curve will make in the space that usually has only one. If B is 2, then 
the graph has two complete cycles where there’s usually one. 


C is for cruisin’ left or right 

The value of C changes the graph by moving the whole curve to the left or 
right of where it usually is. If you subtract C, the graph moves C units to the 
right. If you add C, it moves C units to the left. 


D is for distancing yourself 


The value of D tells how far up or down the graph moves from its original posi- 
tion. A positive D moves the graph up, and a negative D moves it down. The 
value of D also represents the average or middle value of the sine and cosine 
curves and the middle of the open space of the secant and cosecant curves. 


Graphing with the General Form 


Now is the time to put all your knowledge to work and do some serious 
graphing. In the general equation for a trig function, y= Af|B (ee )| +D, 
the letters A, B, C, and D all represent values, but they have to be in those 
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exact places, and the equation has to be in that exact form. You need to factor, 
multiply, or manipulate the equation in other ways to get it in the general form 
if you want to use these values to figure out what the graph looks like. 


More likely than not, you’d draw the graphs in this section with the help of a 
graphing calculator. Technology really has come a long way in helping math 
students and others who use trigonometry. The only problem with graphing 
calculators is that entering these complicated functions correctly is often a 
real challenge. You can’t use brackets or braces to help keep the groupings 
straight. You’re stuck with parentheses, which can get messy when you’re 
dealing with a lot of them. The main reason | provide the examples in this 
section is so you know what to expect. When you know how all these varia- 
tions work, you’re able to recognize when you have an error in your graphing 
calculator work and avoid that age-old saying, “Garbage in, garbage out.” 


2(x-4) +1. 


The first example involves graphing y= 3sin 


1. Determine the amplitude of the curve. 


The 3 represents the A, which is the amplitude of a sine curve. The func- 
tion will stretch 3 units above and below the middle. The 3 is positive, so 
the curve doesn’t flip or reflect over a horizontal line. 


2. Find the period of the function. 


The 2 represents the B, which means that the curve makes two complete 
cycles in the amount of space where it usually has only one. Because the 
normal period of the sine function is 27 units, in this function the period 


is o, or 7% units long. 


3. Determine the shift left or right. 


x 


The a7 represents the value of C. Because C is negative, the shift is 4 


units to the right. 
4. Find the shift up or down. 
The last number, 1, is the value of D, which is a shift upward by 1 unit. 


5. Input all the values to graph the equation, as shown in Figure 19-2. 


In Figure 19-2, I drew the line y = 1 to show the middle, so you can see the result 
of the vertical shift. The graph goes from about —2z to 27 on the x-axis, where 
you’d normally expect to find two complete cycles. Instead, the graph has four. 


The next graph has a flip over a horizontal line. The curve doesn’t flip over 
the x-axis because the graph is dropped down by 3 units. Instead, the flip is 
over the horizontal line y = -3. Without further ado, here’s how to sketch the 


graph of y= -2cos| 3(x+ n)| -3. 
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Figure 19-2: 
The graph of 
Ves 

snl 3 
+1, 

= = 


1. Determine the amplitude. 


The —2 in front tells you two things. First, the amplitude is 2, or the 
curve is twice as high as usual. The negative sign tells you that the 
whole cosine curve is flipped over a horizontal line. Where the curve 
usually goes up, it goes down, and vice versa. 


2. Find the period. 
The multiplier of 4 spreads the curve out quite a bit — only one-third 


as much curve is in the same amount of space as a 2n period (the period 
of the basic cosine function) usually has. In fact, the new period is 


re ea 
2n+ 3 =2n-3 67. 


3. Determine the shift left or right. 


The value of Cis 2, which is a little more than 3 units. The graph moves 
3 units to the /eft, because C is positive. 


4. Find the vertical shift. 
D represents the number -3, so the whole graph shifts down 3 units. 


5. Now use all these values to graph the curve from —2z to 27, as Figure 
19-3 shows. 
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The graph from —2r to 27 The graph from —4x to 4x 


—ziEEE=YF 
Figure 19-3: 
The graph of 
y=-2 

cos [zee n| 
-3. 
SF 


The seed of life 


A compass is an instrument that you can use to __ interesting pattern. When constructed correctly, 
draw a circle. All you do is place the sharp, _ those circles form what's called the seed of life, 
pointed end at the center of the circle and drag an arrangement that has ancient Egyptian begin- 
the pencil end around. One of the basic con- __ nings. This pattern is also a part of 13th-century 
structions that students can produce is a set Italian art. Here’s what it looks like. 

of circles that intersect with one another in an 
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As you can see from the graphs in Figure 19-3, just graphing from -2z to 2 
doesn’t show a complete cycle. The period is 6x, so the graph needs more 
space. The two graphs look a little different — the one on the right looks 
steeper, because the scales on the x-axes are different. Both graphs are of 
the same function. The dotted line is y = ~3, which is the middle or average 
of the graph. 


This last graph shows that you don’t always have to have a value for one of 
the letters in the general form. Well, actually, each of the letters always has 
a value, but when that value is 1 or 0, it doesn’t show up. Just know that the 
part of the equation with the value of 1 or 0 doesn’t change the basic graph. 
In the graph of y= —tan 2x +12, you find two situations where the original 
graph doesn’t change. 


1. Determine the steepness. 


With the tangent function, I don’t refer to the multiplier as amplitude 
because the tangent curve doesn’t have a highest or lowest point, as 
the sine and cosine curves do. Any multiplier A affects the steepness. In 
this case, that steepness doesn’t change, because the A is essentially a 1. 
Because the 1 is negative, the graph flips over a horizontal line. 


2. Find the period of the function. 
The multiplier of 2 makes the period of this tangent curve equal to ae 


because the normal period of the tangent function is 7, and you have to 
divide by 2 here. The graph makes twice as many cycles in the usual 
amount of space. 


3. Determine the shift left or right. 


Here’s another case where the graph doesn’t change. The equation has 
no number in place of C — that value is actually 0. So the graph doesn’t 
shift left or right. 


4. Find the vertical shift. 


The number z is the D value. That number is positive, so the graph 
shifts up 7 units. 


5. Graph the function from -2n to 27, as Figure 19-4 shows. 


You can see that the graph in Figure 19-4 shows eight complete cycles of the 
tangent function. The reason it shows so many cycles is because the graph 


goes from —27n to 2n, and each cycle is only > in length. The dotted line 


shows the horizontal shift of 1; I left the vertical asymptotes out. 
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Figure 19-4: 
The graph 
of y= 

—tan 2x + 1. 
EeEe=—" 


Adding and Subtracting Functions 


Just when you thought this book couldn’t get any better, I add yet another 
twist to the trigonometry picture. You can model many applications in physics 
and the cycles of nature with curves that you create by adding or subtracting 
two trig functions together or by adding a trig function and some algebraic 
function. When you add functions together, you can obtain the graph of this 
sum by taking each x-value from each function and finding the sum of the 
y-values that correspond to those x-values. Then you can plot the points with 
the x-values that you used and the y-values that you found. I show you a couple 
of examples, and because they get too messy very quickly, I bail and use a 
graphing calculator. 


The function y = x + sin x is the sum of the sine function y = sin x and the alge- 
braic function y = x. The algebraic function y = x is a line that cuts diagonally 
through the third and first quadrants. The sine has y-values that go from —1 to 
1, over and over again. Table 19-1 shows some of the separate functions’ 
values and then the sum of those values. 


——aaae 
Figure 19-5: 
The graph of 
y=X+sinx. 
= 
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Table 19-1 The y-Values of y= x + sin x 
x xn —-t -2 I et 2 n 2n 


sinx 0 0 -0.909 -0841 -1 0 1 0.841 0909 0 0 


X+ —2n -—m -2.909 -1.841 2571 0 2571 1841 2909 nm 2x 
sin x 


You can get a better idea of how this addition works by looking at the graph. | 
used a graphing calculator to graph y = x + sin x from —2n to 2n. And then, to 
give you an even better picture of what’s going on (and because I think this 
curve is neat), I graphed it from —4x to 4m in Figure 19-5. 


y=x+sin x from —27 to 21 y=x+sin x from —4n to 4x 


The next example shows what can happen when you subtract one trig func- 
tion from another. Of course, I had to experiment with all sorts of different 
combinations of functions to make this graph come out especially interesting. 
You should try your hand at it, too. Here’s my contribution, the graph of y = 
2sin x — cos 3x. I subtracted the function values of each, one from the other, 
to produce the very nice curve in Figure 19-6, which I drew from —4z to 4r. Is 


it a heartbeat or a pretty design? 
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Figure 19-6: 
The graph of 
y= 2sin x— 
COs 3x. 
ew 


Applying Vourself to the Task 


The graphs of some of the trig functions that you can create by altering the 
functions or combining them are fun to look at. They may even be useful when 
you're preparing a special border or other artwork. But the practical uses of 
these graphs are what you consider in this section. A cardiologist looks at a 
graph of the heart’s function and detects whether it’s beating properly. The 
graphs of earthquake activity are of special interest to those hoping to pre- 
dict the next one — with enough time to warn everyone. 


Measuring the tide 


Along the coast, the tides are of particular interest. The tides are affected by 
the gravitational pull of both the moon and the sun. The high tides and low 
tides follow a periodic pattern that you can model with the sine function. On 
a particular winter day, the high tide in Boston, Massachusetts, occurred at 
midnight. To determine the height of the water in the harbor, use the equa- 


tion H (t)=4.8sin gitt 3) + 5.1, where t represents the number of hours 
since midnight. 
1. Input the value of ¢ into the equation. 


At midnight, the value of tis 0. Putting 0 in for fin the equation gives you 
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H (0) =48sin £(3) +5.1 


= 4.8sin 5 +51 


=48(1)+5.1=9.9 
The greatest value of sine occurs at On so it makes sense that high tide 
would be when the formula uses the sine of that value. 
2. Determine the altitude. 


The multiplier of 4.8 is the amplitude — how far above and below the 
middle value that the graph goes. The tides go 4.8 feet above and below 
the average amount on this particular day. The number added on at the 
end, 5.1, is the average height for the tides. So the tide goes up to 9.9 
feet and down to 0.3 feet — wading depth. 


3. Find the period of the function. 


The multiplier of e affects the period. The period of the sine function is 


usually 2x. Divide 2x by 6 and you get 2n + a = 20: & = 12. The period is 
12 hours, so you know that the tides go through their entire cycle in 

12 hours. The 3 added to the fis a shift horizontally; that number deter- 
mines what times of day the high tide and low tide occur. Figure 19-7 
shows a graph of this function and the different stages of the tide at dif- 
ferent times. By looking at the graph, you can plan your sailing and clam- 
digging activities. 


9.9 feet 


Figure 19-7: 
The tides in 
Boston on 
one wintry 
day. 
eee | 
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Figure 19-8: 
The 
population 
of a herd of 
deer from 
one April to 
the next. 
a te, 


Tracking the deer population 


The graph in this section shows the population of a herd of deer, starting at 
the first of April and ending at the next April. New deer are born in the spring, 
so an increase in the herd size is expected. Predators take care of the weak 
deer — both young and old. And then you have to consider the weather; 
winter can be very hard on the population. Look at the graph in Figure 19-8 
and see if it demonstrates what you’d expect. This cycle is the result of find- 
ing the sum of two different sine functions: D(m) = 400+ 40sin(0.524m) + 
20sin(1.047m) represents the population of the herd, where m is the number 
of months since April. 


400 


April June February 


The herd experiences a high of about 450 deer in June and a low of about 350 
deer in February. This model shows a herd that stays pretty close to being 
the same size year after year. 


Measuring the movement 
of an object on a spring 


In this section, a trig function proves useful in a model for an object attached 
to a spring. The same pattern doesn’t occur over and over, as it does in the 
previous sections. But this is a great example of a trig function at work. 
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The equation H (t) = 3(0.7)' cos5t+4 represents the height of an object 
attached to a spring, where ¢ is the amount of time that has passed — usually 
in seconds. The equation has a trig function multiplied by an exponential func- 
tion. When you first release the spring, the object hits a height of about 7 feet. 
It jumps up and down, finally settling in at about 4 feet high, as shown in 
Figure 19-9. 


et 
Figure 19-9: 
The 

height of 

a bouncing 
object 
attached to 
a spring. 
awn 


You can probably come up with a similar model to show how a bungee 
jumper goes up and down. So you see, the trig functions have all sorts of 
applications — many of them very useful. 
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In this part... 


n this part, I lay it all out on the line by providing some 
basic and some rather obscure trig identities that you 
can quickly turn to in a time of need. I also tell you every- 


thing you’ve ever wanted to know about the area of a 
triangle — but were afraid to ask. Lastly, if you want to 

try your hand at weather forecasting, you can predict the 
temperatures in some selected cities by using some handy 
sine-curve equations. 


Chapter 20 


Ten Basic Identities .. . 
Plus One 


In This Chapter 


Lining up the reciprocal, ratio, Pythagorean, and opposite-angle identities 
Using building blocks to manipulate trig expressions 


A big advantage of trig expressions and equations is that you can adjust 
them in so many ways to suit your needs. The basic identities that I list 
in this chapter are the ones people use most frequently (and remember most 
often). 


Reciprocal Identities 


Take a look at the first reciprocal identity and its counterpart: 


: | _ 
sin @ = ap and csc@ and 
Secant, cosecant, and cotangent are technically the three reciprocal func- 
tions, but you can write identities to show their reciprocals, too. Next are the 
second reciprocal identity and its counterpart. 


zeens| panel 
cos @ = nee and sec 0 REE 
The tangent and its reciprocal at least have names that sound alike. The 
other two basic functions and their reciprocals (see the preceding equations) 
don’t seem to have any rhyme or reason to their pairing. 


1 
coté 


- ay I 
tan @= and cot@= tan 
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Ratio Identities 


a\\s 


Both of the ratio identities involve fractions with sine and cosine. 


_ sind 
! O= Caso 
_ cos@ 
cot@= sin 0 


Here’s a helpful way to remember which ratio identity has the sine in the 
numerator: Tangent and sine have beginning letters that are very close in the 
alphabet, and cotangent and cosine have the same beginning letters. This 
train of thought helped me out in high school when I first saw these identities. 


Pythagorean Identities 


The first Pythagorean identity uses your good friends sine and cosine and is 
probably one of the most frequently used identities. 


sin’@+cos’@=1 
This second Pythagorean identity comes from the first Pythagorean identity; 
simply divide each term in that identity by the square of the cosine function 
and simplify. 


tan’@+1=sec’0@ 


Last but certainly not least, you get the third Pythagorean identity from the 
first one by dividing each of the terms in that identity by the square of the sine. 


1+cot’@=csc’@ 


Opposite-Angle Identities 


This opposite-angle identity allows you to change to a positive angle when 
using the sine function: 


sin(—@) = —sin@ 
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This second opposite-angle identity may seem a little odd — the fact that the 
cosine of a negative angle has the same value as the cosine of the correspond- 
ing positive angle is always a little puzzling at first. 

cos(—@)=cos0@ 


The opposite-angle identity for the tangent follows the same pattern as that 
of the sine: 


tan(—0) = —-tan0 
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Chapter 21 
Ten Not-So-Basic Identities 


In This Chapter 
Using products to find sums 
Going vice versa: Finding products from sums 
Reducing from two functions to one 
Equating parts of triangles to trig functions 


] Chapters 10 and 11, I cover the most frequently used identities at great 
length. Here are ten identities that don’t appear in those chapters, because 
you won't use them all that often. A few are rather obscure. These identities 
don’t lend themselves to memorization very well — you'll be better off just 
looking them up if you need them. 


Product-to-Sum Identities 


The product-to-sum identities look very much alike. You have to pay close 
attention to the subtle differences so that you can apply them correctly. Even 
though the product looks nice and compact, it’s not always as easy to deal 
with in calculus computations — the sum or difference of two different angles 
is preferred. 


The first identity has two angles, A and B. When you multiply the sine of one 
angle times the cosine of the other angle, you end up with one-half the sum of 
a sum identity and a difference identity. Whew! 


sin Acos B= 5[sin(A +B) +sin(A-B)| 


This time, multiply the sines of both angles together, and the result equals 
one-half the difference between a sum identity and a difference identity: 


sin Asin B= 5[cos(A-B) -cos(A+B)| 
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This identity has a mix-and-match feel to it. Two different angles and two differ- 
ent functions are used. There seems to be something for everyone. 


cos Asin B = 5[sin(A +B)-sin(A - B)| 
The last product-to-sum identity uses the cosines of two angles: 


cos Acos B= j[cos(A -B)+cos(A +B) 


Sum-to-Product Identities 


The sum to product identities are useful for modeling what happens with 
sound frequencies. Think of two different tones represented by sine curves. 
Add them together, and they beat against each other with a warble — how 
much depends on their individual frequencies. The identities give a function 
modeling what’s happening. 


The first identity takes two different angles, A and B, and adds their sines 
together. The result: twice the product of the sine and cosine of two new 
angles that are created by a fraction. See for yourself: 


sin A+sin B= asin( A$ \cos( A 58 
You can technically call this next identity a difference-to-product identity, 
although math gurus usually classify it with the sum-to-product identities. Of 
course, you can consider the difference to be a sum if you call it the sum of a 
sine and the opposite of another sine. 


sin. A- sin B= 2cos( 454) sin( 45 ) 


This next identity involves the sum of the cosines of two angles. 


cos A+cos B= 2eos{ “$7 \cos( 453) 


As you probably expect, the last sum-to-product identity has the difference of 
the cosines of two angles. 


cos A— cos B= -2sin( 452) sin( 453) 
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Reduction Formula 


The reduction formula reduces two trig functions into one. It’s useful when 
studying the force of a spring, the position of a swinging pendulum, or the 
current in an electrical circuit. This formula takes the sum of two different 
functions with the common input x and changes the sum to a single function 
where the multiplier of the sine is the amplitude and the phase shift is 6. The 


a and b are the coordinates of some point on the terminal side of 9 when it’s 
in standard position: 


asinx + bcosx= /a’+b’ sin(x+ 6) 


To get the sine and cosine of x, you can use simplified versions: 


b 


: a 
sin x = ————-. and cos x = —==—.. 
at Ds ja’+b? 


Mollweide’s Equations 


Karl Mollweide was an astronomy teacher. His work in astronomy and mathe- 
matics led to his discovery of identities that can take the measures of the 
sides of a triangle and relate them to an expression involving trig functions. 
Mollweide’s equations involve all six parts of a triangle: the three angles, A, B, 
and C, and the three corresponding sides opposite those angles, a, b, and c. 


a_ 
or ~¢ 


nal Ht 
sina C cosy C 


a+b _©89(A-B) 5 _ sing(A-B) 


c 
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Chapter 22 


Ten Ways to Find the 
Area of a Triangle 


In This Chapter 
Finding area with a base and height 
« Starting out with three sides 
Dealing with two sides and an angle (or two angles and a side) 
Coming from a graph: Using coordinates of the vertices 


T°: triangle is one of the more-familiar geometric figures, so people have 
studied it and restudied it ad nauseum. Give me some information about 
a triangle, and I can tell you its area. Why might you want the area? Because 
it has many practical applications, such as finding the area of a yard so you 
can buy enough fertilizer or figuring out just how big that sail for your sailboat 
has to be. 


Several of the formulas in this chapter are based on a triangle with its vertices 
labeled A, B, and C and the sides opposite those vertices labeled a, b, and c, 
respectively. Figure 22-1 shows a sketch of a triangle labeled this way. 


| 
Figure 22-1: 
A triangle 
with its 
vertices and 
sides 
labeled. 4 C 
——— se 
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Using the Base and Height 


The first formula for finding the area of a triangle uses the base and the height. 
The base is any side of the triangle, and the height (also called the altitude) is 
the distance from the vertex opposite that chosen side drawn perpendicular 
to it. To use this formula, you must know for a fact that the altitude and side 

meet with a right angle. In Figure 22-1, the height, h, is drawn from the vertex 
B to the side b. The length of side b is the base, represented by the letter 5 in 
the formula. 


Area= b bh 
Now forget Figure 22-1 for a second. The next formula looks just like the first 
one except for one letter. For this formula, a and b represent two perpendic- 
ular legs of a right triangle. You don’t have to draw in an altitude on a right 
triangle — you can just use those two perpendicular sides. 


Area= 7 ab 


Acquainting Vourself with Heron 


Heron’s Formula goes like this: 


Area= /s(s-—a)(s—b)(s-c) 


All you need to find the area with this method are the measures of the three 
sides. The s represents the semiperimeter, which is half of the perimeter. Just 
add up the lengths of the sides, take half of that sum, and insert it into the 
formula. 


Applying Trig (The Whole 
Point of This Book) 


You have all sorts of ways to find the area of a triangle — you can purely use 
measures of length, or you can get into the angle business. These next formu- 
las may look like the law of sines or the law of cosines, but take note that these 
equations are for finding area, and those laws are for finding missing measures 
of the triangles. Of course, the law of sines or cosines can come in handy to 
fill in missing details. 
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Side-angle-side formulas 


These formulas are called the SAS or side-angle-side formulas, because you 
can find the area if you have the measures of two sides and the angle between 
them. They’re easy to remember, because you choose two letters for the 
sides and then use the angle whose letter you haven’t used yet. Unless the 
angle you’re dealing with has a nice, simple value for the sine, you need a 
calculator or trig table to compute the area. 


Area= 4 absinC 
Area= t bcsin A 
Area= 4 acsinB 


Angle-side-angle formulas 


These three formulas work when you have two angles and the side between 
them, so they’re called the ASA or angle-side-angle formulas. They’re also sort 
of easy to remember, because the side squared on the top has its opposite 
angle on the bottom. Whatever works. . . . Notice that they all use the sine 
function — more trigonometry. 


_ a’sin BsinC 
Area= 2sin A 

_ b’sin AsinC 
Area= 2sinB 

_c’sinAsinB 
Area= 2sinC 


Going Back to Algebra: 
Using Determinants 


The following formula uses determinants (rectangular arrangements of num- 
bers). You evaluate determinants by multiplying the numbers diagonally in 
one direction, adding the products, and then subtracting a multiplication in 
the other direction. Using a graphing calculator to evaluate these determinants 
is really much more practical, though, because the computations can get a 
bit messy. 
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sa 
Figure 22-2: 
A triangle 
with 
coordinates 
for the 
vertices. 
Saar 


To write a determinant, list all the x-coordinates in the first column and their 
corresponding y-coordinates in the second column (see Figure 22-2 for these 
coordinates on a graph). Then write all 1s in the third column. You have to 
list the points from top to bottom in counterclockwise order, but you can start 
with any point. 


xX, yr 1 
Area=|X» y2 1 
Exe ey ag 1 


Now just haul out your calculator to evaluate the determinant, or do the multi- 
plying yourself. If you’re multiplying on your own, rewrite the first two columns 
to the right of the determinant to make the multiplication easier: 


Gy yi 1 xX) yi 
Area=|X2 Y2 VW X2 yz 
Xs Ys ll Xs ys 
The computation goes as follows: First, you multiply the three diagonals 
reading from left to right and add them together. Then you multiply the three 


diagonals from right to left, add them together, and subtract that total from 
the first total. 


Area= xX): y2:1+y\- il Pet le X22 ve | "V2 XgF XX: 1 SY say os 1) 


(Xa, Ya) 


(Xp, Yo) 


(x, y;) 


Chapter 23 


Ten Sine Curves Representing 
Monthly Temperatures 


In This Chapter 
» Finding the average temperatures in select cities 


Predicting temperatures to plan your vacations 


T°: average monthly temperatures in cities around the world are periodic 
in nature, meaning that with the season changes, the temperatures change 
and are relatively predictable. Of course, one year can be much different from 
another — one summer can be hot and humid in Peoria, Illinois, and the next 
can be cool and rainy. The functions in this chapter are based on average tem- 
peratures taken over about a 30-year period. I used a graphing calculator — 
with its curve-fitting capability — to create these functions. All you have to 
do is pick a month (with January being Month 1; February, Month 2; and so 
on), and you can see the expected temperatures for that month. 


To get a feel for what the temperatures will be like, you mainly want to look for 
the average temperature and the range that the temperatures will fall between. 
In a trigonometric function with the general format T (m)=Asin(Bm-C)+D, 
the average yearly temperature is represented by the D value, and the amount 
the temperatures go above and below that value is represented by A. The m 
is the variable where you put in the number for the month. The B and C have 
to do with the change in the period of the sine function and its phase shift — 
where the curve starts. 


Boston, Massachusetts 


The temperatures in Boston model after the equation T (m) = 21sin(0.51m— 
2.18) + 51. The average yearly temperature is 51 degrees Fahrenheit, and the 
temperature fluctuates by 21 degrees — meaning it'll go down to 30 degrees 

and up to 72 degrees on average. A city along the Atlantic Ocean has relatively 
moderate temperatures. 
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Chicago, Illinois 


Chicago’s temperatures follow the model T (m) = 26sin(0.48m — 1.84) + 47. 

Its average temperature is lower than that of Boston, but it fluctuates more — 
by 26 degrees either way of 47 degrees. This place is also called the Windy 
City, and those gusts will make it seem cooler at times. 


Denver, Colorado 


If you want the average temperature in Denver, use T (m) = 21 sin(0.55m — 
2.38) + 51. This formula is almost the same as Boston’s — just a bit of a shift. 
What’s the average temperature in Denver in June? Because June is the sixth 
month, let m be equal to 6 in the formula, and you find that the temperature 
in Denver averages almost 68 degrees in June. Sounds good to me! 


Fairbanks, Alaska 


Fairbanks is a fair bit up there! To find the average temperatures, use 

T (m) = 38sin(0.52m — 1.98) + 27. The average yearly temperature is below 
freezing, at a cool 27 degrees Fahrenheit. It goes up and down 38 degrees 
from the midpoint, for average highs of 65 degrees and average lows of -11 
degrees. 


Galveston, Texas 


From Fairbanks, head south — a long way. Galveston’s temperatures model 
after the equation T (m) = 16sin(0.48m — 1.90) + 68. This city averages 68 
degrees. What’s the average temperature in Galveston in February? Put in 2 
for the m in the formula, and you get about 55 degrees — this city is warmer 
than many places but a bit chilly for a winter retreat. 


Honolulu, Hawaii 


Another warm place is Honolulu. To get the average temperatures, use 

T (m) = 4sin(0.50m — 2.36) + 77. The average temperature is 77 degrees, and 
it doesn’t change much from that. A 4-degree shift upward and downward 
makes Honolulu a consistently wonderful place to be. 
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Miami, Florida 


In Miami, the average temperatures follow the model T (m) = 8sin(0.47m — 
1.87) + 75. The average temperature is 75, and it goes 8 degrees higher or 
lower than that. Now, I know that you’ve been in Miami when the temperature 
is warmer than 83, but these averages are for a whole month, which tends to 
even things out. And then you have to factor in a little concept called humidity. 


San Diego, California 


Is any place better than Honolulu? Try San Diego. Its average temperatures 
follow the equation T (m) = 7 sin(0.55m — 2.66) + 65. With an average temper- 
ature of 65 and a variation of 7 degrees, you can’t go wrong. Low humidity. 
Little smog. This place is heaven on earth. 


San Juan, Puerto Rico 


Surrounded by ocean, San Juan is tucked away on the beautiful island 

of Puerto Rico. You can find its temperatures with the equation T (m) = 

3 sin(0.49m — 2.22) + 80. They don’t vary much — by just 3 degrees. If you’re 
looking for big changes in the seasons, San Juan isn’t the place to be. 


Sault Ste. Marie, Michigan 


Here’s a city close to Canada and a very cold lake. Its temperatures follow the 
model T (m) = 26sin(0.49m — 2.00) + 38. The average temperature is above 
freezing — but just barely. The temperatures vary by 26 degrees above and 
below. This city is a great place to be in the summer. In August, the average 
temperatures are between 62 and 63 degrees. The nights are cool for sleeping. 
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Appendix 
Trig Functions Table 


ou can use this table of values for trig functions when solving problems, 

sketching graphs, or doing any number of computations involving trig. | 
refer to this table in many of the chapters throughout this book. The values 
here are all rounded to three decimal places. If you need values for angles 
larger than 90 degrees, check out Chapter 8 to see how to use reference 
angles. If you need radians instead of degrees, Chapter 5 has information on 
changing from radians to degrees and back again. 


6 sin@ cos 0 tan 0 cot0 sec 0 csc 0 
0° .000 1.000 .000 Undefined 1.000 Undefined 
ie 017 1.000 017 57.290 1.000 57.299 
a .035 URE) 035 28.636 1.001 28.654 
or .052 .999 .052 19.081 1.001 19.107 
4° .070 .998 .070 14.301 1.002 14.336 
ay .087 .996 .087 11.430 1.004 11.474 
6° -105 .995 105 9.514 1.006 9.567 
tha 122 .993 123 8.144 1.008 8.206 
8° .139 .990 141 Tlie! 1.010 7.185 
3° .156 .988 .158 6.314 1.012 6.392 
10° .174 .985 176 5.671 1.015 5.759 
(te .191 982 194 5.145 1.019 5.241 
12° .208 .978 2213 4.705 1.022 4.810 
13° 225 .974 .231 4.331 1.026 4.445 


(continued) 
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6 sin@ cos0 tan 0 cot 0 sec csc 0 
16° 276 .961 .287 3.487 1.040 3.628 
ae .292 .956 306 3.271 1.046 3.420 
18° .309 sgl Sh) 3.078 1.051 3.236 
192 326 .946 344 2.904 1.058 3.072 
20° 342 .940 364 2.747 1.064 2.924 
at .358 .934 384 2.605 1.071 2.790 
2 315 ey 404 2.475 1.079 2.669 
23° Sell 921 424 2.356 1.086 2.559 
24° 407 914 445 2.246 1.095 2.459 
25° 423 .906 466 2.145 1.103 2.366 
26° 438 .899 488 2.050 1.113 2.281 
2 454 891 510 1.963 1.122 2.203 
28° 469 883 532 1.881 1.133 2.130 
29° 485 875 554 1.804 1.143 2.063 
30° 500 866 oir 1.732 1.155 2.000 
ale 515 857 601 1.664 1.167 Lai 
32° 530 848 625 1.600 1.179 1.887 
33° 545 839 649 1.540 1.192 1.836 
34° ong 829 675 1.483 1.206 1.788 
30° 0/4 819 100 1.428 1.221 1.743 
36° .088 .809 127 1.376 1.236 1.701 
of .602 s/g9 154 1.327 1252 1.662 
38° 616 188 781 1.280 1.269 1.624 


41° 656 155 .869 1.150 1.325 1.524 
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@ sin@ cos 0 tan 0 cot0 sec csc 0 
42° .669 143 .900 Ueililt 1.346 1.494 
43° 682 Sil .933 1.072 1.367 1.466 
44° .695 19 .966 1.036 1.390 1.440 
45° 107 107 1.000 1.000 1.414 1.414 
46° 719 .695 1.036 966 1.440 1.390 
47° iol 682 1.072 (933 1.466 1.367 
48° 143 .669 ie .900 1.494 1.346 
49° fi .656 1.150 .869 1.524 1.325 
50° .766 643 1.192 .839 1.556 1.305 
4? JU 629 1.235 810 1.589 1.287 
52° .188 616 1.280 ~—-.781 1.624 1.269 
53° EE 602 1.327 754 1.662 1252 
54° 809 588 1.376 727 1.701 1.236 
55° 819 574 1.428 .700 1.743 1.221 
56° 829 .559 1.483 675 1.788 1.206 
sii 839 545 1.540 649 1.836 1.192 
58° 848 .530 1.600 625 1.887 1.179 
59° 857 515 1.664 601 Viz 1.167 
60° 866 .500 Vite LT 2.000 1.155 
61° 875 485 1.804 554 2.063 1.143 
62° .883 469 1.881 532 2.130 1,133 
64° 899 438 2.050 488 2.281 L113 
66° 914 407 2.246 445 2.459 1.095 
67° dz aol 2.356 424 Zodg 1.086 


(continued) 
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6 sin® cos0 tan0 cot 0 sec 0 csc 0 
68° 927 375 2.475 404 2.669 1.079 
69° .934 358 2.605 384 2.790 1.071 
70° .940 342 2.747 364 2.924 1.064 
71° .946 326 2.904 344 3.072 1.058 
is 951 309 3.078 325 3.236 1.051 
3° .956 eae 3.271 .306 3.420 1.046 
74° 961 .276 3.487 .287 3.628 1.040 
75° .966 .259 3.732 .268 3.864 1.035 
76° .970 242 4.011 .249 4.134 1.031 
77° 974 225 4.331 231 4.445 1.026 
78° 978 .208 4.705 213 4.810 1.022 
Tae .982 19h 5.145 .194 5.241 1.019 
80° .985 174 5.671 176 5.759 1.015 
81° 988 .156 6.314 .158 6.392 1.012 
82° .990 .139 7.115 141 7.185 1.010 
83° .993 122 8.144 PA) 8.206 1.008 
84° ahs 105 9.514 105 9.567 1.006 
85° .996 .087 11.430 .087 11.474 1.004 
86° .998 .070 14.301 .070 14.336 1.002 
87° .999 .052 19.081 .052 19.107 1.001 
88° .999 035 28.636 035 28.654 1.001 
89° 1.000 017 57.290 017 57.299 1.000 


90° 1.000 .000 Undefined _.000 Undefined —_ 1.000 
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AAS triangle determination, 
25D 
acute angles. See also angles 
defined, 11 
illustrated, 12 
naming, 100 
reciprocals, 99 
acute triangles, 14 
adjacent angles, 10-11 
adjacent sides 
defined, 96 
over hypotenuse, 98-99 
lengths, 96-97 
opposite over, 99-100 
ambiguous case triangles 
confusion, 267 
defined, 255 
determining, 255-256 
illustrated, 256, 265 
law of cosines and, 265-268 
Slim/Jim problem, 267-268 
amplitude. See also period 
cosine function, 287 
daylight problem, 289 
determining, 324, 325, 331 
equation, 323 
sine function, 281, 283 
temperature average 
problem, 290 
angle of depression, 137 
angle of elevation 
in balloon height 
measurement, 144 
defined, 136, 258 
horizontal, 136 
illustrated, 136 
in rocket tracking, 146-147 
angle measures 
adding to, 285 
clockwise, 116-117 
counterclockwise, 116 
direction, 64 


Index 


as inputs, 131 
letters, 19-20 
negative, 64 
positive, 64 
in radians, 70 
reference angle, 118-121 

in degrees, 119-120 

in radians, 120-121 
rules, 19 
subtracting from, 285 

angle-sum identities. See also 
identities 
cosine of sums, 172 
defined, 171 
examples, 207-208 
function value sum, 172 
illustrated, 172, 188 
procedure, 207-208 
reciprocal functions, 171 
reference, 188 
sine, applying, 208 
sine of sums, 172 
tangent of sums, 173 
angles 
acute, 11, 12, 263 
adjacent, 10, 11 
base, 61 
common, 58 
complementary, 86 
coterminal, 65 
favorites, 74, 105-109 
formation, 11 
45-degree, 105, 108 
full-rotation multiples, 218 
graphing, 62-63 
half, 16 
illustrated, 58 
isosceles, 61 
naming, by letters, 12-13, 
254 

naming, by size, 11-12 
negative, 116-117, 159 
90-degree, 105, 108 
obtuse, 11, 12, 263, 264 
positive, 116, 117 


reference, 117-121 
renaming, 66-67 
right, 11, 12 
60-degree, 105, 108 
solutions, 24 
standard position, 62-63 
straight, 11, 12 
sum of, 174 
supplementary, 11, 259 
terminal side, 133 
30-degree, 105, 108 
top, 61 
in triangles, 13-14 
vertex, 11 
vertical, 10, 11 
approximating answers, 
82-83 
arc length 
defined, 78 
Ferris wheel example, 78-79 
formula, 78 
minute hand example, 78 
in moon distance 
measurement, 80 
in race car speed 
problem, 81 
arccos Xx 
defined, 216 
domain, 220 
graphing, 316-317 
range, 220 
use example, 223 
arccot x 
defined, 216 
domain, 220 
graphing, 317-318 
range, 220 
use example, 223 
workaround, 226—227 
arccsc x 
defined, 216 
domain, 221 
graphing, 318-319 
range, 221 
Archimedes, 202 
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arcsec xX 
defined, 216 
domain, 221 
graphing, 318-319 
range, 221 
arcsin x 
defined, 216 
domain, 220 
graphing, 316-317 
range, 220 
arctan x 
defined, 216 
domain, 220 
graphing, 317-318 
range, 220 
use example, 224 
area 
circle, 15, 16, 75 
circle sector, 17-18, 76 
triangle, 270-276, 345-348 
ASA triangles 
area with, 275-276, 347 
defined, 255 
determination, 255 
illustrated, 255 
SAS area rule and, 276 
sines of angles and, 276 
asymptotes. See also tangent 
graphs 
assigning, 296-298 
cosecant graph, 307 
cotangent graph, 304 
defined, 296 
equation examples, 307 
equations, 296 
identifying, 307 
illustrated, 297 
inverse cosecant function, 
318, 319 
inverse cotangent function, 
BY 
inverse secant function, 
318, 319 
inverse tangent function, 
317 
secant function, 312 
audience assumptions, this 
book, 2 
axes 
coordinate, 30 
defined, 29 
origin, 30 
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Babylonian mathematics, 114 
balloon height measurement 
defined, 144 
illustrated, 245 
problem, 144-145 
right triangles, 145 
base, triangle, 271-272, 346 
base angles, 61 
Bernoulli, Jacob, 302 
binomials 
factoring, 233 
squaring, 246-247 
biorhythms problem 
cycles, plotting, 293 
cycles, reading, 294 
defined, 292 
graphs, 293, 294 
birthday puzzle, 178 
body temperature problem, 
291-292 
Boston, Massachusetts 
temperatures, 349 
breaking up fractions 
defined, 200 
examples, 200-201 
with multiple factors, 201 
rules, 200 
buildings measurement, 
137-139 


eCe 


calculators. See graphing 
calculators; scientific 
calculators 
Cartesian coordinates, 29, 31 
centers. See also circles 
defined, 14, 36 
finding, 37-39 
illustrated, 38 
wandering, 46 
centroids. See also triangles 
defined, 36 
example, 42-43 
finding, 41-43 
illustrated, 41, 43 
line intersection, 41 
vertices, 41, 42 


Chicago, Illinois 
temperatures, 350 
chords 
defined, 16 
half, 16 
illustrated, 17 
circles 
arc length, 78-79 
area, 15, 75 
center, 14, 36 
center, finding, 37-39 
centering, at origin, 45-46 
chords, 16, 17 
chunks, 75-77 
circumference, 15 
coordinates, 125-130 
defined, 14 
definition with numbers, 
45-46 
diameter, 15 
fractions and, 45 
points, number of, 113 
radius, 14, 15 
relating to, 70 
sectors, 17-18 
tangents, 16, 17 
unit, 111-116, 127-128 
circular functions, 111-116 
circumference 
defined, 15, 74 
find example, 16 
formula, 15 
illustrated, 15 
cofunction identities 
defined, 286 
example, 287 
illustrated, 286 
Columbus, Christopher, 60 
complementary angles. See 
also angles 
cosines, 98 
defined, 86 
function values, 287 
sines, 98 
complex fractions, 169, 184, 
207 
conjugates 
defined, 204 
denominator, 184 
multiplying by, 204-206 
numerator, 184 
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conventions, this book, 2 


vertical asymptotes, 309 
coordinate axes 


y = 2csc 2x, 311 


y = cos (x- 3), 288 
y = cos x, 286 


defined, 30 y=cse (c+ 2)+ 2,311 cotangent function. See also 
illustrated, 30 y=csc x, 308, 310 reciprocal functions; trig 
x-axis, 351 cosine function. See also trig functions 

y-axis, 31 functions abbreviation, 19, 103 


coordinate plane 
cosecant, 133 
cosine, 131 
defined, 31 
quadrants, 31-33 
secant, 133 
sine, 131 
slicing, 58 
coordinates 
calculating, at origin, 
128-130 
calculating, in unit circle, 
127-128 
right triangle and, 126, 131 
in trig function solutions, 
125-130 
Copernicus, Nicolaus, 104 
cosecant function. See also 
reciprocal functions; trig 
functions 
abbreviation, 19, 102 
changing sine to, 170 
defined, 19, 102 
determining, 102 
domain, 132~133, 307 
exact value table row, 109 
finding, 103, 125, 128 
inverse, 221 
numerical value, finding, 
125 
period, 310 
Pythagorean identity, 165 
ranges, 133 
ratio, on coordinate plane, 
133 
reciprocal, 158 
sign, finding, 125 
steepness, 310 
for 30-degree angle, 21 
values, 21 
varying, 310-311 
cosecant graphs. See also 
graphs 
asymptotes, 307 
curve, 309 


abbreviation, 19 

adjacent over hypotenuse, 
98-99 

with algebra, 147 

amplitude, 287 

changing sine to, 168 

of complementary 
angles, 98 

defined, 19, 98 

of a difference, 177 

domains, 131, 132 

double-angle identities, 
180-181 

exact value table row, 107 

finding, 128 

half-angle identity, 183 

inverse, 220 

of negative angle, 160, 161 

opposite-angle identities, 
160 

period, 287 

Pythagorean identity, 
163-164 

ranges, 131, 132 

ratio, 98, 99 

ratio value, 131 

reciprocal, 158 

of sums, 172 

for 30-degree angle, 21 

cosine graphs. See also 

graphs 

amplitude, changing, 287 

appearance, 285 

left/right shift, 287 

period, changing, 287 

properties for, 287-288 

shifted, 287 

sine graphs comparison, 
286-287 

in temperature average 
problem, 290 

up/down shift, 287 

uses, 288 

y = 3cos x, 288 


changing sine to, 169 
defined, 19, 103 
domains, 133 
exact value table row, 109 
finding, 129 
inverse, 220 
problems, 104-105 
Pythagorean identity, 165 
ranges, 134 
ratio, 103-104 
ratio, determining, 129 
ratio identity, 159 
reciprocal, 158 
for 30-degree angle, 21 
cotangent graphs. See also 
graphs 
asymptotes, 304 
illustrated, 304 
value repetition, 305 
variations, 305 
coterminal angles. See also 
angles 
adding/subtracting 
rotations, 66 
defined, 65 
negative, 65 
rotations, 65, 66 
Curta calculating machine, 
109 


ee 


daylight problem, 288-289 
deer population tracking, 332 
degrees. See also radians 
bearings as, 59-60 
changing, to radians, 71-72 
changing radians to, 72-73 
common use, 59 
conversion, 70-73 
decimals, 73 
defined, 57 
half-angle identity problem, 
185 


360 Trigonometry For Dummies 


degrees (continued) 
illustrated, 58 
minutes, 73 
navigating with, 59-60 
Norm’s Workshop and, 
60-62 
reference angle measure, 
119-120 
seconds, 73 
denominators. See also 
fractions; numerators 
common, finding, 190, 193, 
194, 196, 202-203 
conjugate, 184 
multiplying, by conjugate, 
205 
rationalizing, 173, 186 
reciprocal identities on, 195 
replacing, 199, 206 
simplifying, 196 
Denver, Colorado 
temperatures, 350 
determinants 
defined, 347 
evaluating, 347, 348 
writing, 348 
diagonal distances. See also 
distances 
defined, 35 
determining, 35-36 
Pythagorean theorem and, 
34-35 
diameter 
defined, 15 
illustrated, 15 
length, finding, 38 
radii, 38 
difference 
calculating, 177-178 
identities. See subtraction 
identities 
distances 
across pond problem, 90 
between buildings, 140-141 
calculating, 33-36 
diagonal, 34-36 
estimating, 36 
exact value, 36 
horizontal, 33-34 
to moon, 79-80 
vertical, 33-34 


domain. See also range 
cosecant, 132-133 
cosine, 131, 132 
cotangent, 133 
defined, 49, 130 
inverse cosecant, 221 
inverse cosine, 220 
inverse cotangent, 220 
inverse functions, 219-221 
inverse secant, 221 
inverse sine, 220 
inverse tangent, 220 
restriction, 130, 133 
secant, 132-133 
sine, 131, 132 
tangent, 133 

double-angle identities. See 

also identities 

applying, 210 
cosine, 180-181 
defined, 179 
examples, 210-211 
illustrated, 179, 189 
procedure, 210-211 
reference, 189 
replacing with, 208 
scrunching, 182 
sine, 179 
trig equations and, 243-244 


efe 


ellipses, 158 
equations. See trig equations 
equilateral triangles. See also 
triangles 
defined, 14 
greatest possible area, 274 
illustrated, 14 
exponents, inverse function, 
216 


efe 


factorials, 147 
factoring 
binomials, 233 
clue, 197 
examples, 197-198, 199 
greatest common factor, 
234-235 


by grouping, 234, 239-240 
with high degrees, 237-239 
numerators, 210 
patterns, 197, 233-234 
quadratics, 235-237 
trinomials, 233-234 
Fairbanks, Alaska 
temperatures, 350 
flipping over horizontal line, 
322-323, 324-325 
flips, 99 
fractions 
breaking up, 200-201, 
207, 210 
circles and, 45 
complex, 169, 184, 207 
denominator, 173, 186, 190, 
195, 196 
improper, 132 
multiplying, 202, 203 
numerator, 173, 184, 190, 
196, 210 
rationalizing, 173 
reducing, 200, 207, 210 
replacing, 210 
simplifying, 190, 193, 200, 
207, 209 
functions. See trig functions 


eGe 


Galveston, Texas 
temperatures, 350 
graphing calculators 
connected mode, 298 
in determinant evaluation, 
347 
dot mode, 298 
graphs, 250, 251 
intersect feature, 251 
modes, 280 
solver feature, 250 
solving equations with, 
249-251 
tangent graphs and, 298 
in temperature average 
problem, 291 
use examples, 249-251 
when to use, 249 
window, setting, 249 


graphs 

ABCs of, 279-280 

add function, 329 

basic, 25-28 

biorhythms problem, 
292-294 

body temperature, 291-292 

cosecant function, 307-311 

cosine function, 285-288 

cotangent function, 304-305 

daylight problem, 288-289 

deer population tracking, 
g32 

flipping over horizontal 
line, 322-323, 324-325 

with general form, 323-328 

graphing calculator, 250, 
251 


inverse cosecant, 318-319 

inverse cosine, 316-317 

inverse cotangent, 317-318 

inverse functions, 315-319 

inverse secant, 318-319 

inverse sine, 316-317 

inverse tangent, 317-318 

object spring measurement, 
332-333 

periodic, 25 

sales goal problem, 292, 293 

scales, 25 

secant, 312-315 

sine function, 280-285 

subtract function, 330 

tangent function, 295-304 

temperature averaging, 
290-291 

tick marks, 25 

tide measurement, 330-331 

units, 25 

x-axis, 25 

y=cos x, 26 

y=cot x, 27 

b= cse x, 25 

y = sec x, 28 

y = sin x, 26 

y =tan x, 27 

greatest common factor, 
234-235 
grouping, factoring by 
defined, 239 
examples, 239-240 


e}f{e 


half-angle identities. See also 
identities 
+, 183 
cosine, 183 
defined, 182 
degrees problem, 185 
examples, 211-212 
illustrated, 182, 189 
procedure, 211-212 
radicals problem, 185~186 
reciprocal, 212 
reference, 189 
sine, 182 
tangent, 183-184, 211 
using, 184-186 
height, triangle, 271-272, 346 
Heron’s Formula, 273-274, 
346 
Hipparchus, 97 
Honolulu, Hawaii 
temperatures, 350 
horizontal distance, 33-34 
Hypatia, 158 
hyperbolas, 158 
hypotenuse, 35. See also 
right triangles 
adjacent over, 98-99 
defined, 84, 96 
illustrated, 85 
length, 96-97 
length, finding, 99 
in missing sides solution, 
89, 90 
in object around corner 
problem, 151, 152, 153 
opposite over, 97-98 
value, solving for, 153 


ele 
icons, this book, 4-5 
identities. See also 
Pythagorean identities; 
ratio identities; 
reciprocal identities 
angle-sum, 171-175 
basic, 337-339 
cofunction, 286-287 
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combining, 167-170 
defined, 24 
double-angle, 179-181 
factoring, 197-198 
half-angle, 182-186 
operations, 171-186 
opposite-angle, 159-160, 
162, 338-339 
product-to-sum, 341-342 
proving, 187-212 
proving, need for, 187 
sides, both, 192-193 
sides, picking, 189-191 
squaring both sides, 
206-207 
subtraction, 175-178 
sum-to-product, 342 
trig equations and, 241-244 
infinite series, 147 
intercepts, 284 
intersecting lines 
adjacent angles, 10 
illustrated, 11 
supplementary angles, 11 
inverse functions. See also 
trig functions 
alternate notation, 216 
answer designation, 217 
behavior, 215 
cosecant, 216, 221, 318-319 
cosine, 216, 220, 316-317 
cotangent, 216, 220, 
317-318 
defined, 20, 50, 215 
definitions, 52-53 
determination, 50-51 
domain, 219—221 
domain/range summary, 
221 
examples, 50-51, 216 
exponent interpretation, 
216 
finding, 51-53 
function differences, 50 
graphs, 315-319 
inputs, 217 
mixed problems, 228-229 
notation, 216 
outputs, 217, 219 
principal value, 218 
range, 219-221 
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inverse functions (continued) 
relation differentiation, 217 
rewriting equations as, 
LEY), US 
rules, 218 
scientific calculators and, 
225-227 
secant, 216, 221, 318-319 
sine, 216, 220, 316-317 
tangent, 216, 219, 220, 
317-318 
use examples, 223-224 
uses, 215-216 
working with, 223-224 
inverse relations. See also 
relations 
defined, 217 
differentiation, 217 
principal value, 218 
rules, 218 
irrational numbers, 36 
isosceles triangles. See also 
triangles 
defined, 14, 85 
illustrated, 14 
right, 92 
use of, 61 


Ke 


Kanizsa Triangle, 315 


efe 


law of cosines 
ambiguous case and, 
265-268 
defined, 253 
defining, 260-261 
missing angle solution, 
261-262 
missing side solution, 261 
sample triangle, 261 
for SAS, 261-263 
Slim/Jim problem, 267~268 
for SSS, 263-265 
uses, 260 
law of sines 
defined, 253, 256 
following, 256-260 


ratios, 256 
switching to, 262 
tree height measurement, 
258-260 
use example, 256-257 
law of tangents 
example, 269-270 
uses, 268 
legs, 84, 85 
lemniscate of Bernoulli, 302 
letters, naming angles by, 
12-13, 254 
lines 
defined, 10 
illustrated, 10 
intersecting, 10-11 
parallel, 44 
perpendicular, 44 


eMe 


Marchant adding machine, 
109 
measurements 
balloon height, 144-145 
building height, 137-139 


distance between buildings, 


140-141 
object spring, 332-333 
odd shape, 149-151 
satellite camera, 148-149 
slope, 142-143 
tide, 330-331 
tree height, 139-140, 
258-260 
triangular shape, 149-151 


Miami, Florida temperatures, 


351 : 


midpoints. See also segments 


defined, 36 


in dividing segments, 39-41 


finding, 37 

illustrated, 37 
minutes, 73 
Mollweide’s equations, 343 
moon distance, 79-80, 97 


multiple-angle functions. See 


also trig functions 
defined, 227 
examples, 227-228 


trig equations and, 245-246 


multiplication 
angle variable, tangent 
function, 299 
by conjugates, 204-206 
diagonals, 348 
fraction, 202, 203 
reciprocal identities, 158 
secant function, 313 
sine function, 282 
tangent function, 299 
multiplying through. See also 
trig equations 
defined, 248 
example, 248-249 
as last resort, 248 
music of the spheres, 194 


eNe 


naming angles. See also 
angles 
illustrated, 13 
by letters, 12-13, 254 
by size, 11-12 
by vertex, 13 
Napier’s Bones, 166 
Napoleon theorems, 180 
negative angle measures, 64, 
116-117 
negative angles 
clockwise measurement, 
116-117 
cosine, 160, 161 
sine, 160 
tangent, 160 
terminal side in third 
quadrant, 161, 162 
in trig functions, 159 
negative coterminal 
angles, 65 
Norm’s Workshop, 60-62 
notation, inverse function 
alternate, 216 
defined, 216 
exponential, 216 
scientific calculator, 
225-226 
numerators. See also 
denominators; fractions 
conjugate, 184 
factoring, 210 


een 363 


multiplying, by conjugate, 
205 


rationalizing, 173 
replacing, 190, 191, 202 
simplifying, 196 

terms, rearranging, 206 


ede 


object around corner 
defined, 151 
hypotenuse in, 151, 152, 153 
illustrated, 152 
problem, 152-153 
object spring measurement, 
332-333 
oblique triangles. See also 
triangles 
defined, 253 
determining, 258 
missing measures, 258 
obtuse angles. See also 
angles 
defined, 11 
illustrated, 12 
negative cosine and, 264 
obtuse triangles, 14 
opposite sides. See also 
identities 
over adjacent, 99-100 
defined, 96 
over hypotenuse, 97-98 
lengths, 96-97 
opposite-angle identities. See 
also identities 
as basic identities, 338-339 
cosine, 160 
defined, 159, 338-339 
illustrated, 160, 188 
reference, 188 
sine, 160 
tangent, 160, 162 
ordered pairs, 31 
organization, this book, 3-4 
origin 
centering circles at, 45-46 
coordinates calculation at, 
128-130 
defined, 30 
illustrated, 30 


e Pe 


parabolas, 53, 158 
parallel lines, 44 
partitioning, line segments, 
39-41 
pentagonal stadium, 262-263 
period. See also amplitude 
cosecant function, 310 
cosine function, 287 
daylight problem, 289 
equation, 323 
finding, 324, 325, 327, 331 
sine function, 282, 283 
tangent function, 296 
temperature average 
problem, 290 
perpendicular lines, 44 
pi 
decimal value, 184 
defined, 15 
introduction, 161 
value, 161 
pizza slices, 77 
points 
coordinates, 125-130 
distances between, 33-36 
graph illustration, 32 
intercept, 284 
placing, on unit circle, 
112-113 
plotting, 29-33 
in quadrant designation, 
SPA OP: 
unit circle, 111-112 
pond distance problem, 90 
positive angles, 17, 116 
product-to-sum identities. 
See also identities 
cosines of two angles, 342 
defined, 341 
mix-and-match, 342 
two angles, 341 
protractors, 289 
proving identities 
both sides, 192-193 
examples, 190-191, 192-193 
need, 187 
with operations, 207-212 
sides, picking, 189-191 


Ptolemy, 16, 136 
Pythagoras, 194 
Pythagorean identities, 171. 
See also identities 
as basic identities, 338 
combining, 167-170 
condensed version, 163 
for cosine solution, 229 
cotangent/cosecant, 165 
cotangent/cosecant, 
rearranging, 167 
defined, 162, 338 
finding, on unit circle, 163 
illustrated, 164, 165, 188 
list, 162 
primary, 163-164 
primary, rearranging, 166 
rearranging, 165-167 
reference, 188 
sine/cosine, 163-164 
substitutions, 206 
for tangent solution, 229 
tangent/secant, 164-165 
tangent/secant, 
rearranging, 166-167 
trig equations and, 242 
Pythagorean theorem. See 
also right triangles 
in checking Pythagorean 
triples, 88 
defined, 86 
in diagonal distance 
determination, 34—35 
formulation, 86 
in missing lengths solution, 
88-90, 100-101 
in pond distance 
problem, 90 
in right angle side length 
determination, 22 
30-60-90 right triangles 
and, 91 
working backwards 
with, 87 
Pythagorean triples 
checking, 88 
common, 88 
defined, 87 
multiples, 87 
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ry 0 oa 
quadrants 
defined, 31 
function values, 122-123 
illustrated, 32 
inverse trig functions and, 
29 
number designations, 
Bl, aA, ae) 
quadratic equations 
factoring, 235-237 
reciprocal functions and, 
Paw 
working with, 235 
quadratic formula, 241 


eRe 


race car speed problem, 
80-81 
radar sweeps, 75-77 
radians. See also degrees 
advantages, 70 
changing, to degrees, 72-73 
changing degrees to, 71-72 
circle circumference 
and, 74 
conversion, 70-73 
defined, 69, 303 
history, 303 
illustrated, 70 
as natural measure, 70 
number in a circle, 69 
reference angle measure in, 
120-121 
radical forms, simplifying, 22 
radicals 
defined, 21 
half-angle identity problem, 
185-186 
radius 
defined, 14, 38 
determination, 129 
find example, 16 
illustrated, 15, 38 
length, finding, 38 
as positive number, 
WA, WH, By 


range. See also domain 
cosecant, 133 
cosine, 131, 132 
cotangent, 134 
defined, 49-50, 130 
inverse cosecant, 221 
inverse cosine, 220 
inverse cotangent, 220 
inverse functions, 219-221 
inverse secant, 221 
inverse sine, 220 
inverse tangent, 220 
secant, 133 
sine, 131, 132 
tangent, 134 
ratio identities. See also 
identities 
as basic identities, 338 
cotangent, 159 
defined, 159, 338 
in identity combinations, 
167-170 
illustrated, 159, 188 
reference, 188 
tangent, 159 
trig equations and, 242-243 
rationalization, 173 
rays 
defined, 10 
endpoint, 30 
illustrated, 10 
lengths, 62 
terminal, 62 
reciprocal functions. See also 
trig functions 
angle-sum identities, 171 
benefits, 102 
cosecant, 102-103 
cotangent, 103-105 
defined, 102 
domain, 131 
exact value table, 109 
illustrated, 158, 188 
inverse, calculating, 
225-226 
quadratic equations and, 
25 
range, 131 
secant, 103 
subtraction identities, 175 


reciprocal identities. See also 
identities 
as basic identities, 337 
in changing expression, 171 
defined, 157, 337 
on denominator, 195 
in identity combination, 
167-170 
identity definitions, 158 
multiplying, 158 
reference, 188 
trig equations and, 242-243 
uses, 159 
reduction formula, 343 
reference angles. See also 
angles 
defined, 117 
determination, 118, 122 
finding, 123, 125 
function values, 117, 122 
function values, finding, 124 
measure, 118-119 
in degrees, 119-120 
in radians, 120-121 
problems, 119-121 
positions, 118 
rules, 123 
terminal side and, 118 
uses, 117 
reflections. See also 
transformations 
defined, 55, 299 
illustrated, 56 
left/right, 56 
up/down, 56 
relations 
defined, 47 
functions versus, 47-50 
input, 47 
inverse, 217-218 
output, 47 
right angles, 11-12 
right triangles. See also 
Pythagorean theorem; 
triangles 
adjacent side, 96 
anatomy, 84-85 
angles, 84 
in balloon height 
measurement, 145 


in building measurement, 
138 

coordinates and, 126, 131 

defined, 14, 83 

hypotenuse, 35, 84, 85, 96 

illustrated, 14, 35, 85 

isosceles, 85, 92 

legs, 84, 85 

missing sides, solving for, 

88-90 

opposite side, 96 

right angle, 83 

shapes, 84 

special, 91-92 

30-60-90, 91-92 

vertex, 84, 85 
rocket tracking, 146-147 
roots, perfect, 22 
rounding, 22-23 
Ruth-Aaron Pairs, 226 


eSe 


sales goal problem, 292-293 
San Diego, California 
temperatures, 351 
San Juan, Puerto Rico 
temperatures, 351 
SAS triangles 
defined, 255 
determining, 255 
finding area with, 274-275, 
347 
illustrated, 255 
law of cosines for, 261-263 
satellite camera 
measurements 
defined, 148 
Earth circumference 
determination, 149 
illustrated, 148 
problem, 148-149 
Sault Ste. Marie, Michigan 
temperatures, 351 
scalene triangles, 14 
scientific calculators 
inverse cotangent 
workaround, 226-227 
inverse function button, 
TRE, 


inverse reciprocal function 
calculation, 225-226 
legend, 225 
mode, changing, 224-225 
notation, interpreting, 
225-227 
pitfalls, 224 
2nd functions, 225 
scrunching, 182 
secant function. See also 
reciprocal functions; trig 
functions 
abbreviation, 19, 103 
changing sine to, 169-170 
defined, 19, 103 
domain, 132-133 
exact value table row, 109 
finding, 130 
inverse, 221 
multiplying, 313 
Pythagorean identity, 
164-165 
ranges, 133 
ratio, determining, 130 
ratio, on coordinate plane, 
133 
reciprocal, 158 
for 30-degree angle, 21 
values, 21 
secant graphs. See also 
graphs 
asymptotes determination, 
312 
cosecant graph versus, 312 
shifted, 315 
sketching, 312 
using, 312-315 
vertical asymptotes, 313 
y = sec (x + 2n), 314 
seconds, 73 
sectors 
area, 17, 18, 76 
defined, 17, 75 
find example, 18 
illustrated, 18 
seed of life, 326 
segments 
defined, 10 
illustrated, 10 
midpoint, 36 
partitioning, 39-41 
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sine curves. See also graphs; 

sine graphs 

amplitude, 280, 281, 283 

biorhythms problem, 293, 
294 

body temperature problem, 
292 

Boston, Massachusetts, 349 

Chicago, Illinois, 350 

daylight problem, 288-289 

Denver, Colorado, 350 

Fairbanks, Alaska, 350 

Galveston, Texas, 350 

Honolulu, Hawaii, 350 

intercept, 284 

left/right shift, 284-285 

Miami, Florida, 351 

period, 280, 282, 283 

repetition, 280 

sales goal problem, 293 

San Diego, California, 351 

San Juan, Puerto Rico, 351 

Sault Ste. Marie, Michigan, 
351 

temperature average, 
290-291 

translations, 283-285 

up/down shift, 284 

uses, 288 

sine function. See also trig 

functions 

abbreviation, 19 

adding to, 285 

with algebra, 147 

amplitude, 281, 283 

calculation, 98 

changing to, 194-195 

changing, to cosecant, 170 

changing, to cosine, 168 

changing, to cotangent, 169 

changing, to secant, 
169-170 

changing, to tangent, 
168-169 

of complementary angles, 
98 

defined, 19, 48 

of a difference, 176 

domain, 131, 132 

double-angle identity, 179 

equation, 282 
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sine function (continued) 
exact value table row, 107 
finding, 128-129 
half-angle identity, 182 
input values, 97 
inverse, 20, 220 
multiplying, 282 
of negative angle, 160 
opposite over hypotenuse, 
97-98 
opposite-angle identities, 
160 
other function expressions, 
168 
output values, 50, 97 
period, 282, 283 
Pythagorean identity, 
163-164 
range, 131, 132 
ratio, 98 
ratio, determining, 129 
ratio value, 131 
reciprocal, 158 
subtracting from, 285 
of sums, 172 
for 30-degree angle, 21 
values, 122 
values, finding, 101 
sine graphs. See also graphs 
cosine graphs comparison, 
286-287 
equation, 282-283 
illustrated, 280 
shifted, 287 
using, 308-310 
y = 3sin x, 281 
y = Asin 2x, 283 
y = sin 3x, 282 
y=sin (x + 1), 285 
y =sin (x-3), 285 
y= sin x, 281, 282, 285 
y=sinx+ 4, 284 
y=sinx—1, 284 
slope measurement, 142-143 
slopes 
defined, 43 
example, 43-44 
formula, 43—44 
illustrated, 45 
negative, 44, 45 
positive, 44, 45 
steep, 44 


SohCahToa, 95, 101 
solutions 
angle, 24 
coordinates in, 125-130 
missing angle, 261-262 
missing side, 89, 90, 261 
multiple-angle, 245-246 
trig equation, 231, 232-233 
squaring 
the corners, 85 
identities, both sides, 
206-207 
SSS triangles 
defined, 255 
determination, 255 
illustrated, 255 
law of cosines for, 263-265 
sample, 264 
standard position 
angles in, 62, 63 
angles illustration, 126, 129 
graphing angles in, 62-63 
station pointers, 289 
steepness 
cosecant function, 310 
determining, 327 
tangent function, 327 
straight angles, 11-12 
subtraction identities. See 
also identities 
angle-sum identity 
correspondence, 175 
cosine of differences, 177 
defined, 175 
degrees example, 176 
examples, 208-210 
illustrated, 175, 188 
procedures, 208-210 
radians example, 176 
reciprocal functions, 175 
reference, 188 
sine of differences, 176 
tangent of differences, 176 
sum-to-product identities, 
342 
superscripts, 20 
supplementary angles. See 
also angles 
defined, 11 
illustrated, 11 
size, 259 
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tables (exact values) 

cosine row, 107 

defined, 106 

first row, 107 

illustrated, 106 

reciprocal functions, 109 

second row, 107 

sine row, 107 

tangent row, 108 

undefined and, 109 

tangent function. See also 

trig functions 

abbreviation, 19, 99 

adding to, 300-304 

angle variable, multiplying, 
299 

changing sine to, 168-169 

defined, 19, 99 

difference identity, writing, 
209 

of differences, 176 

domain, 131, 133 

exact value table row, 108 

finding, 128 

half-angle identity, 183-184, 
211 

inverse, 219, 220 

left/right shift, 303 

multiplying, 299 

of negative angle, 160 

numerical value, finding, 
124 

opposite over adjacent, 
99-100 

opposite-angle identities, 
160 

period, 296 

Pythagorean identity, 
164-165 

range, 131, 134 

ratio, 99, 100, 295 

ratio identity, 159 

reciprocal, 158 

sign, finding, 124 

steepness, 327 

of sums, 173 

for 30-degree angle, 21 

up/down shift, 301 

value calculations, 108 

values, finding, 99-100, 101 
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tangent graphs. See also 
graphs 
asymptotes, 296-298 
curves, point of inflection, 
300 
curves, raising, 300 
graphing calculators and, 
298 
illustrated, 297, 298 
left/right shift, 303 
pattern repetition, 296, 298 
two multiples, 300 
two multiples of angle 
variable, 301 
up/down shift, 301 
y = tan (x + 1), 302, 303 
y = tan (x- 1), 302, 303 
tangents (circle), 16-17 
temperature average 
problem 
amplitude, 290 
defined, 290 
graphing calculator and, 291 
graphs, 290, 291 
period, 290 
30-60-90 right triangles. See 
also right triangles 
defined, 91 
illustrated, 92 
Pythagorean theorem 
and, 91 
sample problem, 91 
three-arm protractors, 289 
tide measurement, 330-331 
tone formula, 281 
top angles, 61 
transformations 
reflection, 55-56 
translation, 53-55 
translations. See also 
transformations 
defined, 53, 284 
illustrated, 54, 55 
left/right, 54-55, 284-285 
sine curve, 283-285 
up/down, 53-54, 284 
tree height measurement 
determination problem, 
139-140 
with law of sines, 258-260 


triangle areas 
with ASA, 275-276, 347 
with base and height, 
271-272, 346 
with determinants, 347-348 
equilateral, 274 
finding, 270-276 
finding, methods, 345-348 
greatest possible, 274 
Heron’s Formula and, 
273-274, 346 
with SAS, 274-275, 347 
with three sides, 272-274 
triangles 
AAS determination, 255 
acute, 14 
ambiguous case, 255-256, 
265-268 
angles in, 13-14 
ASA, 255, 275-276, 347 
base, 271-272, 346 
centroid, 36, 41-43 
circumscribing, 42 
determining, 254-256 
dissection paradox, 222 
equilateral, 14, 274 
extending, for calculation, 
259 
exterior angles, 259 
height, 271-272, 346 
isosceles, 14, 61, 85 
naming, by shape, 14 
oblique, 253, 258 
obtuse, 14 
parts, 19 
parts, describing, 253-256 
parts, standardizing, 254 
right, 14, 35, 83-92 
SAS, 255, 261-263 
scalene, 14 
semiperimeter, 273 
SSS, 255, 263-265 
uniquely determining, 255 
vertices, 41, 42, 345 
triangular shape 
measurement 
defined, 149 
formulas, 149-150 
illustrated, 149 
problem, 151 


trig equations 

amplitude, 323 

basic, 321-323 

defined, 231 

double-angle identities and, 
243-244 

examples, 232-233 

factoring, 233-240 

fourth-degree, 237-238 

general form, 321-322 

identities and, 241-244 

interpreting, 323 

left/right shift, 323 

multiple-angle solutions, 
245-246 

multiplying through, 
248-249 

period, 323 

Pythagorean identities and, 
242 

quadratic, 235-237 

ratio identities and, 
242-243 

reciprocal identities and, 
242-243 

requirements, 231 

rewrite as inverse, 232-233 

sine, 282-283 

solution generation, 
232-233 

solutions, 231 

solving, 231-251 

solving, with graphing 
calculator, 249-251 

squaring both sides, 
246-248 

tangent asymptotes, 296 

up/down shift, 323 

trig functions. See also 

specific functions 

abbreviations, 19 

adding, 328-330 

assigning, by quadrants, 
123 

circular, 111-134 

defined, 19, 47, 48 

domain, 49, 130 

equations, writing, 141, 143, 
145, 147, 148, 153 

identities, 24 
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trig functions (continued) 

input, 131 

input values, 49 

inverse, 20, 50-53 

multiple-angle, 227-228 

notation, 48—49 

output, 131 

periodic, 245 

‘range, 49-50, 130 

reciprocal, 101-105 

relations versus, 47-50 

for solving trig functions, 
100-101 

subtracting, 328-329 

table, 353-356 

for 30-degree angle, 21 

transforming, 53-56 

translating, 53-55 

use determination, 141, 143, 
144, 146, 148, 152-153 

uses, 135 

values, accessing, 121-122 

values, determining, 
106-109 

values, solving for, 141, 143, 
145, 147 


trigonometry 
defined, 9 
vocabulary, 18-23 

Triskaidekaphobia, 217 
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unit circles 

coordinate calculations on, 
127-128 

defined, 46, 111 

illustrated, 112 

intercepts, 112 

missing coordinates, 
finding, 114-116 

negative angles, 116-117 

as platforms, 116 

points, 111-112 

points, placing, 112-113 

positive angles, 116, 117 

Pythagorean identities on, 
163 

x-coordinate, finding, 
115-116 

y-coordinate, finding, 
114-115 
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Van Roomen, Adriaen, 130 
vertex 

defined, 11 

naming angles by, 13 

right triangles, 84, 85 
vertical angles, 10-11 
vertical distance, 33-34 
vertices, 41, 42, 345, 348 
Viéte, Francois, 130 
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x-coordinates, finding, 115, 
128, 129, 130 


eV/e 


y-coordinates, finding, 
114-115, 128, 129, 130 
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